HARDY-LITTLEWOOD MAXIMAL OPERATOR ON ASSOCIATE
SPACES

TENGIZ KOPALIANI AND ANI OZBETELASHVILI

ABSTRACT. Let X be a Banach function space over a locally compact abelian
group, that admits covering family. We show that if the Hardy-Littlewood
maximal operator M is bounded on the space X, then its boundedness on the
associate space X’ is equivalent to a certain condition Aco.

1. INTRIDUCTION

One of the central problems of Harmonic Analysis is the problem of the bounded-
ness of the Hardy-Littlewood maximal operator M on the Banach function spaces.
In 2005, Diening [4, Theorem 8.1] proved the following result: the Hardy-Littlewood
maximal operator M (defined by Euclidean balls or cubes) is bounded on the re-
flexive variable Lebesgue space LP()(R™) if and only if, it is bounded on its dual
LIC)(R™) space. For Euclidean setting Lerner in [8] proved that, if the Hardy-
Littlewood maximal operator M is bounded on a Banach function space X, then
its boundedness on the associate space X’ is equivalent to a certain condition A.
Analogous result for BFS on a space of homogeneous type was obtained in [7].
The boundedness of Hardy-littlewood maximal operator M on the Banach func-
tion space was considered in [1] and [9]. In [12] authors studied the weighted norm
inequalities for maximal type operators such as Hardy-littlewood maximal operator
associated with E := E,.(2),; ,cx a family of open subsets of a topological space
X endowed with a non-negative Borel measure p satisfying certain basic conditions.
However, there are many examples of important families of measurable sets arising
in harmonic analysis and PDE which cannot be generated by a quasi-metric, and
hence are not in the scope of spaces of homogeneous type (for examples please refer
to [12]).

The aim of this paper is to present extension of Lerner’s above mentioned the-
orem to the setting of Locally Compact Abelian (LCA) groups G having covering
families.

Suppose that G is a locally compact abelian group equipped with a nontrivial
and inner regular measure pu, such that u(K) < oo for all compact K C G. Notice
that, p does not need to be Haar measure because we do not assume pu to be
translation invariant. The general assumption on the group will be that it admits
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a sequence of neighborhoods of 0 with certain properties that we will describe in
the next definition (see [5], Section 2.1).

Definition 1.1. A family {U,}ez is a covering family for G if:

(1) {U;}iez is an increasing base of relatively compact neighborhoods of 0,
UrezUr = G, and NgezUp = {0},

(2) there exist a positive constant ¢p and a mapping 0 : Z — Z such that for all
ke€Zand all x € G,

a) k < 0(k),

b) Ux — U C Ug(p),

¢) u(x + Ugry) < cpp(w + Ug).

We will refer to the condition c) as the doubling property of measure p with
respect to 6 and we will call ¢p the doubling constant. Note that, cp > 1 is
required by the reason of Uy C Ug(y). Any group G admiting a sequence {U; }icz of
neighbourhoods of 0 and satisfying the above postulates is said to have a covering
family. This concept was introduced in [5] by Edwards and Gaudry.

Some basic properties of covering family that follow directly from Definition 1.1.
for instance (1) for every x € G and k € Z it holds p(x + Uy) > 0; (2) the interiors
Uj. of the base sets Uy, cover G, i.e., UgezUj, = G. In particular, for every compact
K C G there is k € Z such that K C Uy, (see [11], Proposition 1).

Among the well known groups satisfying Definition 1.1 are the groups R, Z,
torus T, p-adic group Q, and finite products of these groups (for details see [5]).
Moreover, if G is an LCA group equipped with nontrivial Haar measure and with
an increasing sequence {Uy }rez of compact open subgroups, such that

Uur=a, (Ux={0},

keZ kEZ

then Definition 1.1 satisfies this property if and only if supcy |Ux/Uk—1] < o0
(|Ux/Uk—1] is the order of Uy, /Uy factor groups ), where and one may take (k) =
k+1.

