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ON A MIXED PROBLEM FOR A PSEUDO-PARABOLIC TYPE DIFFERENTIAL
EQUATIONS WITH GERASIMOV-CAPUTO TYPE OPERATOR AND WITH
DEGENERATION

MAHKAMBEK M. BABAYEV!, BAKHTIYOR J. KADIRKULOV?23 AND TURSUN K. YULDASHEV!

Abstract. In rectangle domain a linear mixed problem for a Gerasimov—Caputo type fractional
pseudo-parabolic differential equation with degeneration is considered in the case of 0 < a < 1. The
solution of this fractional order partial differential equation is studied in the class of regular functions.
Corresponding spectral problem is studied ana eigenvalues, eigenfunctions and associated functions
are defined. Adjoint spectral problem also is studied. Application of the Fourier series method is
justified and by the aid of Mittag—Leffler function a scalar differential equation and three countable
systems of ordinary differential equations are obtained. These countable systems are reduced to
the countable systems of linear Volterra type integral equations. The unique solvability of these
countable systems of integral equations are proved by the method of successive approximations in
combination with the method of compressing mapping. The absolute and uniform convergence of
the obtained Fourier series is proved by applying the Cauchy—Schwarz inequality and the Bessel
inequality.

1. INTRODUCTION. STATEMENT OF THE PROBLEM

Fractional calculus plays an important role in the mathematical modeling of many natural and
engineering technology processes [1-7]. The construction of various models of theoretical physics by
the aid of fractional calculus is described in [8, Vol. 4, 5], [9,10]. A detailed review of the application
of fractional calculus in solving problems of applied sciences is given in [11, Vol. 6-8], [12]. In [13],
it is considered an inverse problem to determine right-hand side for a mixed type integro-differential
equation with fractional order Gerasimov—Caputo operators. The problem of determining the source
function for a degenerate parabolic equation with the Gerasimov—Caputo operator is investigated
in [14]. In [15], the solvability of the nonlocal boundary problem for a mixed type differential equation
with fractional order operator and degeneration is studied. In the direction of applications of fractional
derivatives to solving partial differential equations were obtained interesting results also in [16-35].

In this paper, for the case of 0 < a < 1 we study the regular solvability of the mixed problem for
the Gerasimov—Caputo type fractional differential equation with degeneration.

In the domain Q = {(t,x)| 0<t<T, 0<z< 1} a pseudo-parabolic differential equation of the
following form is considered

N N 82 82
CDot - CDotw - tﬂ(’)x?:| U(t,l’) =a (t) U($>y) + f(tvx) (1'1)
with initial value condition
U0,2) =p(z), 0<a<1, (1.2)

where 3, T are given positive real numbers, for 0 < a < 1 the function

eDG0) = T i (0) = e [ s, D) = il (0 =1/, 1€ (0.7)
0
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is Gerasimov—Caputo type fractional operator,

¢
1 n(s)ds
J&on(t) = , te (0, T
O+77( ) F(Ot) / (t _ S)l_a ( )
0
is Riemann-Liouville integral operator, a(t) € C[0,7T], p(z) € C®[0,1] and f(t,x) € C’gf(ﬁ) are
known functions, Q = {(t,x) |0<t<T, 0<zx< 1}.

Problem Statement. We find an unknown function U(t,z), which satisfies partial differential
equation (1.1), initial value condition (1.2), boundary value conditions

U(t,0) =0, Ug(t,1) =U,(t,xg), 0<t<T, 0<uzp<l, (1.3)
and class of functions
Ut,z) € C(Q), ¢D§ U x), Upe(t,x), ¢D§Usa(t, ) € C(Q), (1.4)
where 4 . .
d'p(z) & p(z) & p(z) , ,
dzt |ZL’—0 0; Az |z71 dz |:cfa:0 , Oa27 a67 J 73757
dif(t, ) & f(t,x) & f(t,x) . .
———— |0 =0, —— |41 = — |22y, ©=0,2,4,6, =1,3,5.
dz? =0 dxi [o=1 dxi lo=ao > J

