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EXPLICIT SOLUTION OF BOUNDARY VALUE PROBLEMS FOR ELASTIC
CIRCLE WITH TRIPLE POROSITY

IVANE TSAGARELI

Dedicated to professor Merab Svanadze on the occasion of his 70" birthday anniversary

Abstract. Along with theoretical investigations of poroelasticity problems, the development of
methods for their solution is of great interest. From the point of view of applications, the actual
construction of solutions to problems in explicit form makes it possible to perform a numerical anal-
ysis of the problem under study. The main purpose of this work is to present explicit solutions to
boundary value problems in the theory of elasticity for solids with triple porosity. Special represen-
tations of the general solution of the system of differential equations of linear equilibrium theory of
elastic materials are constructed through harmonic, biharmonic, and metaharmonic functions, which
allow the original system of equations to be reduced to equations of simple structure and facilitate
the solution of the original problems. Using these representations, the boundary value problems are
solved for a specific body for an elastic circle with triple porosity. Explicit solutions to the problems
are obtained in the form of series. The conditions ensuring absolute and uniform convergence of
these series are established.

1. INTRODUCTION

Recently, many authors have studied elasticity problems for materials with triple porosity. Such
materials include, for example, oil and gas reservoirs, rocks and soils, industrial porous materials such
as ceramics and compacted powders, and biomaterials such as a bone.

Mathematical formulations of flow in triple-porosity media were first proposed by Liu [16].
Abdassah and Ershaghi [1] developed a triple-porosity model to describe a borehole. Al Ahmadi
and Wattenbarger [2], Liu [16], Liu et al. [17], and Wu et al. [31] presented triple-porosity models for
single-phase flow in a fracture-matrix system that includes voids within the rock matrix. Based on
the extended Darcy’s law, several new triple-porosity models for solids have been presented by Bai
and Roegiers [3], Straughan [18].

In [21] Svanadze develops a system of equations for an isotropic linear elastic body that admits a
triple-porosity structure. In this case, the body has a normal macroporosity, and the fluid pressure in
the pores is associated with it. There is also a smaller scale pore structure to which porosity, known
as mesoporosity, is attached. Associated with mesoporosity, it attaches fluid pressure. However, there
is another, even smaller porosity structure that leads to microporosity. Straughan [19] generalizes
the approach of Svanadze [21] and describes a system of linear partial differential equations for an
anisotropic elastic body with an internal triple-porosity structure.

The fundamental solutions of the linear theory of elasticity for materials with triple porosity are
constructed and the basic BVPs of this theory are investigated by using the potential method; some
basic results of the classical theory of elasticity are generalized (see, for example, [18,21-25]).

The mathematical problems of the theory of bone poroelasticity are studied in [26]. An extensive
review of the results of this theory, as well as references to various relevant works, can be found
in [9,10]. The main results and historical information on the theory of porous media are contained in
the books by de Boer [11], Straughan [20], and Svanadze [22].

Along with the generalization and development in various directions of the linear theory of elasticity
for materials with triple porosity, much attention is paid to the mathematical study and construction
of solutions of boundary value problems for specific areas. The construction of solutions to problems in
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explicit form, which makes it possible to effectively perform a numerical analysis of the problem under
study, is relevant. Such issues include, for example, works [4-6,8,12-15,27,28], in which, using various
methods, the explicit solutions to the static boundary value problems of the theory of poroelasticity
have been constructed for specific media.

Section 2 presents the fundamental equations of elasticity theory and formulates the fundamental
boundary value problems of statics for materials with triple porosity.

In Section 3, a general representation of the solution to the system of equations of elasticity theory
is constructed by using metaharmonic, harmonic and biharmonic functions.

In this paper, special representations of the general solution of the system of differential equations
of the theory of elastic materials with triple porosity are constructed through harmonic, biharmonic
and metaharmonic functions, which allow the original system of equations to be reduced to equations
of simple structure and facilitate the solution of the original problems. Using these representations,
boundary value problems are solved for a specific body, i.e. for an elastic circle with triple porosity. The
solutions to the problems are presented explicitly, in the form of absolutely and uniformly converging
series.

2. BAsic EQUATIONS AND BOUNDARY VALUE PROBLEMS

We use Svanadze’s model for elastic materials with triple porosity [21]. Let K be an elastic circle of
radius R with boundary S and center O(0,0). We formulate the following boundary value problems.