Let G be a LCA group with Haar measure y and let H be a compact and open
subgroup of G with pu(H) = 1. Let A be an automorphism on G such that H C AH
and N;<oA*H = {0}. In addition, suppose that G = U;ezA°H. Then {A*H};cz,
satisfies the required properties to be a covering family (for details see [10]). A
structure of this type is considered in [3] for constructing wavelets on LCA groups
with open and compact subgroups.

We will call any set of the form x + Uy, where = € G, k € Z a base set and
the collection of all base sets will be denoted by B. For any natural number n
we denote 6" (k) = 0(0"1(k)), n > 1, 0*(k) = 0(k), k € Z. For V = z + Uy
we denote V* = x + Upyyy and V** = x + Upz(x). Observe that we can assume
without loss of generality the base sets to be symmetric. This is not a restriction
at all because one can always consider the new family of base sets formed by the
difference sets U; — U; which increases the doubling constant from cp to c%,. We
denote 2Uy := U, — Ur = Uy + Ug. We also may assume that the function 6 be
non-decreasing. Indeed if we replace 6 by

(k) = min{l € Z : | > k with Uy — U C U},
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we obtain that 6 function is non-decreasing, i.c. 6(k) < 6(k), k € Z and for all
re€Gand keZ
1(Ugy) < 1Upy) < cop(Uk).

In the Euclidean setting the standard way to introduce maximal functions is
by considering averages over cubes, balls or more general families of convex sets.
However there are many LCA groups where we have possibility of consider a family
of base sets satisfying the fundamental property of the the collection of cubes or
balls: any point has family of decreasing base sets shrinking to it, in addition, the
whole space can be covered by increasing union of such family. The notion of base
sets allows to define a direct analogue of the Hardy-Littlewood maximal function
(uncentered):

M@ = s s [ 7l S € L)
ceves WV
Analogously we may define the centered maximal function for f € L}

| fldp.

(@)

loc

1
R
/(@) ilérz)/l(erUk) +Uy,

Note that uncentered maximal operator is comparable to the centered maximal
operator (see [11], Lemma 1). More precisely for f € L}, (G) we have
(1.1) Mf<Mf < chpMS.

Let us recall the definition of a Banach function space (BFS) (see, e.g., [2, Chap.1,
Definition 1.1}).

Definition 1.2. Let LY := L°(G, i) denote as the set of all real-valued measurable
functions on G and let LY := L9 (G, p) be the set of all non-negative measurable
functions on G. The characteristic function of a set E C G is denoted by xg. A
mapping p : Lg — [0,00] is called a Banach function norm if, for all functions
9. fn € Lg with n € N, for all constant a > 0, and for all measurable subset E of
G, the following properties hold:

(A1) p(f) =0 < f=0ae., plaf) = ap(f), p(f +9) < p(f) + p(9);

A2) 0< g < fae. = p(g) < p(f) (the lattice property),

(42)

(43) 0 < fu 1 fae = p(fu) 1 p(f) (the Fatou property),
(A4) u(E) < 00 = plxr) < oo,

)

(A5 / fdu < Cp(f)

with a constant C'gy € (0,00) that depends on E and p, but is independent of f.

When functions differing only on a set of measure zero are identifed, the set X
of all functions f € L for which p(|f|) < oo is called a Banach function space. For
each f € X, the norm of f is defined by

I1fllx = p(L£D)-

The set X under the natural linear space operations and under this norm becomes
a Banach space (see [2, Chapt.1, Theorems 1.4 and 1.6]). If p is a Banach function
norm, its associate norm p’ is defined on L(jr by

r'(9) sup{/gfgdu: felf, p(f) < 1}.
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It is known that the associated norm p’ is a Banach function norm itself [2,
Chapt.1,Theorem 2.2]. The Banach function space X’ determined by the Banach
function norm p’ is called the associate space of X. By Lorentz-Luxemburg theo-
rem, |[fl|x = || fllx~, where X" = (X")".

