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ABSTRACT. In this paper we introduce some new weighted maximal
operators of the Fejér means of the Walsh-Fourier series. We prove that
for some "optimal" weights, (H, — L,) type inequalities hold for these
operators when 0 < p < 1/2. We also prove sharpness of this result. As
a consequence we obtain some new and well-known results.
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1. INTRODUCTION

All symbols used in this introduction can be found in Section 2.
The weak (1, 1)-type inequality for the maximal operator o of Fejér means
{on} with respect to the Walsh system

o f :=sup|o,f]
neN

can be found in Schipp [20] and Pal, Simon [14] (see also [2] and [17]). Fujii
[5] and Simon [22]| proved that ¢* is bounded from H; to L;. Weisz [29]
generalized this result and proved boundedness of ¢* from the martingale
space H) to the Lebesgue space L, for p > 1/2. Simon [21] gave a coun-
terexample, which shows that boundedness does not hold for 0 < p < 1/2. A
counterexample for p = 1/2 was given by Goginava |7]. Moreover, in [8] (see
also [23]) he proved that there exists a martingale F' € H, (0 <p <1/2),
such that

sup [|on F]|,, = +o0c.

neN
Weisz [32] proved that the maximal operator o of the Fejér means is bounded
from the Hardy space Hy/y to the space weak — Ly ;.

Concerning convergence and summability of Fejér means of Walsh-Fourier

series we refer to [4], [12], [13], [15], [26, 27], [29].
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For 0 < p < 1/2 in |25] the weighted maximal operator 5 7, defined by

~, F
(1) o "F = sup %,
neN (n + 1)Y/P~

was investigated and it was proved that the following inequality holds:
2) [5° 7| <eliFls,.
P

where ¢, is an absolute constant depending only on p. Moreover, it was

proved that the rate of the sequence (n + 1)1/ P=2 given in the denominator
of (1) can not be improved. In the case p = 1/2 analogical results for the

maximal operator 5*’ defined by

5 F = sup %,
neN log® (n+ 1)
was proved in [24].

To study convergence of subsequences of Fejér means and their restricted
maximal operators on the martingale Hardy spaces H, for 0 < p < 1/2, the
central role is played by the fact that any natural number n € N can be
uniquely expressed as n = > poqn;2’, n; € Zs (j € N), where only a finite
numbers of n; differ from zero and their important characters [n], |n|, p(n)
and V'(n) are respectively defined by

[n] :==min{j € N,n; # 0}, |n| :=max{j € N,n; # 0}, p(n) :=|n| —[n],

oo
V(n):=mno+ Z |ng —ng—1|, for all neN.
k=1

Moreover, for any {n;},j =1,2,...,7, satisfying
25 <y, <ng, <...<ng, <2571 s€EN,
we define numbers
(3)  s—:=min{[n,]|}, s4 :=max{|n,|} =sand ps (ns,) =54 — s_.

Weisz [31] (see also [30]) proved that for any F' € Hp, (p > 0), the maximal

operator sup |o2» F'| is bounded from the Hardy space H) to the Lebesgue
neN
space Ly. Persson and Tephnadze [16] generalized this result and proved that

if 0 <p<1/2and {ng: k> 0} is a sequence of positive integers, such that

(4) sup p (ng) < ¢ < 00,
keN

then the maximal operator 6*V, defined by

(5) "V F :=sup|on, F|,
keN
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is bounded from the space H), to the space L,,. Moreover, if 0 < p < 1/2 and
{nk : k > 0} is a sequence of positive numbers, such that supycy p (ng) = o0,
then there exists a martingale F' € H), such that

sup oy, Fl|, = .

keN
Similar problem for p = 1/2 was studied in [1].

