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A NOTION OF n-NORM ON ORLICZ SPACE

MUH NUR!, MAWARDI BAHRI?, HEMANTA KALITA®*, AL AZHARY MASTA*

Abstract. We introduce an n-norm in the Orlicz space. We show that the Orlicz space furnished
with the n-norm is a generalization the Lebesgue space furnished with its n-norm. We discuss several
properties of Orlicz space with n-norm. Moreover we define a new norm that is obtained using the
n-norm in the Orlicz space and prove the connection between the convergence in the Orlicz space
furnished with the n-norm and the convergence in the Orlicz space furnished with norm.
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1. INTRODUCTION AND PRELIMINARIES

Initial assessments focused on the axioms of an abstract n-dimensional metric, the key advancements
in the definition of 2-metric, 2-normed spaces, and their topological characteristics,The theory of n-
normed space with n > 2 was introduced by Géhler in the last 1960’s [3-5]. Since that time, numerous
researchers have made advancements and achieved the latest results related to this space. For instance,
in [7,16,18]. In 2015, Ekariani et al. [1] have examined the n-normed space of the Lebesgue space.
Geometrically, the n-norm speak about volume of parallelepiped which spanned by n elements of
vector. B. Hazarika et al. in [8] discussed statistical convergence on n-norm spaces. Recently Sibel
Ersan [2], discussed a quasi-Cauchy sequence and ward continuity of a function to an s-quasi-Cauchy
sequence and s-ward continuity of a function in an n-normed space, for any given positive integer
s. Their work also offers intriguing theorems pertaining to compactness, s-ward continuity, uniform
continuity, and ordinary continuity.

The Lebesgue integration theory was created by Hendri Lebesgue in 1904.In order to suggest a
generalised space of L,, which was later called as Orlicz space, Z.W. Birnbaum and W. Orlicz were
inspired by this idea and the function z? in the description of L, space. Orlicz himself went on to
develop this area. The basic characteristics of Orlicz space with Lebesgue measure are discovered
in [15]. C. Léonard discuss [14] discussed basic results about Orlicz spaces. Author proved their
results in easier way. Using estimates for characteristic functions of balls in R™, Ifronika et al. in [10]
provided sufficient and necessary conditions for generalised Holder’s inequality in Orlicz spaces and
weak Orlicz spaces. In [9], B. Hazarika et al. extend Orlicz spaces in the framework of the Henstock-
Kurzweil integral, a non-absolute integrable function. B. Hazarika et al. proved that C§°, which is
dense in their Orlicz space is naturally a dense subspace of their version of Orlicz space. One can
see [11-13] for several properties of this version of Orlicz space. In 2024, Nur et al [17] has introduced
the norm-2 in L4 (X).

The work of [1] motivated us to construct this work for Orlicz spaces.

The structure of the manuscript is as follows: In Section 1, we recall several important definitions,
and results that are important for our next section. In Section 2, introduce the n-norm for n > 2
in the Orlicz space Ly(X) which generalizes the 2-norm. We also discuss that Le(X) with n norm
can be seen as a generalization of L,(X) with the n-norm. Further In Section 4,, we introduce a new
norm that is derived from the n-norm and prove the connection between the convergence in the norm
of the Orlicz space.
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Throughout the manuscript we denote (X, 3, 1) be a measurable space and 1 < p < co. The space
L,(X) consists of equivalence classes of measurable functions f : X — R such that [|f[Pdu < oo
where two measurable functions are equivalent if they equal p-a.e.. In Ly-norm of L,(X) is defined by

P
flle, ={ [ f|pdu) . Next we recall in general, an n-norm is a function ||-,...,|| : X™ — R which
meets the following requirements:

(1) ||z1,...,2,] = 0if and only if x1,...,z, are vectors of linearly dependent;

(2) ||z1,...,2y] is unchanged by permutation;

(3) lvz1,- .-, znll = Yz, .- . zs|| for any x4, ..., 2, € X and for any v € R;

1) w1,y 1,y + 2| < |21,y Tne1, Yl + |21, - - -, Tn—1, 2] for any z,y, 2z € X.

A pair (X, |-,...,|]) is called an n-normed space. As an example, the space L, of p-integrable
functions, where 1 < p < oo with the n-norm [6] as follows.

fl@) o file) \ [ g
e fulyoo = | o [ [laee| o drydey| . (L)
X X fn(frl) fn(zn)

Definition 1. [15] A function ¢ : R — [0, 00] is a Young function if

(1) ¢ is convex lower semi continuous [0, oo]-valued function on R;
(2) ¢ is even and ¢(0) = 0;
(3) ¢ is non-trivial; it is different from the constsnt function ¢(s) = 0, s € R and its convex
conjugate
0, ifs=0
b*(s) =

400, otherwise.