2. SPECTRAL PROBLEM

For the problem (1.1) and (1.3) we consider the spectral problem

9 (x) + M (x) =0, >0, (2.1)
9(0) =0, 9'(1) =19"(z0), 0<mo<1. (2.2)
Solving the spectral problem (2.1), (2.2), we derive eigenvalues (see [36])
Mo =0, Apn= <12J’:7;0)2, Aan = (121”;0)2’ neN. (2.3)
Eigenfunctions, corresponding to the eigenvalues (2.3), have the forms
Vo(x) =z, Vin(r) =siny/ Nz, i=1,2, neN. (2.4)
Condition A. Let x( be a rational number from the interval (0,1) such that 2o = 2, p<q, q—p =1,

q?
p and ¢ be positive integers. If condition A is satisfying, then solving problem (2.1), (2.2), instead
(2.3) we obtain

2gqnm
p+q

These eigenvalues correspond to eigenfunctions in (2.4). For each value of A3 ,,, there also exist
associated functions of the form

2
=0, A= ( ) , Ao = (2qm7r)2, n,m €N, n#m(p+q). (2.5)

521m(x) =z cos /A2 mT. (2.6)

Along with problem (2.1), (2.2), we also consider adjoint problem. It is not difficult to determine
that the following spectral problem will be adjoint to problem (2.1), (2.2):

W(z)+Aw(@) =0, A>0, x€ (0,z0)U (z0,1), (2.7)
w(0) =0, «'(1)=0, (2.8)
W' (wo +0) = w'(zo — 0), w(wo+0)—w(wg—0)=w(l). (2.9)

Problem (2.7)—(2.9) also has eigenvalues of the form (2.5). Solving this problem, it is not difficult to
see that the eigenfunctions have the form

{WO(‘T); Wl,n(x)§ W2,m(m)}7 n,m e N? n 7é m(p + Q)' (2'10)
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where
4sin /A1 nx
( ) . 0, x € [O,xo), ( ) . T 14w € [0»550)»
YOI 122, e (z0,1], W T 2e0sy/Min(izo) z € (20, 1]
0 (Ltzo) sin/A1m 052l
( ) 0, S [0,%0),
w2, m(x) = 4c0s1/Az.m
%1021" T € ((E(), ].]
There also exist associated functions of the form
i 4sin /A2 ma V’\MII’ € [0, o),
(Ug’m(l') = 4(1_1;_)2?11 /No.mx (211)
W,m, S (I‘O7 1]

We note that systems of functions (2.4), (

2.6) and (2.10), (2.11) are biorthonormal in L0, 1], that

is
(ﬁo(x), wo(x)) (190( ), w1 n(ac)) = (190(96), wg,m(gc)) = (ﬁo(x), ng,m(x)) =0,
(V1,0(2), w1 k(x)) = (1): Z ; Z
(P1,n(2), wo(z)) = (V1,n(2), wom(x)) = (V1,0(2), D2m(x)) =0,
(V2m (@), D2(2)) = (1): " :
(192,7”(.2?), wo(ﬂc)) = (1927,”(33), wl,n(x)) = (ﬁg,m(x), wz,k(x)) =0,
~ 1, m=k,
(Fante oate) ={ G 12
(V2,m (), wo(@)) = (Do,m (@), Gok(x)) =0,
where by (-, -) is denoted the inner product in L0, 1].

We note that if the condition A is satisfying, then the systems of root functions of problems (2.1),

(2.2) and (2.7)—(2.9) form a Riesz basis in Ls[0, 1].

3. COUNTABLE SYSTEMS OF DIFFERENTIAL EQUATIONS

Taking into account the formulas (2.4), (2.

6) and (2.10),

(2.11) we look for a solution

U(t,z) = Up(t, ) + Uy (t, ) + Us(t, ) + Us(t, z) (3.1)
to the mixed problem (1.1)—(1.4) in the following Fourier series:
U(t7 J}) = uo —|— Z Uy, n 191 n —|— Z U2, m 192 m( ) + ’1127m(t) ’l§27m(l‘)) (32)
where
1 1
/Uo (t,y)wo(y)dy, uin(t) = /Ul(t,y)m,n(y)dy,
0 0
1 1
iz / (t )2y, T2n(t) = [ Dt gz )
0
99 5k

Here

means that the sum is taken over n € N, different from k(q + p), k € N.

