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CAPUTO DYNAMICAL SYSTEMS

PETER E. KLOEDEND*

Abstract. Recent developments in the theory of dynamical systems and their attractors.for Caputo
fractional differential equations are reviwed.

1. INTRODUCTION

The theory of fractional analysis and fractional differential equations is vast and has deep historical
roots. The introduction of Caputo fractional differential equations (FDEs) in the 1960s allowed initial
value problems to be handled more naturally and the asymptotic behaviour of models based on them
to be investigated. More recently, mathematically defined dynamical systems generated by Caputo
FDEs and their attractors have been introduced.

Dissipative Caputo FDEs have vector fields which satisfy a dissipativity property. For ordinary
differential equations (ODEs) it follows from such a property that an absorbing set exists which
contains all of the long-term dynamical behaviour of the system such as the existence of an attractor.
The situation is more complicated for Caputo FDEs, since these are essentially integral equations and
the dissipative inequalities cannot be so easily exploited.

These developments are presented in the new SpringerBriefs monograph Attractors of Caputo Frac-
tional Differential Equations by Doan Thai Son, Hoang The Tuan and the author [9]. The ideas and
results there will be outlined here.

2. CAPUTO FRACTIONAL DIFFERENTIAL EQUATIONS

Consider an autonomous Caputo fractional differential equation (FDE) of order « € (0,1) on R¢,

“Dfa(t) = g(x(t) (2.1)

where g : R? — R satisfies a global Lipschitz property. (This can be weakened later). The Caputo
FDE (2.1) with the initial condition 2(0) = xg is essentially the integral equation

1 / o1 )
2(t) = 0 + F(a)o/(t— )2 Lg(x(s))ds = (T2)(1), (2.2)

where T'(@) := [ t* te~"dt is the Gamma function. Here .7 is an operator from C([0,7],R%) into
itself.

The proof of existence of a unique solution of (2.2) is based on a contraction mapping fixed point
argument for the operator 7. This gives only local existence when the usual supremum norm is
used [5, Theorem 6.2]. Instead, the proof in [9, Theorem 3.1] uses a weighted norm

— €@ d
”fH’Y T tS[l(l)%] Ea(’)/ta) for all 5 € C([O7T]7R )7 (23)
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where v > 0 is a suitable constant which is chosen to give a contraction. The weight function E,(-)
is a Mittag-Leffler function [5,9].. This is essentially a generalisation of the exponential function and
is defined with one or two parameters by

t) = _ Ea t) = 9 t R?
) ér(ka+1)’ #() kZ:OF(ka—i—,B) <

with a, 8 > 0, not necssarily integers, and ¢ € R. Clearly, E,(t) = Eq1(%).

The solutions of Caputo FDEs depend on their history and so cannot be concatentated, i.e., patched
together, as for ODEs. They can even intersect in finite time in two dimensions or more [1,2,9]. In
particular, they do not generate a semi-group, i.e., a semi-dynamical system, on R<.

3. ScaLARr Caprputo FDEs

In the scalar case, Cong & Tuan [1,2] showed that any two solutions of (2.1) satisfy the lower
bound

‘l’g(t) - ,’El(f)| Z |,’E2(0) — .’)31(0)| Ea< — Lta)
Hence two solutions with different initial values cannot intersect in finite time. This is also true for
higher dimensonal systems with a triangular vector field, i.e., with
g(mla A PR ,Z‘d) = (gl(x1)792(-r17x2)7 [ agd(xla'r27 e 7xd))-

Otherwise, the solutions may intersect, see [1] for a two dimensional counter example.
Cong & Tuan [1] showed that the evolution mappings

O, () : R—=R, s,t >0,
generated by the solutions of a scalar Caputo FDE with &g,z = z(¢, z¢) are a two-parameter family
of bijections satisfying
P, :=Po 005, forall, s,t>0. (3.1)
This says that to continue a solution at z(s) beyond a time s > 0 one needs to find its starting point
Tg = P 12(s) and then to map forward from there to obtain

a(t) = ®o o = Boy 0 Py la(s), t>s>0.