The literature occasionally permits Young functions to be trivial in the sense of condition (iii) or
does not require them to be lower semicontinuous. These comments include these limitations in order
to avoid annoying trivial examples and make working with convex conjugacy painless. One does not
lose generality in the process.

In normed space, Orlicz spaces (Ly(X)) is a generalization Lebesgue spaces (L, (X)).

Definition 2. [15] Let ¢ : [0,00) — [0,00) is a Young function. Lg(X) is the set of functions that
are measurable f : X — R in such a way that

[ otis@)is < oo
X

for a scalar k > 0.

The usual norm in Lg(X) is

I fllz,x) :==inf §b>0: /¢ (f(bx)l) dr <1

X

(see [10,14,15,19]). As a note one can easily find if, ¢(u) := uP for p > 1 then Ly(X) = L,(X).

2. n-NORM FOR ORLICZ SPACES FOR n > 2

In this Section of the manuscript, we introduce n-norm on Orlicz space. We start this Section with
the following.
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Let ¢ be a Young function with ¢ : [0,00) — [0,00). We define the function |[-,..., ||, x) :
Ly(X) x ... x Ly(X) = R as follows.
||f17"'7f”HL¢(X) = (2'1)
' . filz) - filan)
inf b>0:ﬁ/'”/¢ Edet dzy---drn, <1
XX fa(@i) oo fa(@n)

We will demonstrate that the mapping in (2.1) defines an n-norm on L4(X). To accomplish this, we

will utilize the following lemmas.

Lemma 1. Let Ly(X) be Orlicz space. If 0 < [|f1,..., fallL,(x) < oo then

. / / . fil@a) o fi(zn)
— || | ————— |det : .. : dry---dr, < 1.
! N £ : : :
mw Mo Ay e
Proof. Suppose that
f1eos frllz, oo
filxr) - fi(za)
= inf b>0:%/---/¢ %det dry---dr, <1
X oox Slzr) oo fulan)

= inf B.

Foe every € > 0, there exist b € B such that | f1,..., fallL,x) < be < |If1,--.

s fullL,x) + € As

consequence
filz) - fi(za) filz) - fi(za)
det : : det : :
I f1s- s fallLgx) +€ - be
for every z1,...,z, € X. By utilizing the properties of the Young function, we obtain.
I . filz) - fi(za)
det : . : dxy - -dzy,
/ /d) ||f17“'7f”||L¢(X) +e€ ¢ : ’ : o ’
x oox fa(zr) oo fulan)
i . fi@) o fi(an)
§/~~-/¢ b—det dx1---dx,.
X X L Jo(z1) - falzn)
Therefore
. fi(z) - fi(za)
det : - : dxy - dr, < nl
/ /¢ ||f17'“7f71||L¢(X) +e€ ¢ : ’ : o =
X X falz1) -+ fa(zn)
Since € > 0 is arbitrary, we have
. ) fil@a) o fi(an)
—/~~-/qb T ldet : - : dey - den < 1,
n! 1 f1,- s falloy ' ’ :
X X f(z1) oo fa(za)

as desired.
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Lemma 2. ||f1,..., fullz,(x) = 0 if and only if for every e > 0,

. flz) - fizn)
//¢ Edet dxq---dx, <nl
X X fa(@1) o falzn)
Proof. (<) It is obvious that

filz) o fi(za)
%//(;5 %det : : dri---dz, <1
‘XX fo(z) o fu(zn)

for every € > 0 then || f1,..., fallL,x) = 0.
(=) Assume, for the sake of contradiction, that there exists some ¢y > 0 such that

. . filz) - filan)
i'//aﬁ — |det, : . dry---drg > 1.
n: €0 : :
X X fo(x1) o ful@n)
Next, suppose now that
||f17"'7anL¢(X)
. . filz) - fi(za)
= inf b>0:ﬁ/"'/¢ gdet dry---drs <1
X X Slzr) oo fulan)
= inf B.

Take arbirtary k € B, we have ¢y # k. We will examine two cases:
Case I: ¢g > k. By applying the properties of the Young function, we have

fiz) - fi(za)

1 1
— || = |det : : dry---dxy,
n! €0 : !

X X fn(-’lfl) fn(xn)
filzy) - fi(za)

S 1T I || P
XX Falw) - fuln)

Case II: k > €. This implies that || f1,..., fallL,(x) > €0 > 0. Hence, both cases contradict.