Let the condition A be satisfied and a function U (¢, x) be a solution to the mixed problem (1.1)—
(1.4). Then, applying representation (3.2) into equation (1.1) and taking (2.4) and (3.1) into account,

we obtain

CDgt{xuo +Zu1n ) V1,0 (@) +

)43 (aml®)

m=1

) 92, (%) + T () Do () ) +
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o *

+ Z Al,nul,n(t 191,n(17 + Z |:)\2,mu2,m(t) 192,m(x) + ﬁ2,m (2 V AQ 192 m + >\2 m192 m( )):| } +

S [N 11 (6) 2 () - P, (8) (23 R D0 (@) - Moo ()] =

) )
n=1 m=1
3 At ur o () 910 (2)+
n=1 m=1
|fEUO + Zul n ﬁln + Z (’Lbzm 192 m( ) +’L~Lg,m(t) ’L§27m(1‘)> +
m=1
+$f0 +Zf1n 191n + Z (fQ,m 192m( )+f2,m(t)1§2,m(z)>a
=1
where
1 1
h@=/hwwm@@,hﬂﬂ=/f@meﬁm
0
1
f2m /th yw2m( )dy, .me / tyWQ'm )dy
0
Hence, taking (2.10) and (2.11) into account, we obtain
DGy uo(t) = a(t) uo(t) + fo(t), (3:3)
1
oD, wr () + pa nt” () = T [a(t)ur,n(t) + fin(t)], (3.4)
C’Dgt UZ,m(t) + MZ,mtﬁUQ,m(t) =
2v/Aa.m o~ 5 1
= —m (CDOt’UQ,m(t) + U2,m(t>> + m [a(t)UZ,m(t) + f2,m(tﬂ7 (35)
- 5 1 5 ~
c DGy g m (t) + Mg,mtﬁUQ,m(t) =T [a(t)ugﬁm(t) + fg,m(t)]7 (3.6)
+ )\Q,m
where
_ /\1)71 o )\2,m
Hin = 1+ /\17n’ H2m = 1+ /\2,m’

M and Ao (n,m €N, n# m(p+ q)) defined from (2.5).

The fractional differential equation (3.3) is scalar equation without degeneration. The others (3.4)—
(3.6) are countable systems of fractional differential equations with degeneration. Taking into account
the formulas (2.4), (2.6) and (2.10), (2.11) we consider the function ¢(x) as in the case (3.1) of function
Ul(t,z):

e(@) = po(x) + ¢1(x) + @2(x) + P2().
The solving method for the fractional differential equations (3.4)—(3.6) is the same. So, we show the
scheme of solving only for the equations (3.3) and (3.4). In order to solve the differential equations
(3.3)-(3.6), from condition (1.2) we determine the initial value condition

w@=/%&ww@®=/m@m@@=%, (3.7)
0
1 1
ul,n(o) = /Ul(()?y)wl,n(y)dy = /@l(x)wl,n(y)dy = P1,n;, (38)
0 01
ww@=/me@m@@=/@@@m@@=mm7 (3.9)
0 0
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1 1
'&2,7n (O) /U (O y w2 nL / 2 W2 m dy - 902 m- (310)
0 0

4. VOLTERRA INTEGRAL EQUATION

To solve the equation (3.3), we rewrite it in the following form
DG, uo(t) = go(t), (4.1)

where go(t) = a(t) uo(t) + fo(t). Since ¢ D§n(t) = Jgi *n'(t), and the equation has not degeneration,
we apply to the both side of fractional equation (4.1) the operator I and on the interval (0,7) we
obtain:

t

1 a

m/t—s )dS—JOtjl ug(t) = Jopug(t) =
0

t

- /ug(s) ds = uo(t) — up(0), t € (0,T).
0
Hence, taking into account the initial value condition (3.7), we have Volterra integral equation
t

un(t) = o + ﬁ / (t — 5)° " [a(s) uo(s) + fo(s)] ds.
0

We rewrite this equation in the convenient form

up(t) = / (t,8) up(s) ds, (4.2)

where
t

ho(t) = o + ﬁ / (t— )" fo(s) ds, Ko(t,s) = (t — )° a(s).
0

Smoothness conditions Sy. Let po(z) € C[0,1], fo(t,z) € C(Q2) be fulfilled.

Theorem 4.1. Let the smoothness conditions Sy and condition A are fulfilled,
a(t) € C[0,T] and pg = la (t)(”)cTo‘ <1.
Then Volterra type integral equation of second kind (4.2) has a unique solution in the class of

continuous functions C[0,T).