In [28] it was proved that if F' € Hy/,, then there exists an absolute

constant ¢, such that the following inequality holds:

lonFlly, , < eV (1) [ Fll, , -

Moreover, the rate of sequence V2 (n) can not be improved.
In [28] it was also proved that if 0 < p < 1/2 and F' € H,, then there
exists an absolute constant ¢,, depending only on p, such that the inequality

(6) lonFllg, < 2™ 022 | F|

holds. Moreover, the rate of sequence 2°("(1/P=2) in the inequality (6) is
sharp.

In [3] it was proved that the weighted maximal operator 5" defined by

N*’*mp o |O-TLF|
™ S O
is bounded from the Hardy space H, to the space weak — L, and is not
bounded from the space H, to the Lebesgue space Ly, for 0 < p < 1/2.
One main aim of this paper is to generalize the estimate (2) for f € Hp,
0 < p < 1/2. Indeed, we will investigate the much more general maximal

operators oV, defined by

(8) 55V F :=sup sup —’UnSiF’ .

seN 25§n5i<25+1 9Ps (nsi)(l/p—Q)
In particular, we prove that (8) is bounded from the Hardy space H) to
the Lebesgue space Ly, (see Theorem 1). Moreover, we also prove sharpness
of this result (see Theorem 2). As a consequence we obtain some new and
well-known results.

This paper is organized as follows: In order not to disturb our discussions
later on some preliminaries (definitions, notations and lemmas) are presented
in Section 2. The main results and some of their consequences can be found
in Section 3. Finally, the detailed proofs are given in Section 4.

2. PRELIMINARIES

Let Ny denote the set of the positive integers, N := N U {0}. Denote
by Zy the discrete cyclic group of order 2, that is Zs := {0, 1}, where the
group operation is the modulo 2 addition and every subset is open. The Haar
measure on Zs is given so that the measure of a singleton is 1/2. Define the
group G as the complete direct product of the group Zs, with the product of
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the discrete topologies of Zs. The elements of G are represented by sequences
x = (2, %1, ..., T4, ...), where 2, =0V 1.
It is easy to give a base for the neighborhood of z € G :

Iy(z):=G, In(z)={yeG:y0=20,.,Yn-1=Tpn-1} (n € N).
Denote I, := I, (0), I, := G\I, and
en:=(0,..,0,2, =1,0,...) € G, for neN.
Then it is easy to prove that

M-2 M—-1 M-1
© - ( U U 1 <ek+el>> U ( U <ek>> .
k=0

k=0 l=k+1

The norms (or quasi-norms) of the spaces L,(G) and weak — L, (G),
(0 < p < 00) are, respectively, defined by
fp::/fpdu and |[f|P .~ =sup Ny (f > \) < +o0.
191 [ 1 sy = S0 M > )

The k-th Rademacher function ry (x) is defined by
ri (z) = (—1)"* (x € G, keN).
Now, define the Walsh system w := (w,, : n € N) on G as:

|n|—1
00 > Tk
wn<$) = kgorzk (l‘) = Tn| (x) (_1) k=0 (n €N).

The Walsh system is orthonormal and complete in Ly (G) (see [19]).

If f € Ly, we can define the Fourier coefficients, partial sums, Dirichlet
kernels, Fejér means and Fejér kernels as

f(n) = /wandu, (neN),

n—1 n—1
Snf = Zf (k;) Wk, Dn = Zwk ) (n € N+7 S(]f = 0) )
k=0 k=0

1 1o
onf = EZSkf, K, = EZDk , (neNy).
k=1 k=1
Recall that (see [6], [10] and [19]) for any t,n € N,
2" it xel,
(10) Do () = { 0 ifxdl,.

and
2t71, if zel, (et) , n>t, xc [t\It+1,
(11)  Kon (2) = 2" +1)/2, if e,
0, otherwise.
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Let n =3, Q”i, n'>n2> .. >n">0and n® ;= on"" 4 ont*
.-+ 427" Then (see [10] and [19]), for any n € N,

T

A-1
(12) nk, = Z Hanj (2"AK2nA + TL(A)DQnA> )
A=1 \ j=1

The proof of the next lemma can be found in [16]:

Lemma 1. Let n € N, [n] # |n| and © € Iy 11 (€pn)—1 + €p)) - Then, the
inequality
. 92[n]
nkn(a)] = [(n=2") K, _ymi(@)| = =

holds. We note that if [n] = 0, we have the set I (eq) .