Find in the domain K a regular solution U(x) = (u(x), p1(x), p2(x), p3(x)), where U(x) € C*(K)N
C?*(K), K = K U S, satisfying the system of equations of the linear theory of equilibrium of elastic
materials with triple pores:

pAu+ (A + p) grad divu = grad(Bip1 + Bap2 + B3p3)), (2.1)
(a1 A — b1)p1 + a12p2 + a1zps =0,
as1p1 + (a2 — ba)pa + agsps =0, (2.2)

az1p1 + azz2pz + (a3A — b3)pz3 =0, x € K,
and on the boundary S, one of the conditions:

(D) : u(z) =£(z), pi(z) = f3(2), p2(2) = fa(2z), ps(z) = fs5(2),

(II) : R(0:,n)U(z) = f(z), Onpi(2) = fs(z), Onp2(2) = fa(z), Onps(z) = f5(2),
where u = (uy,us2) is the displacement vector in a solid, p; is the average value of liquid pressure
in phase j; a;, bj, a;; are the known elastic and physical constants, i,j = 1,2,3; by = a2 + a3,
by = ao1 +ass, b3 = as1 +asg; A, 1 are the constants; A is the Laplacian operator; 3; are the constants
characterizing the body porosity; z = (21, 22) € S, n(z) = (n1,n2) is the outer normal to S at the
point z; f = (f1, f2), f1, f2, f3, f4 and f5 are the given functions on S;

R (0x,1n) U(x) = T (9x, n) u(x) — n(x)[B1p1(x) + B2p2(x) + Bsps(x)]

is the stress vector in the linear theory of elasticity for triple porosity solids,

2
T (82(’ n) u(x) = M%u(x) + Andivu(x) + uzm(x) grad u;(x)

=1

(2.3)

is the stress vector in the classical theory of elasticity; 0; = g, l is an arbitrary variable.

Separately we study the following problems. l

1. Find in a circle K a solution of equation (2.1), if on the circumference S the following values
are given:

a) the vector u(x)—Problem Aj;

b) the vector R(9,,n)U(z)-Problem As.

2. Find in a circle K the solutions p;,p2 and ps of the system of equations (2.2), if on the
circumference S the following values are given:

a) the functions p1, p2 and p3 —Problem By;



EXPLICIT SOLUTION OF BOUNDARY VALUE PROBLEMS FOR ELASTIC CIRCLE 3

b) the derivatives 9,p1, Onp2 and 9,p3 —Problem Bs.
Thus the above-formulated problems of poroelastostatics can be considered as a union of two
Problems: I-(A;; By) and II-(As; Ba).

3. EXPLICIT SOLUTION OF THE BOUNDARY VALUE PROBLEMS

First, we solve Problems By and Bs. The determinant of system (2.2) has the form

det = d(A3+€1A2+62A+63), (31)
where
1
d=aiazas, e = —g(blamzag + arbaaz + arazbs),

1
€2 = g(blbzag +bibzaz — aizaz1a3 — aza13a3),

es = E<_b1b2b3 + a12a21b3 + a12a31a32 + a13a31b2).

Determinant (3.1) with respect to A is a third-degree polynomial. Let us represent it as a product
det = d(A + wi) (A + w3 (A +wi), (3.2)

where —w?, —w3, —w? are the roots of the polynomial. System (2.2) is homogeneous, therefore, ac-
cording to Cramer’s formulas, we write det -p; =0, j = 1,2, 3. Taking into account (3.2), for each p;,
we obtain

p1

(A +ad) (D +w) (D +wd) [pa] =0. (3.3)

b3
Assuming that the parameters w?, w3 and w3 differ from each other, the solutions of equations (3.3)
can be represented in the form [29]

p1(x) = c11(X) + capa(x) + c33(%),
p2(x) = cap1(x) + csp2(X) + cop3(x), (3.4)
p3(x) = p1(x) + 2(x) + v3(x),

where 1, @2 and @3 are the desired metaharmonic functions: (A + wf)gol =0,1=1,23; as well
as unknown constants ci, cs,...,c¢ and the parameters of wf. Using the Ag; = —legol formula and
representations (2.2) and (3.4), we obtain

2

ar2(asw; + bg) — arzass
2 b

azz(a1wi + b1) + ar2as1

Cc =
(3.5)
1 a3 -+ o1 ar2(asw} 4 bs) — aisass
azw; + by azz(a1w] + b1) + a12a31
Now, let us find the values of the parameters of w?. From (3.1), we see that to find the values of
parameters wlz, we need to solve a third-degree equation with real coefficients

Cl4+3 = ’ l= 1,2,3.