Proof. By virtue of the conditions of the theorem, ho(t) € C[0,T], Ko(t,s) € C([0,T] x [0,T]).
However, according to the principle of contracting mapping, Volterra type integral equation of second
kind (4.2) has a unique solution in C[0,T]. This solution can be found by the iteration process

ud T (t) = ho(t) + ﬁ fot Ko(t, s)ui(s) ds,
ud(t) = ho(t), 7=0,1,2,...
Indeed, for this iteration process we have estimates:

||U8(t)HC: ||h0(t) ||C§ | ‘_’_ H fOI(_‘()OJgCTa

Fua(®) = ug(®) || ¢ <

1 o) Nl 6] 10 [l
< a7 [ Kot 805 | ds < [0+ L e | L e,

Jugt () —uf(®) || <
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t
1
< w7 [ Kot s [450) =570 < oo [ 5(0) — 50 .
0

where

_la® ¢ ra
aT(a) T < 1.

The Theorem 4.1 is proved. O

From the representation (4.2) one can find that

t1 U (t ) = 2 ho(t) + ﬁ /Ko(t, s) Uo(s,x) ds. (4.3)
0

5. CS OF VOLTERRA INTEGRAL EQUATIONS

It is well known, that the two-parametric Mittag—Leffler function defined as (see, [37])

m

Eop(z) = mz::o m7

z,a,8 €C, Re(a)>0.
The generalized Mittag—Lefler (Kilbas—Saigo) type function for real o, m,! € R and complex [ € C is
defined by Kilbas and Saigo in the following form

o0

jm+1+1)
Eom ez, co <1, cp = (o E=1,2,..
i) =St <1 o Hp e,

These functions belong to the class of entire functions in the complex plane.
Let us consider the CS (3.4) of fractional order differential equation with initial value condition
(3.8). We rewrite the equation (3.4) as

DG, ur () = —pa nt?ur n(t) + g1.0(8), (5.1)
where
1 AMon 2gnm 2
n t) = t n t) + n t P n — . 5 A n —
Dalt) = T OO+ fial], = 25— M= (227)

We consider the class of following functions [38, pp. 4, 205]:
CH[0;T] = {gn(t) : t7gn(t) € C[0; T},
CI0;T] = {gn(t) € C[0;T] : ¢ DG, gn(t) € C[0;T]}.

Lemma 1. Let v € [0,a], 8 > 0. Then for all g1,(t) € C,[0;T] there exists a unique solution
u1 ., (t) € CF10;T] of the initial value problem (5.1), (3.8). This solution has the following form

Ul,n(t) = (Pl,nEo“H_g’ g (_ﬂl,nta+6) + /Kl(taT)gl,n(T)dT7 (52>
where
Ki(t,m) =Y Kjilt,7), (5.3)
=1
1 t
o— M’,n o— .
KLO(th) = m(t - T) 1, Kj’i(t,T) = _F(Ja) /Sﬁ(t — 8) 1Kjﬂ‘_1(8,T)dS, 1=1,2,..., (54)

E, ., 88 (—,ujmto“'rﬁ) is Kilbas—Saigo function, j = 1,2,3.
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Proof. The uniqueness of the solution uy ,(t) € C$[0, 7] of the problem (5.1), (3.8) was proved in the
work [38]. In this work [38], the existence of solution for the case g1,,(t) = 0 is proved also. So, we
consider the inhomogeneous equation (5.1) and the solution of this problem we seek as the sum of two
functions

ul,n(t) = Ul,n(t) + wl,n(t)a (55)

where the functions vy ,,(t) and wy ,(t), respectively, are solutions of the following two problems:
DG v1n(t) = —p1nt’vin(t), 01:0(0) = P1m, (5.6)
cDg; wl,n(t) = _Nl,ntﬂwl,n(t) + gl,n(t)a wl,n(o) =0, (5.7)

It is proved in [38, theorem 4.4] that, the problem (5.6) has a unique solution v ,(t) € C$[0,T] of
the form

Vin(t) = 9108, 112 s (—piat™P). (5.8)

We study the problem (5.7). According to the [38, theorem 3.24, p. 202], the problem is equivalent
to the unique solvability of CS of Volterra integral equation of the second kind

Wi (t) = 15 (Pwin @) + I8 g1a(t), te(0,7T). (5.9)

We apply the method of successive approximations to solve the integral equation (5.9). In this order
we consider the following iteration process

{ w?,n(t) = J(?t gl,n(t)a b1
wlf,n(t) = w?,n(t) - :U’LHJS% (tﬁwl;z (t)) ) k= 17 2737

Hence, it is not difficult to obtain that the desired solution of (5.9) has the form

w(t) = [ K1i(t, 7)g1n(7)dr, (5.10)
/

where the kernel K ;(¢,7) defines by the formulas (5.3) and (5.4). According to the formula (5.5),
from the representations (5.8) and (5.10) we arrive at (5.2). Lemma 1 is proved. O

