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1. Introduction
Let

QX) = Q(z1,22,...,2,) = Z bijrix;
1<i<j<r

be an integer positive definite quadratic form of r variables and let A = (a;;) be the
symmetric r x r matrix of the quadratic form Q(X), where a;; = 2b; and a;; = a;; = byj,
fori < j. If X = (x;...2,)" denotes a column matrix and X7 its transpose, then Q(X) =
sXTAX. Let A;; denote the cofactor to the element a;; in A and let A~' = (aj;)7;_, be
the inverse matrix.

A homogeneous polynomial P(X) = P(xy,---,x,) of degree v with complex coeffi-
cients, satisfying the condition

L PP\
1;j<r aij (8%8@) =0 (1>

is called a spherical polynomial of order v with respect to Q(X) (see [4]).

Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X).

Hecke [6] calculated the dimension of the space P(v, Q) and showed that

dimP(v, Q) = (”ji; 1) - (”‘:if))

He formed a basis of the space of spherical polynomials of second order (v = 2) with
respect to Q(X).



Lomadze [7] constructed a basis of the space of spherical polynomials of fourth order
(v = 4) with respect to Q(X). In the next section a basis of the space P(v, Q) is
constructed with a simpler way.

Let

I(r,P,Q) =) Pn):", 2=, reC, Im7t>0

nezr

be the corresponding generalized r-fold theta-series. Schoeneberg [8] proved that the
function J(7, P, Q) is a modular form of weight — (% 4 /) with respect to the congruence
subgroup To(N), where N is the least positive integer such that NA™! is again an even
integral symmetric matrix. The map which assigns to each P in P(v, Q) the modular
form ¥(7, P, Q) is a linear transformation.

Let T'(v,Q) denote the vector space over C of generalized multiple theta-series, i.e.

T(v,Q)={9(r,P,Q) : P Pv,Q)}.

Gooding [4, 5] calculated the dimension of the vector space T'(v,Q) for a reduced
binary quadratic form ) and obtained an upper bound of the dimension of the space
T(v, Q) for some diagonal quadratic forms of r variables

dimT(v,Q) < ( o 2). 2)

In [9, 10, 11], the upper bounds for the dimensions of the spaces T'(v, Q) for certain
quadratic forms in three, four, five and r variables were established. In several cases, the
dimensions were calculated and bases for these spaces were constructed.

Gaigalas [1-3] obtained upper bounds for the dimensions of the spaces T'(4, Q) and
T(6,Q) for certain diagonal quadratic forms and presented upper bounds for the dimen-
sions of the spaces T'(v, Q) for some diagonal quadratic forms in six variables.

In this paper, upper bounds for the dimensions of the spaces T'(v, Q)) are obtained for
certain diagonal and non-diagonal quadratic forms in six variables. The dimension of the
space T'(2,Q) is calculated and a basis for this space is constructed.

In the sequel, we use the following definition and results:

An integral r x r matrix U is called an integral automorphism of the quadratic form
Q(X) in r variables if UT AU = A.

Lemma 1. ([4], p. 37) Let Q(X) = Q(z1,...,x,.) be a positive definite quadratic
form in r variables and P(X) = P(z1,...,x,) € P(r,Q). Let G be the set of all integral
automorphisms of Q). Suppose

t
ZP(UiX):O for some U,....U CG,
i=1

then 9(7, P,Q) = 0.



Lemma 2. ([11], p. 92) Let Q1(X) be the non-diagonal quadratic form of r variables,
given by Q1(X) = by} + bogwi + bgzxi + -+ - + by + biawi e then

dim T'(v, Q1)<%2(§:i;3>(y+r—2). (3)

2. The Basis of the Space P(v, Q)

k J l
_ _ —k, k—i i3, =l l—s,.s
P(X) = P(x1, %2, 73,74, T5, Tg) = g E E AijisT] Ty Ty 934 Ty "X

be a spherical function of order v with respect to the positive quadratic form
Q(z1, 2, T3, 14, 5, Tg) of six variables and

T
L= (%0000, 100005 ¢11000, 4111005 @11110, 11111, 4200005 #21000; - - - 7a1/,1/,1/,1/,y)

be the column vector, where ayjis (v > k> 1> j > 1> s > 0) are the coefficients of
polynomial P(X).
According to (1), the condition

2
i & )