A3 e A+ eaN+e3=0. (3.6)
We use Cardan’s method and rewrite (3.6) as
y* +py+q=0, (3.7)
where e1 e2 22 ejeq
A:yfg, p:—§1+62, q:T;*T+€3. (3.8)
We consider the case for qZQ + g—i > 0. In this case, equation (3.7) has two conjugate complex roots

and one real root:

1 V3 1 V3
Y1 = —5(11/1 +v1) ‘H?(wl —v1), Y2 = —§(w1 +up) — ZT(UH —v1), Y3 =wi + v, (3.9)
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where
q @ p? q @ p?
-2 i =2 _ i 5 1
wq 9 + 1 + 97 U1 9 1 + 97 (3 0)
3g—2e1 . [3p%  qo 3q — 2e; 3p? e1
A — BB p, =t G A =g+ D). 3
! 6 V1 T 2 6 N 3 713 (3.11)

So, Ay = —wi, k=1,2,3.
To find the metaharmonic functions @1, 92 and ¢3, we use the boundary conditions (2.3) for
Problems B; and Bs.

Problem B;. Substituting formulas (3.4) into (2.3)—(I), we obtain the following system of equations
with respect to the functions ¢;(z):
c191(2) + cap2(2) + caps(z) = fa(2),
cap1(2) + csp2(z) + cops(z) = fa(z), (3.12)
©1(2) + p2(2z) + ¢3(z) = f5(z), z€S, 1=1,23,
where ¢;, ¢+3 and f;(z) are the known quantities. According to Cramer’s formulas, we write
di(z) = %, where @ is the determinant of system (3.12), and @, is the determinant that differs

from @ in that its column [ coincides with the right-hand side of system (3.12). The solution of
system (3.12) has the form

vi(z) =di(z), z€S, 1=1,23. (3.13)

The metaharmonic function ¢;(x) in a circle K can be written as follows [30]:
0i(x) = Jo(@ir)Bo + Y T (@ir) (Bt - v (), x € K, (3.14)
m=1

where J,, (w;r) is the Bessel function, 72 = 2?2 + 22, x = (1, 22) = (1,9), Vm(¥) = (cos m, sinmap),
Emi = (L, Kmi), Eor = Lo;. We solve the Dirichlet problem

(A—&—w%)gpl(x) =0, x€eK,

3.15
o(z)=di(z), z€S, 1=1,23. (3.15)
Let us expand the function d;(z) as a Fourier series
@) = B S (B - @) (316)
2 b
m=1
where F,; = (@i, Bmi) is the known vector,
1 27 1 21
Qm1 = — /dl(e) cosmfdl, B = — /dl(ﬂ) sinmfdf, m=0,1,....
™ ™
0 0

In (3.14), we pass to the limit when r» — R. The result, taking into account (3.16), we substitute into
(3.15). For each value of m and [, we get

2m 2m

1 1
Lo=—— [ a(®)ds, L= —— | dy8 94,
ol 27rJo(wlR)/ 1(6)do, ! me(wlR)/ 1(6) cosm
0 0
R (3.17)
Kml:m/dl(ﬁ)smmﬁd& m=0,1,..., 1=1,23.

0
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The Bessel function has no complex roots. Therefore, for w; and wy, from (3.11), Jp, (wR) # 0,
k = 1,2. The Bessel function has many real roots. From the asymptotic expansion of the Bessel

function
In€) | 2 cos (¢ = 2T - )

3
it is clear that if we assume ¢ # i(m + 1)7 , then the function cos differs from zero. Let us assume

that ws # %(m + )7, then Jy, (wsR) # 0.

Using now formulas (3.12), with regard for (3.14), we can find values of functions p;(x), p2(x) and
p3(x) for x €K.