Lemma 2. ( /39, p. 9)]) For every o € [0,1], m > 0 and 6 > 0 the following estimate is true:

1 1
——— < Ea,m,m—l(*a) < .
14+T(1—a)b 1+ 71“(1{‘("1(1;"7;)1))9

Lemma 3. ( [0, p. 136]) Let « < 2, z € C, & be real constant and o be fizred number from the
interval (%2, min {m, wa}). Then, for |argz| < o and |z| > 0, the following estimate is true

Bagl)] < My(1 4|2 'SRt 1 2
where M1 and M;o are constants, not depending from z.
Lemma 4. For the case of v € [0,a], 8> 0 the following estimate
K (t,7)] < (t —7)* 'Baa (tjnt’(t —7)*) < (¢ —7)*""Mj3 (5.11)
holds, where M; s = const, j=1,2,3.

Proof. From the presentations (5.3) and (5.4) we obtain that there hold the following estimates

[K5(t, )| < [ KGo(t, T)| + [ KGa ()] + [KG 2 7) 4 o+ [KG k(7)) 4 (5.12)
1
. < - _ a—1 .
|KJ70(th) | = F(O() (t T) ’ (5 13)

i
/J"n o—
5a07) | < 25 [ (=) K (o) s <
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t

4 4B
< 1“!;](7;) /55(15 —5)* (s — 1) lds < ?22;) /(t —5)* 7 (s —7)* lds. (5.14)

T T

Using the following known formula

¢
- - I'(p)l'(0) -
_ \p—1 _ o—1 — _ p+o—1 1
/(t =) s = RS e, (5.15)
for p = 0 = « from the estimate (5.14) we derive
int? T2(a)
I'?(a) T'(2a)

Similarly, we estimate the next kernel K;»(t, 7):

(¢ —7)% = I 4B py2e-t, (5.16)

| Kja(t7)| < ton

t

[ Kyaltr) | < F [ 50— 8 K ) s <

T

¢ ¢
/325(25 _ 8)04—1(8 _ T)Qa—lds < /L?,ntzﬁ /(t _ S)Q_l(s _ T)Qa—lds

~ I'(a) T (2a) '
Hence, taking the estimate (5.16) into account, by the aid of formula (5.15) for p = o, 0 = 2a we
derive

< M
~ I'2(a)T(2a)

2
Hj _
Kjo(t,7)| < =22 t?P(t — )31 5.17
| jaz( ’T) | — F(30z) ( T) ) ( )
and continuing this process, by the induction method one can obtain that
| Kj(t,7)] < _tn M (t — ) (Fr et (5.18)
I ~“T'((k+ 1Da)

Taking estimates (5.13)—(5.18) into account, for (5.12) we have

1 L M _
K. (t < t— 7)o 1 J,m tﬁ t— 2a0—1 J,m t2B t— 3a—1
| J( 77—)' — (Oé)( T) + F(2OZ) ( T) + F(30é) ( T) +

k
ot 5 o kb _ gykat < (4= 12 LE, , (i P (- 7)) |

((ka+ «)
We put z = ot (t — 7)%, § = a. Since 0 < p;, <1, j = 1,2,3, then we have

o L
| Bao (1jnt? (t = 7)) | < My [1+ pjnt”(t —7)°] T elmnt® =)

M; o
: < M,s.
T gttt = =
From the last two estimates, we obtain the estimate (5.11). The Lemma 4 is proved. O

Similarly to the Lemmas 14, as a solution of CS of ordinary differential equations (5.1) with initial
value condition (3.8), we rewrite (5.2) as a CS of linear integral equations (CSLIE)

t
1
U1, (t) = Ii(tur 0 () = han(t) + T /Kl(t, s)a(s) uin(s)ds, (5.19)
1,n o
where

t
1
han(t) = @rny 1o o (—pntoF) + — / Ky (t,8) f1.a(s) ds.
e« 1+ )\1,n
0
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By similar way, as a solution of CS of ordinary differential equations (3.6) with initial value condition
(3.10), we study the following CS of linear integral equations (CSLIE)

- - 1

Uo,m () = Io(t; Ug,m (t)) = hom(t) + T /f(g(t,s)a(s) Ug,m(s)ds, (5.20)
, M o

where
t
~ 1 . _
— 5 a+p
hQ,m(t) = (pQ,mE(X’H_g, 8 (*NQ,m t ) + m /K2(t, S)fZ,m(S) ds.
0

CS of ordinary differential equations (3.5) has two unknown variables ug ., (t) and g, (t). So, we
consider it after solving CS of ordinary differential equations (3.6), i.e. after solving CS of integral
equations (5.20).