We also need the following lemma (see [9]):

Lemma 2. Let n > 2M and z € Ijlf/’[l, k=0,...M —1andl=k+1,...,M.
Then, the following inequality holds:

K +t)|d LQk l
n t t) < .

The o-algebra generated by the intervals {I, (z) : * € G} will be denoted
by ¢, (n € N). Denote by F' = (F,,,n € N) a martingale with respect to ¢,
(n € N) (see e.g. [18] and [30]). The maximal function F* of a martingale
F' is defined by

F* :=sup |F,|.
neN

In the case f € L1 (G), the maximal function f* is given by

* = su _ u u
fe) = <u<fn<a:>> oo ¢ >>'

For 0 < p < oo the Hardy martingale spaces H), (G) consists of all mar-
tingales for which

IF ]y, = IF*], < .

It is easy to check that for every martingale F' = (F,,n € N) and every
k € N the limit

~

F(k):= lim [ F,(x)wg(z)dp(z)

n—oo G
exists and it is called the k-th Walsh-Fourier coefficients of F.
If F:= (Sonf:n €N) is a regular martingale, generated by f € L (G),
then F (k) = f (k), k € N.
A bounded measurable function a is called p-atom, if there exists a dyadic
interval I, such that

supp (@) 1, [ adu =0, Jall <01,
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The dyadic Hardy martingale spaces H, for 0 < p < 1 have an atomic
characterization. Namely, the following holds (see [18], [30, 31]):

Lemma 3. A martingale ' = (F,, n € N) belongs to H,(0 <p <1) if
and only if there exist a sequence (ax,k € N) of p-atoms and a sequence
(pk, k € N) of a real numbers, such that for every n € N

[ee] o0
(13) Z,ukSQnak = F,, Z |pr]? < oc.
k=0 k=0

Moreover, HF||HP winf (372, mk’p)l/p, where the infimum is taken over all
decomposition of F of the form (13).

From Lemma 3 follows the following important lemma (see Weisz [30]):

Lemma 4. Suppose that an operator T is o-linear and

/]Ta\pd,ugcp<oo, 0<p<1)
T

for every p-atom a, where I denotes the support of the atom. If T is bounded
from Loy to Ly, then
ITF, < cp [ Fllg, -

3. THE MAIN RESULTS

QOur first main result reads:

Theorem 1. Let 0 < p < 1/2, f € H, and {n : k> 0} be a sequence of
positive numbers and let {ns; : 1 <i<r} C {ng: k> 0} be numbers such
that 2° < ng <ng, < ... <ng, < 2511 s € N. Then the weighted mazimal
operator o*V | defined by (8), where ps (ns,) are defined by (3), is bounded
from the martingale Hardy space H), to the Lebesgue space L.

We also prove sharpness of this result:

Theorem 2. Let 0 < p < 1/2, f € Hy(G), {ng : k> 0} be a sequence of
positive numbers and let {ns, : 1 <i<r} C {ng: k> 0} be numbers such
that

2% <mg, <mgy <o <m, <21 s EN
Then, for any non-negative and non-decreasing function ¢ : Ny — R satis-
fying the condition
205(”51-)(1/17_2)

(14) sup  sup
sEN 25 <n,, <25+1 o(ns;)

‘ p

2007

there exist p-atoms fs, such that

|U"5i fS|
SUP N SUPgs <ng, <92s+1 ‘P(nsi)

1 fsllm,

— 00, as S — OoQ.
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From Theorems 1 and 2 follow immediately the following result (see [25]):

Corollary 1. a) Let 0 < p < 1/2 and f € Hy. Then the weighted mazimal

operator g*, defined by (1), is bounded from the martingale Hardy space Hy,
to the Lebesgue space L.

b) Let {¢n} is any nondecreasing sequence satisfying the condition
(n+1)Y/P2

n—oo (pn

Then, the mazximal operator
o f]
sup ——
neN  Pn
is not bounded from the martingale Hardy space H, to the Lebesgue space
Ly, for any 0 <p <1/2.