Cong & Tuan called this a nonlocal dynamcial system. It differs profoundly from the two-parameter
families generated by nonsutonomous ODEs via the concatenation of solutions, see [11].

4. CAPUTO SEMI-DYNAMICAL SYSTEMS

The integral equation (2.2) representation of a Caputo FDE (2.1) is a special case of a Volterra
integral equation

xp(t) = / (t—s)* tg(zs(s) ds (4.1)

where f € € := C(R* RY).
Sell [12] showed that the family of Volterra operators {%;};>¢ on € defined by

t

(T H)0) = f(t) + ﬁ /(t + 60— 5)*Lg(z(s)) ds, 6 cRT, (4.2)
0

with x(¢t) given by (7.3). so (T:f)(0) = z(t), t > 0, is a semi-group on € with the topology uniform
convergence on compact subsets. This topology is induced by the metric

Sup;e(o,] 1/ (£) — h(2)]]
1+ supye(o, ) [1f(8) = h(D)]

o0

QL a pn(fa h) =

n=1
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With the restrictcion to f(t) = idy,, Doan & Kloeden [6] called this the Caputo semi-group. This
semi-group represents the Caputo FDE (2.1) as an autonomous semi-dynamical system on the space
c.

Of course, the T; f do not remain equal to id, unless zg is a zero of the vector field g, i.e., a steady
state solution of the Caputo FDE. Two solutions of the Caputo FDE for different initial values may
intersect in finite time here, but in the above semi-group formulation they are distinguished by the
"flag” (ZTyidy, )(0), 0 > 0, that they ”carry”.

5. DissipATIVE CaruTO FDES

By a fractional calulus counterpart of the chain rule of Tuan & Trinh [13], the solutions of the
Caputo FDE (2.1) satisfy
Df adI* < 2(x(t), “Dgya(t))
Hence, if the vector field g of (2.1) satisfies the dissipativity condition
(x,9(z)) < a—b|z|? (5-1)
for a,b > 0, then along the solutions of (2.1)
“Di Nlz()II* < 2 {a(t), g(x(1))) < 2a — 20]z(1)]*.
This can be integrated, see Kloeden [10], to give
a
lz@®)I* < laoll* Ea(=26t") + 3 (1 = Ba(=2bt%)). (5:2)

The global existence and uniequness of soutions of a Caputo FDE can be shown using this inequality
when the vector field satisfies a local Lipschitz condition and the above dissipativity condijtion [10].
It follows from (5.2) that ||z(t, 20)|| < R for all t > 0 when ||zo|| < R and R* > 14 ¢ =: R2. Thus
the set
B = {xeRd : ||m|\2§1+%::Rz}

is an absorbing set for the solutions of the Caputo FDE (2.1) In particular, there exists T > 0 such
that ||z(t, zo)|| € B*, i.e., ||x(t,zo)| < R* for all ||zg]| < R and t > Txr. The set £ is also positive
invariant, i.e., solutions starting in it stay in it for all future time.

This set 4 is compact in R? and contains the corresponding omega limit set

Q.= {y ee R? : Jall bnd’d Zon € R?, t,, — oo such that Z(tn, Ton) = y} ,

which is a nonempty compact subset of 8 and contains the future dynamics of the autonomous Caputo
FDE (2.1). However, Q cannot, strictly speaking, be called the attractor of the Caputo FDE, since
this does not generate a semi-group in R?. It could, perhaps, be called an attracting set.

Note that €2 contains the steady state solutions of the Caputo FDE (2.1). See [9].

6. ATTRACTORS OF CAPUTO SEMI-DYNAMICAL SYSTEMS

For a some time a major difficulty was how to apply the dissipativity condition (5.1) to the vector
field g inside the integral equations (7.4) for the (T;f)(0) terms in order to establish the existence of
an absorbing set in the space €.