The definition of || f||x/ implies that

(12) /G Fald < 1 Flxlglx

and

(1.3) lolxr = sup / |Faldp.
feX, Ifllx<1JaG

Definition 1.3. We say that a collection & C B is sparse if for every base set
V € S, there is a a measurable subset E(V) C V such that u(V) < 2u(E(V)) and
the sets {E(V)}ves are pairwise disjoint.

Sparse domination is a recent technique allowing one to estimate many operators
in harmonic analysis by simple expressions of the form

> foaxa

QeSs

1/p
where f, o = (ﬁ fQ \f|p) for p € (0,00) and S is a sparse family of cubes in
R™.

Definition 1.4. (The condition A.,). We say that a Banach function space X
over a LCA group G satisfies the condition A if there exist constants C' = C|
and v > 0 such that for every finite sparse collection S C B, every family of non-
negative numbers {ay }ves, and every family of pairwise disjoint measurable sets
{Gv }ves such that Gy C V,V € S one has

) gl

Z avXxXaGy
ves

The question about conditions on BFS X such that for Hardy-Littlewood maxi-
mal operator M (with respect cubes or balls) boundedness on X causes, that M is
bounded on X’ solved by Lerner in terms of sparse families and A.-type conditions
in Euclidean setting. Analogous problem for a BFS over a space of homogeneous
type investigated by Karlovich in [7].

The aim of this paper is to prove following theorem.

(1.4)

Z avxv

Ves

w(Gv)
< C[oo] (max )

VES u
X

X

Theorem 1.5. Let X be a BFS over a LCA group G with a covering family such
that corresponding Hardy-Littlewood mazimal operator M is bounded on X. The
following conditions are equivalent:

(i) M is bounded on X';

(i) X satisfies the condition As.

The paper is organized as it follows. In Section 2 we give some preliminary
results. We investigate some properties of weak reverse Holder inequality defined
by the cover family. In Section 3 we will prove the main theorem. Throughout, we
use C' and c to stand for an absolute positive constant, which may have different
values in different occurrences.



2. PRELIMINARIES

In [6], Theorem 44.18 it is proven a version of the Lebesgue differentiation the-
orem with respect to Haar measure for LCA groups having a D’ sequence (see [6],
Definition 44.10). Note that the result is still true with the obvious changes for
measures which are not translation invariant. Thus, since a covering family is in
particular D’ sequence, we have that the Lebesgue Differentiation theorem holds
in our context (see for details [10], Remak 2.6).

For a given V € B, we will denote by j(V) the maximum integer such that
V = a + Uj(y) for some x € G. Such a number exists (see for details [10], Remark
2.3).

Let V € B be a fixed base set and k = j(V'). The local base By is defined as

By ={y+U;:yeV,j<k}

We also defined the enlarged set v by the formula

We have the following geometric properties of V (see [10]): For any z € V,
V' C 2z + Upz(x) and as a consequence of this property, we have

(2.1) u(V) < p(z + Ugeqry) < chp(z + Us).
Any covering family has the so-called engulfing property:

Lemma 2.1. ([10], Lemma 2.2) Let U, V be two base sets such that U = x + U;
and V =y +U; withi < j and z,y € G. IfUNV # 0, then x +U; C y + Upz(j).

We need following covering lemma. Note that Lemma 2.2 has been proved in
[5] in the case of an translation invariant measure p. For regular measure p with
doubling property with respect to § Lemma 2.2 is proved in [11].

Lemma 2.2. (see [11], Lemma 2) Let E be a subset of G and k : E — 7 a mapping
bounded from above such that for every ko € Z the set {x € E : k(z) > ko} is
relatively compact in G. Then there is a sequence (x,) of elements of E, finite or
infinite, such that

(i) the sequence (k) := (k(x,)) is non-increasing,

(i) the sets x, + Uy, are pairwise disjoint, and

(iii) B C J(xn + 2Uy, ).