We also have the following new consequences of Theorem 1, which all are
sharp in a special sense (see Theorem 2):

Corollary 2. Let p > 0 and f € Hy. Then the restricted mazimal operators
ﬁi’v, 1=1,2, defined by
&’f’vF = sup |ogx F| and GS’VF = sup ’0'2k+2k71F ,
keN keN
are both bounded from the Hardy space H, to the Lebesque space L.
Corollary 3. If 0 < p < 1/2, f € H, and {ny : k > 0} is any sequence of
positive numbers, then the mazimal operator defined by (5) is bounded from

the Hardy space Hy to the Lebesque space Ly if and only if the condition (4)
1s fulfilled.

Corollary 4. Let 0 < p < 1/2 and f € H,. Then the restricted mazimal
operator 5:’V, i = 3,4, defined by

’0'22k+2kF’ }U23k+2kF‘

~xV 1~ =V oo
o3 F:= 2161572“1/]3_2) and o, F: 2161572%(1/17_2) ,

are both bounded from the Hardy space H, to the Lebesgque space L.

4. PROOFS

Proof of Theorem 1. Since o, is bounded from Lo, to Lo, by Lemma 4, the
proof of Theorem 1 will be complete, if we prove that

(15) / sup  sup
Ty \ s€N 25 <ng, <25+1

for every p-atom a. We may assume that a is an arbitrary p-atom, with
support I, u(I) =27M and I = Ij;. It is easy to see that On,, @ =0, when

O, @

p
_ It ) g << oo,
o () (1/p—2) > pr=esee
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Ng, < 2M  Therefore, we can suppose that Ng, > oM Let 28 < ng, < PARE
for some s > M. Since ||a||,, < 2M/P, we find that

|0n5ia‘

1
s e
ops(ns;)(1/p=2) T gps(ns;)(1/p—2)
1

)

200 [k, @ t)]d
2ps(nsZ (1/p—2 Ing ‘ i :C+ ‘ H

lall., / K, (2 +1)] dp (1)

Ing

Letx € Ii11(ep+e),0<k<l<[ns,] <M. Thenx+t € I (ex +¢;),0<
k <1< ns] <M and by applying (10), (11) and (12) we get that

Ky, (x+t)=0, for tely

and |op, a| =0, for any 2° < n,, < 2571, Since [ns,] > s_, we obtain that

(16) sup ‘Unsia’

—t =0, forx € I, er+e), 0<k<l<s_.
25y, <201 205 (055)(1/p=2) 1 {en +ei)

Next, we suppose that = € I;11 (e + €;), where either [ng,] <k <l < M
or k < [ng] <1< M. Since ng, > 2™ and |n,,| = s if we apply Lemma 2 we
find that
]ans,a oM(1/p=2)+k+l  9M(1/p—2)

< <
ops(ns;)(1/p=2) = g9ps(ns;)(1/p-2) — 25(1/p=2)

ok-+l+s—(1/p—2)

(17)

By applying (17) for any € ;11 (e +¢;), s- <k <I<Mork <s_<
| < M we obtain that

ktlts—(1/p=2)

18 ‘o’nS‘a’ oM(1/p—2)
( ) 23§§5?1<)25+1 2Ps(nsi)(1/p*2) - 28(1/p—2)