The chain rule inequality of Tuan & Trinh can be used for the case § = 0, i.e., for the Caputo FDE
(2.1). As seen above this leads to a compact positively invariant absorbing set % for its solutions R.
Let R? > 1+ 7= R2. Then, the dissipativity condition (5.1) and solution estimates give

Br:= sup ||z(t,z0)] < oo, BY = sup |lg(z)] < oo.
t20,llzol| <R lzll<R
where the continuity of the vector field g has been used in the second bound. Such bounds can then
be used to estimate the (T;id,,)(0) terms for § > 0. However, due to the growth nature of the bounds
obtained, Doan & Kloeden [6] found it necessary to restrict to a subspace €, of € with the weighted

norm

= 1
a = 0)]| + , = sup ), N=1,2,---.
[[flle = 11/ (O)] szjl o a Il /1l v i 1F @Il

s
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Then they showed that the closed and bounded subset

BY ~
B = : < 2R* 4+ L —. p*
{x €€ [xlla < al(a) }

of €, is an absorbing set for the Caputo semi-group (%yids, )(-) and absorbs bounded sets of constant
initial data id,, with ||zo|| < R in time ¢ > Tg
Doan & Kloeden [6] also showed that the operators (Tyidy,)(+) are asymptotically compact, i.e.,
for every sequence t,, — oo there is a subsequence t,, — oo such that (T id.,)(-) = o0 x*(*) € €.
The theory of autonomous semi-dynamical systems on Banach space [11] can then nbe applied to
give the existence of a global attractor.

Theorem 6.1. [7, 9] Suppose that the vector field g is locally Lipschitz and satisfies the dissipativity
condition (5.1). Then, the semi-group {,}1>0 on the space €, has a global attractor A C €, which
has the structure

A= (T8

>0

and attracts all bounded subsets idp of €, consisting of constant initial functions idy, for xo € D for
bounded subsets D of R? in the sense that

lim diste, (Tiidp,2A) = 0.
t—o00
In particular, A is a compact subset of €, and is invariant in the sense that
TRA=2A t>0.

A distinctive feature of the attractor 2l here is that its universe of attraction consists of bounded
subsets idp of €, as described in the theorem. The solutions usually do not remain in this universe.
Note that the corresponding omega limit set € in R? satisfies

Q:{X(O)ERd:XEQl}

This set is determined solely by the limiiting dynamics of the solution x(t,z) = (Tiidy,)(0) of the
Caputo FDE. The solution then determines the other parts of the ¥;id;, and hence the attractor A
itself.

6.1. Scalar and triangular systems. The above discussion also also applies for Caputo FDEs with
scalar and triangular vector fields. Their special structure allows more to be said about the dynamics
inside the omega limit set (2.

In the scalar case a dissipative vector field must have at least one zero, which corresponds to a
steady state solution. When these are hyperbolic, i.e., the eigenvalue of the linear part has non-
zero real part, then the omega limit set consists of the steady state solutions and the heteroclinic
trajectories joining them.

It has essentially the same geometric structure as the omega limit set (in this case is also the global
attractor) of the corresponding ODE, with the major exception that the rates of attraction are not
exponential, but rather subexponential of the form E,(—t%) ~ t~.

A similar situation holds for the triangular vector fields with some restrictions. See [7,9].

7. NoN-AUTONOMOUS CAaPUTO FDES

The non-autonomous situation with time dependent vector fields is considerably more difficult both
for fractional and ordinary differential equations [11]. More can be said when the change of time in
the vector field is given by a driving system.

Consider the non-autonomous Caputo fFDE of order o € (0,1) on R? of the form

CD8‘+33(t) = g(x(t),%(p)) forte0,T], (7.1)
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with a driving system ; in the vector field g(z,p). Specifically, ¥; : P — P, t € R, is a group of
operators, i.e., an autonomous dynamical system, and P is a compact metric space. The solution of
the Caputo FDE (7.1) with initial condition x(0) = z¢ and py € P satisfies the integral equation

t

o) = a0+ 7 [ (40" ala(e).9, ). (7.2
0
Define operators T; : €, x P — €, by
(Silidysp)O) 1= 2(t.20.00) = 0+ s [ (13" glalsozn.). Ou(po) ds (73
0
and
. 1
(Silid,PO)0) = 20 + s / (440 — 5)*g(a(s, 20, o). Vs o)) ds (74)

for 6 > 0. The resulting Caputo semi-group {(‘St, 9¢) bier+ on €, X P is called a Caputo skew-product
flow.