We now define the local maximal function as follows

1

Myf@)= s s /U ()l dp

for any = € V and My f(z) = 0 otherwise.
A nonnegative, locally integrable function is called a weight. Below we will use
the standard notation: for any measurable set F we denote

w(E):/Ewd,u, and fE:ﬁ/Efd,u.
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Consider for a fixed V' € B, the level set for the local maximal function acting on
a function w at level A > 0 :

Q={zeV: Myw(z) > A}

The principal method for investigateting level sets is the following Calderén-
Zygmund decomposition of the set €2).

Lemma 2.3. ([10], Lemma 2.5) Let V € B be a fized base set in G and w be a
nonnegative and integrable function supported on Vand A > wy. If Q2 is nonempty,
then there exists a finite or countable index set Q C Z and family {y; + Uy, }icq of
pairwise disjoint base sets from By such that

(a) The sequence {; }ieq s decreasing.

(b) UieQ Yi + Uai - Q/\ C UieQ Yi + U92(ai)7

(c) For any i € Q, we have that

1
(2.2) A< 7/ wd,
w(yi + Ua,) YitUa,
(d) Given r > « for some i € Q, then
1
(2.3) 7/ wdp < cHN.
n(yi +Ur) Jyovo, v
From part (b) of Lemma 2.3 and Lebesgue differentiation theorem we obtain that
(2.4) w(z) <\ forae zeV\ U Yi + Ug2(a,)-
i€Q

A weight w is an A1 = A1 (G, dp) weight if
1 / 4
wla, == sup | —— wd,u) ess supy (w™ ") < 400,
[ ] 1 VeR (,LL(V) v V( )
which is equivalent to w having the property
Mw(z) < [w]a,w(z) p—ae x€QG.

The Muckenhoupt A; weights can be characterized as those weight functions,
such that the maximal operator is weakly bounded in the weighted function space
LS)(G) (see Theorem 4 in [11]).

We prove following version of reverse Holder inequality.

Theorem 2.4. (Weak reverse Hélder inequality). Let w € A1(G). Then there are
positive constants ¢ and § such that for every base set V

L w' o - c ! w
(2.5) (u(f/) /§ dﬂ) < o /§ dy.

We need following kind of ”reverse” weak (1, 1) inequality for the local maximal
function My, .

Lemma 2.5. Let w € L*(G) be a nonnegative function, V be a base set, and
A > wp Then there exists a constant C' > 0 such that

(2.6) / wdp < Cap({z € Vi Myw > A}).
{ré\/}:w(x)>k}
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Proof. Let {y; + Uy, }icq be the Calderén-Zygmund decomposition of set 2y
according to Lemma 2.3 . Using (2.2), (2.3) and (2.4) we obtain

/ ~ wdp < CQD/\ZM(%‘FU@?(M))
{zeV:w(z)>A}

< c%AZu(yi +U,,) <Cau({z e Vi Myw > A}).

O
Proof of Theorem 2.4. We use inequality (2.6) and the fact that w € A; to write
w({z e V:wx)>A) <Cau({z e V: Myw(z) > A})
< Oz({z e Vi w(@) > [w];'A})
for A > wyp.