6. SOLVABILITY OF CS OF INTEGRAL EQUATIONS

The CS of linear integral equations (5.19) and (5.20) we consider in the class By(0,T) of Banach
spaces with norm

oo

2
[0 50, = ;(tg;g;]wnw) < o0

for arbitrary sequences of continuous functions {¢,,(t)},,. We consider also coordinate Hilbert space
{5 of number sequences {Cn} 20:1 with a norm

[Gn]? < o0

M8

¢

£2

1

We use also the space L2[0,1] of square summable functions on an interval [0, 1] with a norm

1

/|n<y>|2dy<oo.

0

[m(z) || L[0,1] =

Smoothness conditions S;. Let the functions ¢1(z) € C3[0,1] and f1(t,z) € Cg’zl (€2) have piecewise
continuous derivatives with respect to x up to the fourth and second orders, respectively. Then, we
integrate by parts ¢ , = fol ©1(y) w1 n(y)dy four times and fol f1(t,x) win(y)dy — two times. Then
we obtain the following estimates

p+q 4‘90§IX)‘ p+a\° | .|
n < o : ) n t § - ) 1
ol < (5d) o T < (500) (6.)
where
[0 (y) / d*fi(t,y)
vy _ Py _ 1(2,y
<)01,n - ay4 wl,n(y) dy7 {l,n(t) _/ ayz wl,n(y) dl/

Theorem 6.1. Let the condition A and smoothness condition S1 be fulfilled and

T (p+q\°
= Mys|la®) e <1, Mys=-—
p1 15l a() o 15 = (2[”)

Then CSLIE (5.19) has a unique solution in the space B2(0,T).
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Proof. We use the method of successive approximations as follows:
0
u) (1) = han(t),
{um%):h@Mﬁ@)T:QLQJPH (6:2)

0
1,n

Let us estimate the zero approximation u{ ,,(t). In the Lemma 2 we put

T = —py,toP, mzl—{—é, Fl+a(m-1)=T0A+p8), I'(1+am)=T(1+a+p).

Then we have

1
E B B (—/,Ll ta+B) <1.
o145, 8 n r(1+5) =
L+ rarars HLnt o7

We estimate the zero approximation. By virtue of formulas in (6.1) and the fact that pq, =

2
11):1)\’?" <1, M,= (iff;) , applying the Cauchy—Shwartz inequality and Bessel inequality, from

approximation (6.2) we obtain

OO * 00 *
|| ﬁ?(t) H B»(0,T) < T;OIE&XT | uf n(t) } < 2 O%?LXT | hin(t) | <

OO * 2 oo*
oy potB bty -
<3 g [ernBong g (Cmat™) |+ (%) Zlnzofé%/[(l“ 28) | finls)| ds <
n—= n

pta 4200* Ly av) p+a\ <= 1 /
v .
< | —— _ prgq kS B _
< ( 2 ) ‘ oA | Pln ‘ + M3 ( S ) 221 2 OréltaSXT | fi,n(2) ] /(t 5)* lds <
n= e )

<M H Rl Y H ’
14 || P41 . 1,5 || f1(t) Ba0T) =
" p1(x)
< L =
< Mg H 95 | Lo + Ml,g,orgntang | f1(t, @) [, 0,1) = 1 < 00, (6.3)
where
T (p+q)\°
My = Mys="— (pq>

o 2qm

Due to the conditions of the Theorem 6.1, estimate (6.3) and applying the Cauchy—Shwartz inequality,

Bessel’s inequality, for the first difference w1 ,(t) —u9 ,(t) we obtain

2 oo%
o p+yq
0= RO g0 < () Zn%qq/mm!a W, (5)] ds <

T (p+q =1
<lawle & (Bre) S i [0 < Ma [0 ) < Mot (69

where My g = M5 | a(t) || -
Now we consider the second difference u3 ,,(t) —u1,(t) and, taking the estimate (6.4) into account,
we obtain

2 oox
" _, + 1
I~ a0l 0m < () X5 / Kt )| (5) = 5] ds <
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For an arbitrary natural number 7, similarly to (6.5) we obtain

