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ON THE TANGENT FIBER SURFACE OF THE SPACE T (V n)

GOCHA TODUA

Abstract. The paper considers the theory of the surface of metric tangent fibers for the space

T (V n). Analogues of the Gauss–Weingarten derivation formulas, as well as analogues of the gener-
alized Gauss, Peterson–Codazzi–Mainardi equations, are found.

Let us consider the tangent fiber space T (V n), where the local coordinates of a point transform by
the law

xi = xi
(
xk

)
, yi = xi

ky
k, i, j, k, i, j, k = 1, 2, . . . , n.

Assume that the tensor field GAB (A,B,C = 1, 2, . . . , 2n) is given on the space T (V n), i. e.,

GAB =
∗
XC

A

∗
XD

BGCD,

where

XA
B =

∥∥∥ ∂X
A

∂X
B

∥∥∥ =

∥∥∥∥∥ ∂xi

∂xj
∂xi

∂yj

∂yi

∂xj
∂yi

∂yj

∥∥∥∥∥ =

∥∥∥∥ xi
j 0

xi
pjy

p xi
j

∥∥∥∥ .
An inverse matrix of the matrix has the form

XA
B =

∥∥∥ ∂XA

∂X
B

∥∥∥ =

∥∥∥∥∥ ∂xi

∂xk
∂xi

∂yk

∂yi

∂xk
∂yi

∂yk

∥∥∥∥∥ =

∥∥∥∥∥
∗
xi
k 0

∗
xi
jk

∗
xj
py

p ∗
xi
k

∥∥∥∥∥ .
Since Gij = xi

kx
j
pG

kp, where GijG
jk = δki and Gli =

∗
xm
l

∗
xk
iGmk +

∗
xm
l

∗
xh
qi

∗
xq
sy

sGmh, we can use them

to construct the values Γk
i as follows: Γk

i = GkjGji.
Furthermore,

GjpGpi = xj
qx

p
iG

ql ∗xs
p

∗
xk
iGsk + xj

px
s
qG

pq ∗xl
s

∗
xk
mix

m
h yhGlk.

Since xi
j

∗
xj
k = δik, x

j
pk

∗
xp
q + xj

l

∗
xl
qix

i
k = 0, −∗

xk
i x

j
pk

∗
xp
s = xj

l

∗
xl
si, we observe that the values Γk

i form a
linearly connected object with the following transformation law:

∗
Γj
i = xj

p

∗
xk
i Γ

p
k − ∗

xk
i x

j
pky

p,

and the values

gij = Gij − Γk
iGkj − Γk

jGki + Γp
iΓ

q
jGpq

are a double covariant symmetric tensor, so we can construct an affine connection object Γi
jk in the

following manner:

Γi
jk =

1

2
gip (∇kgpj +∇jgkp −∇pgjk) .

Note that the linear connectedness Γj
i induces the vertical affine connectedness defined by the object

∇kΓ
j
i ≡ Γj

ki
with the following transformation law:

Γj
pi =

∗
xk
i

∗
xq
px

j
lΓ

l
qk − xj

pi.
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Structural equations of the space T (V n) have the form:
Dωi = ωk ∧ ω̃i

k,

Dθ̃l = θ̃k ∧ ω̃k
l
+Rl

ikω
i ∧ ωk,

Dω̃l
p = ω̃l

p ∧ ω̃l
l
+Rl

pikω
i ∧ ωk +Rl

pil
ωi ∧ θ̃l,

Dω̃i
j
= ω̃k

j ∧ ω̃i
k +Ri

jpqω
pωq +Ri

jpk
ωp ∧ θ̃k.

Assume that a hypersurface M is given on the space T (V n),

ωi = W i
aΨ

a, (1)

and the 1-forms Ψa are such that {
DΨa = Ψb ∧Ψa

b ,

DΨa
b = Ψc

b ∧Ψa
c +Ψc ∧Ψa

bc.

Note that

Dθ̃j = θ̃l ∧ ω̃j

l
+Rj

ikω
i ∧ ωk = θ̃l ∧ ω̃j

l
+Ri

jpqω
pωq +Rj

ikW
i
aΨ

a ∧W k
aΨ

a = Rj
abΨ

a ∧Ψb,

where Rj
ab = Rj

ikW
i
aW

k
b .