If we now define 5: by

~k ‘O—Tlsif‘
g = su —_—
o QSSHSiEQS'H 2Ps (ns;)(1/p=2)’

then we can conclude that

Opy, @
ogps(nsy, ) (1/p=2)

p

~*

o.a

o5

s=M

<sup sup
seN keN

Hence, by combining (9), (16) and (18) we obtain that

P o0
(19) / <supsup > dup < Z / 5ral
Tns \s€N k€N parys Ty

On,, @

gps(nsy, ) (1/p—2)
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oo s-—2s_—1 s——1M—1 M-2 M-1 ~* |P
- Y (> +>X>+> > /,M(Wl) 7sa] A

s=M k=0 l=k+1 k=0 l=s_ k=s_l=k+1
co M-1 -
+ Z / og.al du
s—M k=0 7 In(er)
> [oM(1/p=2)\ P! ML
2 1 —(1-2p) op(k+1)
< o3 (Gumar) T3 gt
s=M k=0 I=s_+1
o] M(1/p—2) P M-2 M-1
2 L s (1-2p) (k)
o) ( 95(1/p—2) ) > 512 2
s=M k=s_l=k+1

> [9oM(1/p-2) —(1-2p) 5= Y
T % Z (25(1/1) 2) oM Z )

s=M
= I+ I1I+111.
—2)\P
Since Y02\, (%) < ¢ < oo we find that
s——1 M-1 1
(20) < oY Y 72 ~(=2)gp(+D) < o) < o0,
k=0 l=s_+1
M—2 M—1
(21) I < ¢y, Z ~(=2)gpHl) < o) < 00
k=s_l= k+1
and
9s—(1-2p) -
(22) 1 < %27]”2219(’““4) < ¢ < 0.
k=0
By combining (19)-(22) we can conclude that (15) holds so the proof is
complete. O

Proof of Theorem 2. Let ns, = ¢, € N is such that 2" < ¢; < onetl
where 0 < s < 2™ If 5o is such that ¢;0 = s—, then we get that pp, (gns) =

ng —s— = p(g;Q ). In view of (14) we have that
op(any,)(1/p—2)
(23) ———— — 00, as k—o0.
¢ (qnz.)
Set
Jrg = Dony+1 — Dang, ng > 3.

It is evident that
—~ . 1, if 4 =2m .. 2mt+l 1
Foi (1) = { 0, otherwise .
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Then we easily can derive that
D; — Dony, if i = 2™ .. 2+l 1,

(24) Sifoe = frxs if 3 > 2mtl
0, otherwise.
Since
(25) Djion, — Doni, = wany Dy, j=1,2,.,2™,

from (10) it follows that

= ||D2nk+1 — D2nk ||p S an(l—l/p)‘
p

(26) [fnllg, = |[sup[Saifn,l
€N

By combining (24) and (25) we can conclude that

1 an,—1 1 any, 1
] = | D St = | 3 (0= D)

Iny, j=2"k Iy, j=2"k
1 qpy, =2k —1

= | X (D — Do)
ny, §=0

Ty =2k =1 s n

B 1 1, — 2™ — 1]

= Di|=——— K. _ong_1]| .
p j s a5,
an j=0 an

Let g2 is ns; so that [g;0] = s, that is sp = s_ and x € 511 (eso—1 + €5, )-
By using Lemma 1 we have that

02280 ‘O'qflo fnk 02230
o s > = and k )
‘ i I 2 o (gny) — 2™ (gny)
Hence,
P P
’quk o ’Uquc fr,
/ Sup ———~ dp > / s dp
G \keN ¢ (an) Igt1(esp-1tesg) \ 7 (gn})
1 92pso Cp2(2p—1)80

> — .
= om0 gr (gm) T 2 ()
Finally, by combining (23) and (26) we find that

<f (sup sup W) ’ du) l/p
G keN SUPo<s<n,, so(ﬁk)

1ol

C,2(2=1/p)s0 1 Cpgp(qi?v)(l/p—Z)

2”’“@((153%) ong(1-1/p) = (p<q;§£€) — 00, as k— oo.
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The proof is complete. O

Final remark: The research in this paper is partly inspired of the re-
search in [11]. The authors plan to further investigate the maximal opera-
tors studied in this paper and their possibilities to find concrete geometric
constructions of more general means (than power means) and their related

inequalities.
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