T+1
H a () - a(t H32 0,7T) = [pl] 01, (6.6)
where p1 = My 6 < 1. Then, passing to the limit as 7 — oo in inequality (6.6), we obtain

lim | @7 (t) — @i (t) =0. (6.7)

iz 5.0

From estimates (6.3), (6.6) and limit (6.7) it follows the existence and uniqueness of the solution
@1 (t) € B2(0,T) to CSLIE (5.19). 0

Smoothness conditions Sy. Let the functions ¢y (z) € C3[0,1] and fo(t, ) € Cg’xl () have piecewise
continuous derivatives with respect to  up to the fourth and second orders, respectively. Then, we
integrate by parts @s.,, = fol B2 (y) w2, (y)dy four times and fol falt, ) wan(y) dy — two times. Then
we obtain the following estimates

1 4’@%{;;)‘ . 1 Z‘fél,m(t)‘
T L
where
1 1 ~
A= [C2 Y iy, 0= [ TR )i
0 0

. . T (1 \?
5y = M. <1, Moq=-—(-—
p2=Maylla(t)llc <1, Mz1=— (2%)

Then CSLIE (5.20) has a unique solution in the space B2(0,T).

The existence and uniqueness theorem for CS of linear integral equations (5.20) is proved by similar
way as in the case of the Theorem 6.1. R
The solution of the CSLIE (5.20) we denote by F; ,,,(¢) and substitute it into equation (3.5):

1

DgtUQ,M(t) + M2,mu2,m(t) = [a(t)u2,m(t) + f2,m(t)} -
1+ )\2,m
2VA2m (e p 4By (¢ 6.8
T (D6 Fan(t) + Fam(0). (6.8)

The equation (6.8) with initial value condition (3.9) is equivalent to the following CSLIE

U2,m (t) = Io(t;u2,m (t)) = hom(t) + %M /Kg(t, s)a(s) ua,m(s)ds, (6.9)
where

1
h2,m(t) = 902,mEa 1+é B8 (_/~L2,m tCH_B) + 7/-[{2(157 S)f2,m(s) ds—
Tlaela 1+ )\Q,m

t
2/ A2m _ N
—\/T/Kg(t, 8) (CDOO;FQ,»"L(S)"'FQ,M(S)) dé)‘7
1+ AQ,m
0

>\2m
m= T, Aom = (2
p2, T+ o’ 2 (2gm)

2 m=12 ...
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Smoothness condition S. Let in the domain [0, 1] the functions go(z) € C*[0,1], fa(t,x) € C’?ﬁ(ﬂ)
have the continuous derivative with respect to x up to the fourth order and second order, respectively.
Then, by integrations by parts

1

1
/@2 Gy d%t&Mﬂ=/ﬁUwﬁme@
0 0

we obtain the results

av) s |5V
< 902 4 1 P2.m 6.10
| o2,m | 2q7r T+ 2 oot (6.10)
)< () O] Y Fm(0) o1
Zm 2 m?2 2qm m3 ’
where
[ eal) [ 9 ha(t.0)
v P2lY) - 2\L,Y) -
<Pg,m) :/sz,m(y) dy, élm(t) :/Twaz,m(y) dy.
0 0
Theorem 6.3. Let the condition A and smoothness condition Sy be fulfilled and
Maa <1, Mas= T (LY IS L)
= =— | — —|la .
P2 2,8 ) 2,8 a \2g7 2 mA c
Then CSLIE (6.9) has a unique solution in the space B2(0,T).
Proof. We use the method of successive approximations as:
0
g (£) = ha,m (1),
{ UEh (1) = Bt (1) T=0,1,2,3, ... (612)

We estimate the zero approximation. By virtue of formulas (6.10) and applying the Cauchy—Shwartz
inequality and Bessel inequality, from approximation (6.12) we

o0
Hﬁg(t) ||B2(0,T) < ZIOQ&XTWM( )| <
o

4 oo
1 1 (IV) ‘ ’ (V) ‘
< (= E il
- (2(]77) — mi +d 2q7r — +

- i 2
= [ o DGFaum(t) | + 20 ] / Kalt, s)ds+
|3 S

- Oc 1

o3 ( > m2 oglt<XT|f2m ‘/ ds <

< My, || 54V M Hj“ M H D‘Xﬁ:t‘ ‘ﬁt‘

SMaa|| @y ||+ Mas ||y ||+ Mag ||| oDy 2 (1) Bz(O’T)Jr 2(t) (0T +
- o4 T 3 Po(x

+M2’6 H fz(t) ‘ < Mg’ ‘ %ﬁf) + M2’5 8907255) +
B5(0,T) x L[0,1] z L»[0,1]