2P vo oA d D v i i— I, l-s,.s
W:ZZ D e e e S e e e

. k—1_ k—i—1 _i—j j—1l l—s s
= (v—k+ 1) (v —k)ap_rjsry ol Tl el v

and also obtain similar formulas for other second partial derivatives, then condition (1)
takes the form

v—1 k-1 1 J l
m (AH(I/ —k + 1)(V — k)ak_liﬂs + 2A12(V — k‘)(k’ — i)akijls+
k=1 1=0 j=0 (=0 s=0

2A13(v — k) (i — § + Dagipjis + 2A1u(v — k)(§ — 1+ Dagiy1j4us+
+2A15(v — k)l — s+ Dagit1j+1415 + 2416(v — k) (5 + 1) agit1j+ 1141541+
+ Ao (k — 1+ 1)(k — @) agsrijs + 2A23(k —0) (i — J + 1)agtrivrjis + - - -

—k—1_k—i—1_i—7 j—l l—s_.s
+Aso(s + 2) (s + Dajsrirojarsasie)r] Fal el el 2l " 2f = 0.
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Thus, for 0 < s <[ <j<i<k<v-—1, weobtain
An(v —k+1)(v — k)ar—1ijis + 2A12(v — k)(k — i) agjis+
2A13(v — k) (i — 7 + Dagiyjis + 2A1u(v — k)5 — 1+ Dagiy1j4us+
+2A15(v — k)({ — s+ Dagit1j+1415 + 2416(v — k) (5 + 1) agit1j+ 1141541+
+A22(k — Z + 1)(]{3 — i)akﬂiﬂs —f- 2A23(k§ — Z)(Z —] —|— 1)ak+1i+ljl8 —|— e
+Ae6(5 +2) (5 + 1)api1iv2j4242s42 = 0.

It follows that condition (1), in matrix notation has the following form

S-L=0,
where the matrix S has the form
Aniv(v—1)  2A12(r—1) 2A13(v—1) 2A14(v—1) 0
0 All(V—l)(V—Q) 0 O 0
S — 0 0 A1 (v—1)(v—2) 0 0
- 0 0 0 A1 (v—1)(v—=2) ... 0
0 0 0 0 . 2411 ... Agg(v—1)v

and is (”;3) X (”;5) matrix (the number of rows of the matrix S is equal to the number
of (k,i,7,0,s) with 0 < s <[ <j<i<k<v—1,the number of columns is equal to the
number of coefficients ay;j;s, i.e. to the number of (k,,7,0,s) with 0 < s <[ <j<i<
k<v).

We partition the matrix S into two matrices S; and S, where Sy is the left square
nondegenerate (”;3) X (”;3) matrix. It consists of the first (”+3) columns of the matrix
S; the matrix Sy consists of the last (”25) — (”;3) columns of the matrix S.

Similarly, we partition the matrix L into two matrices L; and Lo, where L; is the

"+3) x 1 matrix consisting of the upper (”;3) elements of L; the matrix Ly consists of
the lower (”;5) — (”;3) elements of the matrix L.

According to the new notation, the matrix equality takes the form
SlLl + SQLQ = O,

1.e.

Ll = —Sflsng.

It follows from this equality that the matrix L; is expressed through the matrix Ls.
Consequently, the first (”;3) elements of the matrix L can be expressed in terms of
its remaining elements. Since the matrix L consists of the coefficients of the spherical
polynomial P(X), its first (";3) coeflicients can be expressed through the last (”25) — (”;3)
coefficients.



Hence, the polynomials

(1) (1) 1)
P, -1,0000(A00000: 10000+ - - - 0y 9y 9y 2y-2,-2,1,0,0,... ,0),
(2) (2) (2)
P, -1,1000 (000005 @10000 - - - sy 9 y2y—2y-2,-2:0,1,0,. . ,0),
(4)
t) (t) (t)
P00 (@000005 10000 - - - 0y y-9y2u-2,-2,0,0,0,..., 1),

form the basis of the space P(v,Q), where the first (”;3) coefficients, from agggpy to

Ay—2-2,—2,—2,—2 are calculated in terms of the remaining (”;5) - (”;3) coeflicients. The

coefficients of the basis polynomial Pj;j;s are given in the brackets, where & = v — 1 or
k = v. Moreover, the polynomial Pj;;;s is such that its coefficient a;j;s is equal to 1 and
all other coefficients for which k£ is v — 1 or v are equal to O .

3. On the dimension of T'(v, Q) for certain quadratic forms of six variables
Let
Q(X) = byaf + byaj + byzal + - + b,z

with 0 < by < byy < --- < b, be a diagonal quadratic form of r variables. We have
shown [11 p.91] that a basis of the space T'(v, Q) is among the theta-series ¥(7, P, ()) with
spherical polynomials P = P;; s, where all indices k = v, ¢, j, ... s are even. Furthermore,
the dimension of the space T'(v, Q)) satisfies the estimate (2).