As in the autonomous case, the attractor in the skew-product flow case also attracts only a restricted
class of initial values in €, which is not invariant under the dynamics. The following theorem is due
to Cui & Kloeden [3, Theorem 2].

Theorem 7.1. Suppose that the vector field g is locally Lipschitz in both variables and satisfies the
dissipativity condition (5.1) uniformly inp € P. Then semi-group {(Tt, 9¢) }ser+ on the space €, x P
corresponding to the integral equations (7.2) has an attractor A C €, X P, which attracts bounded
subsets of €, X P consisting of constant initial functions in €, and has the structure

2= Ap) x {p},
peEP

where the A(p) are compact subsets of €,. Moreover, the sets A(p) are positively invariant in the
sense that

Tiy(A(p),p) =AWe(p)), t=0,pe P,
and pullback attracting in the sense that

tli)m diste, (T:(D,9_¢(p)),A(p)) =0, p € P,

attracts all bounded subsets idp of €, consisting of constant initial functions idy, for xo € D for
bounded subsets D of R?.

7.1. An explicit example. As a motivational example consider the scalar Caputo FDE
“Dg. x(t) = —a(t) + cost. (7.5)
Here P is the hull [11,12] of the functions cos(-), i.e.,
P= U cos(T + -),
0<r<2n

which is a compact metric space with the metric induced by the supremum norm dp (p1,p2) =
sup;cp |p1(t) — p2(t)| . In addition, let ¥, : P — P be the left shift operator ¥ (cos(:)) = Cos(t + ).
This shift operator is continuous in the above metric. Indeed, it is an isometry with dp (9:(p1), ¥+(p2))

=dp (p1,p2), p1,p2 €P.
Note that the linear Caputo equation (7.5) is strictly contracting. Let z(t) = x(¢,zq, po) and y(t)
= y(t,%0,p0). Then
CD8‘+Z(t) = —z(t), z(t) == x(t) —y(t).
Hence z(t) = E,(—t*)z(0), which gives the strictly contracting property

()] = Eo(=t)|2(0)]- (7.6)
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In particular, z(t) — 0 as ¢ — oo at the non-exponential rate =%, see [9].

To see what happens to individual solutions note that the linear Caputo FDE (7.5) has explicit

solutions given by the variation of constants formula [9, Lemma 1.4]

(t, 20, p0) = Bo(—t)a0 + /(t )2 By o (—(t — 5)%)p(s, po)ds.
0

Let 7 > 0 and let ¢ = p(—7,p0), 80 po = p(7,q—). Then following [§]
0

£(7, %0, 4—r) = Ea(—7%)z0 + / (=) B (— (=) (v, po)d,

—T

since p(v + 7,q—+) = p(v,po). Hence by the pullback limit (see [3,11])

0
Tim (. 70,4_7) = a(po) i= / (1) B (—(—))p( o)

The strictly contractive condition (7.6) gives

|.’17(7'7 x07q7‘r) - y(T7 Yo, q77)| = Ea(_Ta)‘LUO - y0|7 (77)

which means all such solutions converge in the pullback sense to the same limit, i.e., a(py). In
particular, the pullback attractor sets 2A(p) in Theorem 7.1 are singleton sets A(p) = {a(p)}. In fact
this corresponds zo a single entire solution x*(t) = a(p*(t)) in R of the Caputo FDE (7.5).

In its original form the strictly contractive condition (7.6) also shows that all of the solutions of

the Caputo FDE (7.5) converge forwards in time to this entire pullback solution.
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