M | oDttt )| | B2t
oy [eoahinl, v Ben] e

My 7 max | fa(t @) [l 10,1y = 02 < o0, (6.13)
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where

For the first difference w3,

13(8) = @5 || 0.7 <
T 1\ 1
qwm()Zmﬁ%M%w<%ﬂ%me Mz

where

Mmzwmww(l)%

a \ 2qm

Similarly, for an arbitrary natural number 7 we obtain
+1
H w+1 — () HBZ(O,T) < [pQ}T 02, (6.14)
where py = My g < 1. Then, passing to the limit as 7 — oo in inequality (6.14), we obtain

lim || @} L(t)

lim — i3 (1) ’|32<0,T) =0. (6.15)

From estimates (6.13), (6.14) and limit (6.15) follows the existence and uniqueness of the solution
iis(t) € Ba(0,T) to CSLIE (6.9). O

7. MIXED PROBLEM

Since the solution of the mixed problem (1.1)—(1.4) we look at (3.1), then for the function (3.2)
from (4.3), (5.19), (5.20) and (6.9) we have

t

Ut 2) = ho(t) 9o () + 1)190(50) / Kot ) uo(s) ds+
0

L(y
1
+Z191n hln ) 1+)\1,n/Kl(t7s)a(8)u1,n<s>ds +

=5 Oan(@) | B (t) + ﬁ / Ka(t, s) a(s) ws.m(s) ds| +

—1—2192,” ) Ey (). (7.1)

The Fourier series (7.1) we consider as a formal solution of the problem (1.1)—(1.4).
We show the absolute and uniform convergence of the series (7.1) as a solution to the mixed problem

(1.1)-(1.4).

Theorem 7.1. Let the conditions of Theorems 4.1-6.3 be satisfied. Then function (7.1) will be the
unique solution to the mized problem (1.1)—(1.3) and this solution belongs to the class (1.4).
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Proof. From the theorems 4.1-6.3 we have that ug(t) € C5[0,T] and @ (t), @a(t), az(t) € By(0,T). We
will prove the convergence of the function (7.1). Using the proofs of the theorems 4.1-6.3, we obtain

[ fo®) lle lla(®)llc

[U(t,2) | < [wol+ aT(a) al(a)

5 T+ [uo(®) o T+ 61+ pr | @ () [ 0,1y +

24 92 | 8a(0) 0 + [ 20|,

Taking into account the smoothness conditions, as well as condition (6.11) in particular, we see that
the solution to the mixed problem (1.1)—(1.3) belongs to class (1.4). The theorem is proved. O

8. CONCLUSION

In rectangle Q = {(t D0<t<T, 0<z< l} domain the questions of unique solvability to
the mixed problem (1.1)—(1.4) for a partial differential equation with degeneration is considered in
the case of 0 < a < 1 order Gerasimov—Caputo type fractional operator. The solution of partial
differential equation is studied in the class of regular functions. The equation (1.1) depends from
two independent arguments. First argument is time argument and with respect to this argument the
equation (1.1) is fractional Gerasimov—Caputo type ordinary differential equation with degeneration.
Second argument is spatial and the equation (1.1) with respect to one is differential equation of second
order. With respect to spatial argument is obtained spectral problem (2.1), (2.2) to define eigenvalues,
eigenfunctions and associated functions. This spectral problem is solved when the condition A is
fulfilled:

Let ¢ be a rational number from the interval (0,1) such that xg = %, p<gq, q—p=1, pand q be
positive integers.

Adjoint spectral problem (2.7)—(2.9) also is solved. Associated functions are found. From the spectral
problems (2.1), (2.2) and (2.7)—(2.9) we obtain that the systems of functions (2.4), (2.6) and (2.10),
(2.11) are biorthonormal in Ls[0,1]. Moreover, if the condition A is satisfying, then the systems of
root functions of problems (2.1), (2.2) and (2.7)—(2.9) form a Riesz basis in L2[0, 1]. So, the Fourier
series method is applied and some countable systems of linear differential equations are obtained.
When conditions of smoothness are fulfilled, then by the aid of the Cauchy—Schwarz inequality and
the Bessel inequality is proved the absolute and uniform convergence of the obtained Fourier series.

This work is of a theoretical nature and develops the theory of differential equations with different
spectral conditions and fractional operators. In the future, we intend to continue our research in the
direction of superposition of several fractional order operators.
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