Lemma 3. ||f1,..., fullz,(x) = 0 if and only if
filwr) oo fi(an)

%//d) 3 |det : : dry...dxy, =0
XX fu(z1) o ful@n)

for any B > 0.
Proof. For every 0 < e < 1 and 8 > 0, we obtain
fil@) o fi(an) fil@) o fi(an)
10) Bdet( <e€od gdet :
fu(zr) <o falan) fulzr) oo falan)

Using Lemma 2, we have

fl(ICl) fl(xn)

%//qﬁ B |det : : dry---dx, <e.
X X fn(ml) fn(xn)
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Since 0 < € < 1 is arbitrary then

. fil@y) o filan)
.X X fn(xl) fn(xn)
for any 8 > 0. Conversaly, let
) filz) - filwa)
— /¢ B |det : : dry---dxy, =0
XX fa(z1) - falzn)
for every 5 > 0. Then
fixr) - fi(za)
%6 b>0:%/---/¢ %det dzidza <1
XX f(zr) oo fulan)

Hence, [|f1,- .-, fullz,x) < % Since B > 0 is arbitrary, we conclude that || f1,..., fullz,x) = 0.

Next, we have a result about the new n-norm on Lg(X) as follows.

Theorem 2.1. The mapping (2.1) defines an n-norm on Lg(X)

Proof. We must verify that [-,...,-||r,x) Fulfills the four properties of the n-norm.
(1) Suppose that || f1,..., fullz,x) = 0. By Lemma 3, we obtain

f1($1) fl(xn)

X X fu(z1) - fa(zn)
fl(l’l) fl(xn)

for every a > 0. Since ¢ | o |det : : > 0, we conclude that

filer) o fi(wn)
¢ | a|det =0.

filzy) - fi(zg)

Therefore det = 0. Hence, {f1,..., fn} is linearly dependent set.
Conversaly, suppose f1, ..., f, are linearly dependent. Observe that
filer) o fi(wn)
det : : =0.

fn(xl) fn(xn)
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Then

1ty Fally )

:mf{bo;;/.../qj(;
X

X

Ji(z1)
det
fn(z1)

fi(zn)
dry---dr, <1
fn(zn)

—inf{b>0:1I/~~-/¢(0)daz1~~dxn§1}—inf{b>0}—0.
n!
X X

(2) By employing the properties of determinants, we obtain the invariance of || f1,

under permutation.

(3) Observe that

v fi,-- ~7f’ﬂ||L¢(X)

(

:an{bo;;/.../qb(;
X X

=hllf--

7fn||L¢(X)~

(4) Suppose that

Hfla"'afn—lafn +fIHL¢(X)

=inf{b>0;:d/.../¢,<det[(fizf’)(xj)ﬂ
X X

where

fi(z1)

[(fi + f') ()] = fn_{(ml)
fau(@1) + f'(71)

ol

vfi(zn)
dry---de, <1
fn(zn)
fi(zn)
dry---dr, <1
Ji(zn)
: dry - -den, <1

Fuln)

fi(zn)
dry---dr, <1
fr(zn)

)dxl---dxngl} =inf B

fi(zn)

fn—l(-xn—l)
fo(@n) + f'(2n)
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Let ¢ = || f1,..., fullLe(x) and d = ||f1,..., fa—1, f'l| Lo (x)- Using the properties of deter-
minants, the properties of Young function (¢) and Lemma 1, we have

;'//gb(Cid |det[(fi+f’)(g;j)}|> dzy - --da,,
c—|—dn'// ( |det[(f; x]))”)dl'l"'ditn
c+dn'/ / ( |det[(f ))]I) day - - day,

filer) o filen) Ao e i)
prbere et D=0 el e
) Jnlien) Fa) o L)
As consequence ¢ +d € B. Because inf(B) = || f1, ..., fa—1, fn + f'[|,(x) then we conclude

that
[ f1s oo 1o fro + Fllngx) S Wfrs oo Faets Fally oo + 11 oo foots FllLgx)