The extension of system (1) is given by{
∇W i

a = W i
abΨ

b, ∇W i
ab +W i

cΨ
c
ab = W i

abcΨ
c,

∇W i
abc + 2W i

(a|d|Ψ
d
b)c −W i

dΨ
d
bc = W i

abdΨ
d,

where {
∇W i

[a,b] = 0, ∇W i
a[bc] = −Ri

jpqW
p
aW

q
b W

j
c ,

∇W i
ab[cd] = −Ri

pqjW
p
abW

q
c W

j
d .

The values W i
a, W

i
ab and W i

abc form a fundamental third-order difference-geometric object of the
surface M.

The normal vector of the hypersurface M at the point T satisfies the equations

gijn
iW i

a = 0, gijn
inj = 1.

A metric tensor of the hypersurface M is written in the form

gab = gijW
i
aW

j
b and ∇gab = gabcΨ

c,

where gabc = gijW
i
aW

j
bc + gijW

i
acW

j
b .

The vectors W i
abei and ni

aei admit representations in the form of a linear combination of vectors of
the reference point {T,Wa, n}:

W i
abei = Uc

ab + Labn, (2)

ni
aei = Lb

aWb + nan, (3)

where

Uc
ab = gcdgikW

i
abW

k
d , Lab = gkin

kW i
ab, Lb

a = −gcbLca, na = gkin
kni

a. (4)

Hence the following theorem follows.

Theorem 1. If a hypersurface M (1) is defined on the space T (Vn), then the Gauss–Weingarten
derivation formulas have the form (2) and (3).

We call equations (2) and (3) the Gauss–Weingarten formulas of the hypersurface M. From (4),
we obtain

∇Uc
ab +W c

ab = UabdΨ
d, (5)

∇LabcΨ
c, (6)
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where 
Uc

abd = gec...,dgikW
i
abW

k
e + geigikW

i
abdW

k
e + gecgikW

i
abW

k
ed,

Labc = gkin
k
cW

i
ab + gkin

kW i
abc,

gec...,d = −geagbcgabd.

From (5) and (6) it follows that Uc
ab is the object of affine connectedness and Lab is the tensor.

We call the object Uc
ab the object of the induced affine connectedness of the hypersurface M. It

is easy to prove that the induced affine connectedness and the internal affine connectedness coincide.
The 1-forms of this connectedness have the form:

Ψ̃a
b = Ψa

b + Ua
bcΨ

c.

Obviously,

DΨa = Ψb ∧ Ψ̃a
b , DΨ̃a

b = Ψ̃c
b ∧ Ψ̃a

c +W a
bcdΨ

c ∧Ψd,

where
W a

bcd = Ua
b[cd] − Ua

e[cU
e
|b|d].

The values W a
bcd form the tensor which we call the curvature tensor of the hypersurface M.

Expanding equation (2), we obtain

Ri
jpqW

k
aW

p
b W

q
c =

(
W d

abc − La[bLd
c]

)
−

(
k

∇[cL|a|b] −W d
bcLad + La[bnc]

)
ni,

where
k

∇c is the symbol of nonholomorphic covariant differentiation.
From the above equalities, we obtain the generalized Gauss equations

RjpqW
j
aW

p
b W

q
c W

i
e = W i

abce + La[bLc]d (7)

and the generalized Peterson–Codazzi–Mainardi equations

RkpqrW
k
aW

q
b W

r
c n

p = W d
bcLad −

k

∇[cL|a|b] − La[bnc], (8)

where
Ripqr = gijR

j
pqr, Wabce = gdeW

d
abc.

Hence the following theorem holds.

Theorem 2. If a hypersurface M (1) is defined on the space T(Vn), then the generalized Gauss
equations and the generalized Peterson–Kodashi–Maitardi equations have the form (7) and (8).

E quations (7) and (8) establish the connection between the curvature tensor of the space T (V n)
and the curvature tensor of the hypersurface M in T (V n) [1–3,7].
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