Now consider the quadratic form of six variables

QQ = blll'% + bQQ:Ug + b33$§ + b44$’i + b55(.1'§ + x%),

where 0 < b1y < bag < bz < byy < bss = bgg. Using (2), we have
Z+r—2 Y44
: < 2 — 2 .
amr, @0 < (157 = (517 o)

We improve this estimation.
We construct the integral automorphisms U of the quadratic form @)5. Since

bi1 = Q2(£1,0,0,0,0,0), by = Q2(0,£1,0,0,0,0), b33 =2(0,0,£1,0,0,0),
bay = Q2(0,0,0,£1,0,0), bss = bgs = @2(0,0,0,0,%+1,0) = Q2(0,0,0,0,0,+1),

it is easy to verify that the integral automorphisms of the quadratic form )y are

ee 00 0 0 O ee 00 0 0 O
0 e 0 0 0 0 0 e 0 0 0 0

0 0 es 0 0 O 0 0 es 0 0 O B o

0 0 0 €4 0 0 ’ 0 0 0 N 0 0 7(61*:&17 2*17273,4,5,6).
000 0 0 e 0 000 0 0 0 e

0 0 0 0 0 e 0 0 0 0 e O



Consider all possible polynomials P = Py;;1s(UX), where Py;j15(X) € P(v, (Q)2) are spher-
ical basis polynomials (4) of order v with respect to Q2(X) and U € G is an integral
automorphism of the quadratic form @Qy(X).

We have to find which polynomials P satisfy equality

Z Prijis(UpX) =0, for some U, €G.

Un

For such polynomials, according to Lemma 1, we have J(7, P, Q) = 0.

10000 O
01000 O

For example, if U; = 8 (O) (1) (1) g 8 then
00001 O
00000 —1

v k ) J l
Paijis(X) + Peijis (U1 X) = > Y (1+ (=1)")arijusryFaf ™ a7 ™ al o,
k=0 =0 j=0 =0 s=0

The equality
Prijis(X) + Prijis(U1 X) =0

takes place if and only if the condition
(1+(=1)") aijis = 0

is satisfied. This means that index s of the coefficient equal to one must be odd. Similarly,
it follows that if among the last coefficients of P, at least one of the indices k, ¢, 7, [, s of the
coefficient (which is equal to one) is odd, then, by Lemma 1, for the spherical polynomial
P = Pyjis, the theta-series satisfies J(7, P,Q)) = 0. Hence, if theta-series are linearly
independent, then the indices k, 1, j, [, s of the corresponding spherical polynomial P must

all be even. According to (5), such k.1, j,1, s indices are (514).
100000
010000
: 001 0O0O0
For automorphism U, = 00010 0lWwe have
000O0O0T1
000010
v 3 7

l
(h) v—k k—i _i—j3 j—l l—s s
E: kijlst1 L2 T3 I4 Tg Ty

)

J
h) v—k k—i i—j j—1 l—(—s) |—s
E ap )t R ) xg o

-

0
From here, it follows that if all the last coefficients of the basis polynomial P(X) are

equal to zero except one aggls = 1, then all the last coefficients of the polynomial P(UyX)

6



are equal to zero except one al(;)i’jvl’lfs = 1. Hence, Pyijis(U2X) = Priju—s(X) is a basis

polynomial of the space P(v, Q)2). Further, it is known ([4], p. 38) that
19(7-7 P(X>7 QQ) = 19(7-7 P(UQX)u QQ)

Thus, the theta-series ¥(7, P(X),Q2) and 9(7, P(UyX),Q2), corresponding to different

basis polynomials P(X) = Pyijis(X) and P(UsX) = Pyiju—s(X), are linearly dependent.
Calculate how many such linearly dependent theta-series we have. Let k4, 5,1 and s

be even (otherwise, it can be shown that J(7, P,@Q2) =0),ie. k=v,2 |4, 2|75, 2|1,2]s

and s takes z
)
1==-+1
Do l=5+
2|s,5=0

even values for each even [. Hence we have
[1(£+1>] _ {i %f | = 0(mod4),
2\2 42 if | = 2(mod4)
linearly dependent theta-series for each even [. Similarly, for each even j, we have

J J
l [+2
2. 1 2. 1 <J+2 if j = 2(modd)
=0 =0
[ = 0(mod4) [ = 2(mod4)
linearly dependent theta-series. Also, for each even i, we have