O
Next, the relation between Lg(X) that is equipped with the n-norm ||-,...,-[|z,x) and L,(X) that
is equipped with the n-norm ||-,...,|[, (x) in (1.1) as follows.
Fact: ¢(y) = y? for 1 < p < co implies ||f1,...,fn||L¢(X) = f1, ...7fn||Lp(X).
Proof. Assume that ¢(y) = yP for 1 < p < co. We have
1f1s- s fallLyx)
i) - fiea) \ |
= inf b>0—/ /—det f : dry---dr, <1
A \ [
=inf<{b>0 '/ /det : : dxy - -dx, <bP
N :
fn 331 fn(xn)
=infY.
Because
) filz) - fulen) \ |
||f17...,fn||’£p(x):a/-~-/det : : dzy -+ dxy,
X X fn(zl) fn(zn)
then || f1,..., fallz,x) < bfor any b € Y. As consequence, | f1,..., fallL,(x) is lower bound Y. Hence,
Ilfrs-- s falle,x) < I f1s- -5 fallo,x)- Conversely, we observe that
. . filz) - fi@a) \ [0
— ... = |det : .. : dry---dx, = 1.
n! / / 115 Full?, ) : S '
Therefore, | f1,..., fullz,(x) € Y. Because infY = ||fi,..., fullz,(x) then we can conclude that

Ilfrs-s falle,x) = f1s- -5 fullo,x)- Hence,
I f1s- s fullo, ) = 1155 fall L, ox)-
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O

This fact show that Orlicz spaces that is equipped the n-norm can be seen as a generalization of
Lebesgue spaces that is equipped the n-norm.

3. A NEW NORM DERIVED FROM THE n-NORM

In this Section of the manuscript, we introduce the norm derived from the n-norm (||-,...,-[|z,(x))-
Let {a1,...,a,} be a linearly independent set in Ls(X). One may observe that

ol = 3 gt an D, (3.1)

{92500dn }E{1,.m}
defines a norm on Ly(X). We can observe that (1) ||g||z¢(x) > 0. If g = 0 then ||g||z¢(X) =0
by the properties of n-norm. Conversely if Hg\|j‘:¢(X) = 0, then ||g,aj2,...,ajn||L¢(X) = 0 for every

{j2;--,dn} C {1,...,n}. As consequence, g is a linear combination from aj,,...,a;, . Let g = aas +

"

-+ + apa,. Substituting g in [[a1,g,as, ..., anl|L,x) = 0, we have
a1, azag + -+ + Qnan, as, .. ., anl|L,(x) = |ezlllar, a2, a3, ... ;an| L, x) = 0.
Because {ay,...,a,} is a set of linearly independent vectors then
||a1,a2, .. .,an||L¢(X) 74— 0.

Hence as = 0. In the same way, we obtain a3 = oy = --- = a, = 0 so g = 0. Next, by properties of
the n-norm, we have (2) ||’Yg||z¢(x) = "Y|||g||z¢(x) and (3) [lg + h||2¢(x) < H9||*L¢(X) + ||h||*L¢(X)-

Using the definition || - ||*L¢( x)» we have the following theorem about the convergence of a sequence
in the n-norm ||,..., ||z, (x) implies convergence in the norm || - H*qu(X) .

Theorem 3.1. Let {a1,...,an} be set of linearly independent vectors on L4(X). If a sequence
(gx) € Ly(X) converges to limit g € Ly(X) according to the n-norm ||-,..., ||, (x), then it also
converges to g according to the derived norm || - ||2¢(X). Also, if (gr) is a Cauchy sequence according
to the n-norm ||, ..., ||L,(x), then it is a Cauchy sequence according to the derived norm || - H*L¢(X)'

Proof. Assume that (gi) € Ly(X) converges to some g € Ly(X) according to the n-norm [|-,..., ||z, x)
that is

||gk _guf27"'7fn||L¢(X) — 0.

for every fo,..., fn € Ly(X) and k — oo. Because {a1,...,as} is set of linearly independent vectors
on Lg(X) then for every {js,....,5n} € {1,...,n}, we have ||gr — f, ajz""’a’jn”Ld,(X) — 0as k — oo.
Consequently, we obtain

— 0.

lgr = gllz,x) = > gk — 9, ajas naj,
{j2s--0rdn }C{1,...,n}

Ly (X)

Hence, (gx) converges to g € Ly(X) with respect to the norm || - \\2¢(X). The proof of the second part
is established in a similar manner.

O

Unfortunately, up to now, we have not been able to prove the converse of the above theorem.

4. CONCLUSION

In this manuscript, we have presented the n-norm in Orlicz space. We also have proved the
Orlicz space equipped the n-norm is a generalization the Lebesgue space equipped with its n-norm.
Furthermore, we have defined a norm that is derived from the n-norm in the Orlicz space and have
showed the connection between the convergence in the n-norm and the norm. We plan to investigate
the equivalence between the norm derived from the n-norm and the standard norm on Orlicz space.
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