Problem B,. Substituting formulas (3.4) into (2.3)—(II), we obtain the following system of equations
with respect to the functions Ory;(z):

c10rp1(2) + c20rp2(2) + c30RP3(2) = f3(2),
c40rp1(2) + c50rw2(2) + ceOrps(2z) = f4(2), (3.18)
Orp1(2) + Orpa(z) + Oreps(z) = f5(z), ze€ S, 1=1,2,3,
where ¢, ¢;43 and f;(z) are the known quantities. The solution to system (3.18) has the form
Orpi(z) = di(2), (3.19)
where the value of d; is defined in formula (3.13).
Now, we define the functions p;(x) inside the circle K. We solve the Neumann problem
(A +uwipi(x) =0, x€K,
8R<,01(Z) =d, ze€S, [1=123.

Considering that J;,(() = 0cJm(C), OcIm(kC) = kJ), (k¢) and (3.14), we substitute into (3.20). Let
us expand the function d;(z) as a Fourier series (3.16). In (3.14), we pass to the limit as » — R. The
result, taking into account (3.16), we substitute into (3.20). For each value of m and [, we get

(3.20)

Qml Bml

L= —F—F—F Kw=—7F"F—"%"
' wd) (wiR) ' wd) (wiR)

1=1,2,3, m=0,1,.... (3.21)

Substituting (3.21) into (3.14), we obtain the values of the functions ¢;(z).
Now, using formulas (3.4), at each point of x, we can determine the values of the functions p;(x),

p2(x) and ps3(x).
Problem A;. Taking into account (3.4), we obtain
Bip1 + Bap2 + Bsps = ap1 + bps + cps, (3.22)
where
a=pic1+ Baca+ B3, b= Picoa+ Pacs + B3, = Pics+ Pace + Bs. (3.23)
Substituting (3.22) into equation (2.1), we get
pAu + (X + p) grad divu — grad(ap; + bps + cp3) = 0. (3.24)
A solution of equation (3.24) is sought in the form of a sum
u(x) = vo(x) + v(x), (3.25)

where vo(x) is a particular solution of equation (3.24), and v(x) is a general solution of the corre-
sponding homogeneous equation (3.24). We look for a solution vy(x) in the form

vo(x) = grad F(x).
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To find the function F'(x), we substitute vo(x) into (3.24) and take into account the fact that ¢;(z)
is a metaharmonic function. Finally, for the function vo(x), we obtain the following expression:

v0() = g5 #0100 + Syt + Sea0). (3.26)
A solution v(x) of the homogeneous equation corresponding to (3.24) is sought in the form
v(x) = grad[; (x) + Ba(x)] + rot s (x), (3.27)
where
(A4 2u) grad ADy(x) + prot Ads(x) = 0; (3.28)
AD (x) =0, AADy(x)=0, AA®;(x)=0, rot= (— a%’ a%)'

In view of (3.28), we can repressent the harmonic function ®;, biharmonic functions ®; and @3 in
the form

)= 3 (5) G wm(e)). @30 3 (é)m” (Koo (1),
m=0 (3.29)

where X, = (X ., X)) are the unknown two-component vectors, k = 1,2; v,,, = (cosma, sinma)),

sm(1) = (=sinmy, cosmy)), x = (r, ).
Using (3.25), the boundary condition (2.3) for the u(x) will take the form vo(z) +v(z) = f(z). We
solve the Dirichlet problem
HAV(x) + (A + p) grad div v(x) = 0, (3.30)
v(z) = ¥(z), (3.31)
where ¥(z) = f(z) —vo(z). The known function vo(z) is determined by formula (3.26). Let us rewrite
equality (3.31) in normal and tangential components

v (2) =0, (2), vs(z) = T,(2), (3.32)
where, taking into account (3.27), (3.28) and (3.29), we have

m/r (/\—|—3,u)m—|—2u(£

vp (%) = mz: R (E)mil (X1 - vm(¥)) + R R)m+1 (Xm2 - vm(¥)), (3.33)

r

000 = Y ()" (Ko ) + A2 (1

m+1
T 2) K sa @) (33)
Let us expand the functions ¥,,(z) and ¥4(z) into the Fourier series
B oo 0o B ,60 0o
Uy (2) = 3 + mzz:l(o‘ml vm(¥)), Vi(z) = 9 + mz::l(ﬁml ~sm (1)), (3.35)

where o, = (@m1, @m2), By = (Bmi, Bmz2), a0 = (ao1,0), By = (Bo1,0) are the Fourier coefficients.
We obtain a system of linear algebraic equations:

2 ag 2(N+2p) Bo

RO T o 1R 027 oo

m (A +3u) +2u

DX+ A T A = ay, 3.36
rom T LR 2Ta (3.36)

A4+3u) +2(A+2
ﬁxmw( +3p) +2(A +2p)
R uR

Xmgi,gm, m:1,2,....
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We substitute the solution of system (3.36) into (3.29) and then the obtained values of the function
®(z) into (3.27). We obtain the value of v(x). The value of the function vo(x) is also known. Using
formula (3.25), we determine u(x). So, Problem A; is solved.

Problem A,. We solve the Neumann problem. We are looking for a solution to equation (3.24) that
satisfies condition (II) in (2.3),

R(0.,n)U(z) =f(z), z=(21,22) €5, (3.37)

where
R (9, m) U(x) = T (0, 1) u(x) — n(x)ag1 (x) + bga(x) + cga(x)]. (3.38)
We seek u(x) in the form of the sum (3.25), in which the particular solution vg(x) is known. It is
expressed by formula (3.26). The general solution v(x) of the homogeneous equation corresponding

to (3.24) will be sought in the form (3.27). Our goal is to find the values of the harmonic function @4
and the biharmonic functions ®5 and ®3.

From (3.38), taking into account (3.25) and condition (II) from (2.3), we obtain
T(0,,n)v(z) = ¥(z), (3.39)
where
W(z) = f(2) + n(z)[ap1(z) + bpz(z) + cps(z)] — T (9, n) vo(2)

is a known vector, ¥ = (¥, ¥q).
We rewrite condition (3.39) in the form of normal and tangential components. We obtain:

(T(aZ7 n)V(Z))n - <)\ T 2#) (8US7EZ) )T:R 28152;7))
(T(0z,0)v(2))s = (A +2p2) (avgiz))T:R + % alg‘f) , (3.40)

Vi (2) = fn(2) + ap1(z) + bpa(2) + cp3(2)] — (T (0, 1) vo(2)),, ,
Vs(z) = fs(2) = (T (95, m) vo(z)), ,
where v, (z) and vs(z) are defined by formulas (3.33) and (3.34). Using the expansions of the functions

U, (z) and U,(z) in Fourier series (3.35), as well as formulas (3.29), from formulas (3.40) for each m
we obtain a system of equations with respect to the unknowns X,,; and X2 :

2(A +2p) ap  2(A+2p) Bo
TR TuT g T Xe=

g1 = mu2+ p)m — X — 2], g2 =20 + @) (A + 3p)m? + (A4 20)[(BN + 5p)ym 4 2], (3.41)

gs=mp[2(m—1), ga=A+3uwm2m+3)+2( A+ 2u), m=1,2,....

Substitute formulas (3.41) into (3.29) and substitute the obtained results into (3.27). This defines the
vector v(x). Formula (3.25) gives the solution to Problem As.

Having solved Problems A;, As, B; and Bs, we can write solutions of the initial Problems (I)
and (II).

The conditions f; € C3(9) in the Problem (I) and the conditions f; € C?(S) in the Problem (II)
(j = 1,2,3,4,5), respectively, ensure absolutely and uniformly convergence of the series obtained for
v(x) and vo(x) .

4. CONCLUDING REMARKS

In this paper, we consider the linear theory of elasticity for isotropic three-porous bodies. The
system of general constitutive equations is expressed through the vector field of displacements and
fluid pressure in the pore network. The following results are presented: a) A general representation of
the solution of the system of equations of elasticity theory using elementary functions is constructed,
b) Boundary value problems of linear elasticity theory in the two-dimensional case for isotropic three-
porous bodies are presented, c) The posed problems are solved for an elastic three-porous disk. The
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solutions to the problems are obtained explicitly in the form of absolutely and uniformly convergent

Se

ries, d) The application of the method under consideration allows us to study a wide class of problems

for systems of equations of elasticity or thermoelasticity theory for materials with triple porosity; to
construct explicit solutions to the main boundary value problems not only for a circle, but also for a
ring, a plane with a circular hole, etc.
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