7

Z (1+i)i+ i: (%)2:

j = 0(mod4) J = 2(mod4)
)5 (& +1)i(i+5) if i = 0(mod4),
L (E+1)(2+3)(i+1) if i =2(mod4)
linearly dependent theta-series. The number of linearly dependent theta-series for even v
is
- 1 i - 1 i i
—(=4+1)i(z —(=+1)(= i+ 1
> 5 (7 FDili+5) + > 515 T DG 3 +1)
1=0 1=0
i = 0(mod4) i = 2(mod4)

_ {?)'%I/(V +4)*(v +8) if v = 0(mod4), (6)

555 (v +2)(v +6)(v* + 8 +4) if v = 2(mod4).
Hence, from (5), for the maximal number of linearly independent theta-series, we obtain

(a similar result is given in [3])

: (51 = Ssv(v +4)%(v + 8) if v = 0(mod4),
dimT(v, Qz) < {(514) — L (v + 2) (v + 6)( + 8v +4) if v = 2(modd).

7



Thus. we have the following:
Theorem 1. Let Qo(X) be the diagonal quadratic form of sixz variables, given by
QQ(X) = bnl‘% + bggl’% + b33{[‘§ + b44l’?1 + b55($§ + l’%), then

dimT(v, Qs) < {ﬁ(u +4) (v + 8)§y2 + 120+ 24)_ if v = 0(mod4),
LW+ 2)(v +6)(v 4+ 10) if v = 2(mod4),

Similarly, consider the non-diagonal quadratic form of six variables

Qg = bnx% + b22$§ + bggib’g + b44.1'?1 + b55($§ + 33'2) + blgl’lxg,

where 0 < |b12| < b11 < by < b33 < b44 < bss = b66-
We construct the integral automorphisms U of the quadratic form Q3. It is easy to
verify that the integral automorphisms of the quadratic form Q)3 are

ee. 0.0 0 0 0 e 00 0 0 0

0 egc OO0 0 O 0 e 00 0 0

0 0 e 0 0 O 0 0 e 0 0 O B

00 0 e 0 0> o 0 0 e 0 0 (e;==%1, 1=1,2,3,4,5)
000 0 0 e O 000 0 0 0 e

000 0 0 0 e 0 0 0 0 e O

Consider all possible polynomials P = Pj;j;s(UX), where Pyjs(X) € P(v,Q3) are
spherical basis polynomials (4) of order v with respect to Q3(X), and U € G is an
integral automorphism of the quadratic form Q3(X).

We have to find which polynomials P satisfy the equality

ZPkiﬂs(UhX) =0 for some U, €G.
U,

As in the case of the quadratic form ()2, here too, Pyjis satisfies this condition if, among
the last coefficients of P, for which k is v — 1 or v, at least one of the indices i, 7,1, s of
the coefficient, equaled to one, is odd. For such spherical a polynomial P = Pj;;is, by
Lemma 1, 9(7, P,Q) = 0. Hence, if theta-series are linearly independent, then the indices
i,7,1, s of the corresponding spherical polynomial P must be even. According to (3), such

k,i,7,1,s indices are
1 (£4+7r—-3 v+4 (243
2 —92) = 2
T—Q( r—3 )(V+r ) 4 ( 3 ) (7)

For the automorphism Us,, we have

l
(h) v—k, k—i_ i—j, 3=l Il—s, .s
g ay) at Rkt Iyl s

PU,X)=>">"

M?T
RAQ/\
S
=
»
S
=]
|
ol
8
N
4
=
S
<
H
NG &Y
%2
i
Q
CIJ
&
=
T
w»



From here, P(UsX) is a basis polynomial of the space P(v, @)3). Furthermore, it is known
([4], p- 38) that
U1, P(X),Q3) = (1, P(UxX),Q3).

Thus, the theta-series ¥(7, P(X), Q3) and ¥(7, P(UX), Q3), corresponding to the different
basis polynomials P(X) = Pyi;is(X) and P(UsX) = Pyiju—s(X), are linearly dependent.
Calculate how many such linearly dependent theta-series we have. Let 7, 7, [, s be even
(otherwise, it can be shown that ¥(7, P,Q3) = 0), i.e, 2|, 2|7, 2|1, 2]s.
For k = v — 1, the number of linearly dependent theta-series is

> LCenient Y end e
i=0 i=0
i = 0(mod4) i = 2(mod4)

v+ 4V +4r —8) if v = 0(mod4),
a #(V—Q)(V+2)2(1/+6) if v = 2(mod4).

For k = v, the number of linearly dependent theta-series is given by estimation (6).
Thus, the total number of linearly dependent theta-series for k =v — 1 and k = v is

3 27V(V +2)(v +4)(v +6).

For the maximal number of linearly independent theta-series, from (7) we obtain

dim T(v, Qs) < 14(‘§3) v+ 2+ A) (w4 6) = ( 14)

Thus, we have the following:

Theorem 2. Let Q3(X) be the non-diagonal quadratic form of siz variables, given by
Qg(X) = bllfL‘% + bggl’% + bggfbg + b44l’?l + b55(I§ + ZL‘%) + blgl‘ll‘g s then

dim7T'(v,Q3) < (% 1_4)

We now construct the basis of the space T'(v, Q3) when v = 2. For the quadratic form
Q3(X), we have:

2byy

Al = det A = 24(4by1bay — b2,)b33basb? e R
| Al € (4b11b22 12)b33044b%5 aq 111ban _6%2,

bia % 2b1y 1

* * *
Qg = Q91 = —— 53 195 Qog = 77 355 Q33 = )
4b11b22 — bty 4b11b22 — b1y 2b33
1 Xk

Ay = E’ (g = Qgg = %, and other a}, =0 for i#j.

zj:



It is easy to verify that the spherical polynomials (4) of second order:

12 2
Pioooo = ——x7 + 1122, Prigoo = 173,
b1
2
Pii1g0 = 124, ooy Pooooo = b —x] + 51327
22
4b11byy — by 5 |
Po1po0 = x93, Paoooo = _—41) b r1 + 73, Poo100 = 1374,
22033
4by1b9y — b? 4b11b b?
12 2 2 11922 = Y19 2
Pyyoog = —————F——x7 + 23, cey Poogog = Pagogg = ————= 1+£175

4b22b44 4b22b55

form the basis of the space of spherical polynomials of second order with respect to Q3(z).

Now, we construct the corresponding generalized theta-series. Suppose the quadratic
form Q3(x) is such that boy # b7, b # Doy Y2 + bioxma, m = 3,4,5,. Consider
all possible polynomials P, with even indices 4, 7,1, s and & = v — 1, v; their number is
5.

oo

(7, Proooo, @3) = Z Z Proooo( Z Z —2331 + z129)) 2"
n=1

n=1 Qs(z)=n Qs3(z)=n by

_Zbll_|_..._|_0Zb22_|_..._|_()Zb33_|_..._|_0Zb44_|_..._|_02b55_|_...7

2022
o o0 b
(7, Paoono, Q3) = Z ( Z Paoooo(z Z Z —aita 3)2"
n=1 Qs(xz)=n n=1 Qs(z)=n 22
20
- bllz”“ o220 025 02 027
22
- o Aiiby =y 5 2\ .m
(7, Pagono, Q3) = Z Z Paaooo( = Z ( Z (_T% +13))2
n=1 Qs(x) n=1 Qs3(z)=n 22733
b Vg ey g 0 02
2022033
(7, Pazaoo, Q3) = Z ( Z Pagaoo()) 2" = Z ( (—W [+ ai))z"
n=l Qs(z)=n n=l " Qz(z)=n 2o
4b b b?
V722 7 712 bin o022 e 02038 e 2200 020
2092044
- o by =iy 5 2\ .m
(7, Pazaso, Q3) = Z Z Paggao(x = Z ( (—T% +13))2
n=1 Qs(x) n=1  Qs3(z)=n 2255
_ Abiibyy — b7

12 b oo g2 0 e e e L
2022055



These generalized theta-series are linearly independent since the determinant constructed
from the coefficients of these theta-series is not equal to zero. By Theorem 2, we have
dim T'(2,Q3) < 5. Hence, these theta-series form the basis of the space T'(2,Q3). We have
the following;:

Theorem 3. Let Q3(X) be the non-diagonal quadratic form of siz variables, given by
Qg(X) = bnl’% + bgzl’g + b33$§ + b44$‘?1 + b55 (.Tg + .T%) + blgxll’g, and let b22 7A bul’%, bmm 7A
27:11 biix? + biawize, m = 3,4,5, then dimT'(2,Q3) = 5 and the generalized theta-series:

19(7'» Proooo, Q3)§ 19(7'7 Pso000, Q3); 19(7', Ps2000, Q3); 19(7', Pss900, Q3)7 19(7'7 Ps2290, Q3)

form the basis of the space T(2,Q3).
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