Using (2.6) we obtain

/Awrdp =(r—1) /OO N 2w({x € Vi w(z) > A})dA
% 0o
— (- 1)/0 U N 2u(fz € Vs wiz) > AV)dA

+(r—1) /OO A 2w({z e Vi w(z) > A})dA

<wlw(V) +C(r—1) /:O N u({z € Vi w(z) > (w3 A})dx
w(‘A/)’” r—1. .. W'

Choosing r = 1 + § close enough to 1, then the last term can be absorbed by the
left-hand side and (2.5) follows. O

Corollary 2.6. Let w € A;(G). Then there are positive constants ¢ and ¢ such
that for every base set V-

(27) (v J, v " Cu<lv> J,

Proof. After using (2.1), then from (2.5) we obtain (2.7).0

Corollary 2.7. Let w € A1(G). Then there are positive constants ¢ and v such
that for every base set V' and any measurable subset E C 'V

w(E) _, (1B’
(28) w(v) < (u<v>) ‘

Proof. Using w € A; condition and (2.1) we obtain

w(V) < w(V**) < cp(V**)ess infpey--w(z)
<cep(V) ess infpeyw(z) < cw(V).
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Combining Holder’s inequality (1.2) and (2.7) we get, for any base set V and
measurable subset £ C V

1/(146)
w(B) = [ win < ( / wl”du) p(B)P/ 1+

u(E) 5/(1+8) (E) 5/(144)
se(fiyy)  v=e(im) w0

3. PrROOF OF THEOREM 1.5

First, lets prove (i) = (ii). Let g € LY with ||g]x- < 1. Using an idea of Rubio

de Francia , put

o~ MPg(x)

Ryg(zx)=) ——+*—, z€QG,

2 G 7
where M* denotes the k-th iteration of M and M%g = g, and |M]||x+ stands for
the norm of the operator M on the X’. Then g < Rg and ||Rgl||x < 2. Since M is
sublinear, we have

x k+1 e k+1
g9(z) M g(x)
MRg(z) < — 2| M| x/ —_—
5l —Z Gl = M kzz(](anHX/)kH

o~ Mby(x)
< 2| M| x/ Z W < 2| M| xRg(x),
k=0

whence Rg € A; with [Rgla, < 2| M| x-.

For every sparse collection & C B, every family of pairwise disjoint measurable
subsets Gy C V, V € S and every family of non-negative numbers ay, V € S and
every g € Lg, using the properties of Rg along with (2.8) one has

/ (Z avaV> gdp < Zav/ gdu

ves ves
<Zav/ Rgd,u<C’Z ( GV) /Rgdu
ves ves

<o (pae’i) [ (o o

ves
<C (max ) ay XV |Rg||Xr
ves u(V \Z‘:S
<C (m ) ayxv

It remains to take here the supremum over all g € LY with ||g][x» <1 and use
(1.3).

Turn to proof of (i) = (7). Let us show that there exists C' > 0 such that for
every f € LY(G)N X', f>0

(3.1) M fllx < Cllfllx-
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Notice that (3.1) implies the boundedness of M on X’'. Indeed, having (3.1) es-
tablished, for arbitrary nonnegative f € X’ we apply to f, = fxu, (clearly
fn € LY(G) N X'). Letting then n — oo and using the Fatou property (A3) of
Definition 1.2, we obtain (3.1) holds for any f € X".

We consider only the case pu(G) = oo, the case u(G) < co need minor modifica-
tion. Suppose f € LY(G) N X', f > 0 and ||f||x- < 1. It is sufficient to prove that
(see (1.3)) there exists a positive constant C' (independent of f) such that for any
non-negative function g € X, with ||g|lx <1

(3.2) / Mf(z)g(z)du < C.

Let A be an any number not less than c¢% + 4. For each integer k set
Qe ={recG : Mf(zx)> A"}

Denote Dy, = Qi \Qky1. Let Fy be an arbitrary compact subset of Dj. We will
prove that

(3.3) / M f(z)g(z)du < C.

We recall that the group G is o-compact since G = UpezUy,. Using the fact that
i is inner regular measure, by simple limiting argument from (3.3) we obtain (3.2).

Without loss of generality we may assume that p(Fy) > 0 for all k € Z. For
x € F}, there exists a base set Vo, = y(z) + Ua, , such that |f|y, > AF. Note that
UVa, C Q and oy : Fy = Z bounded from above mapping (see [11], Theorem 3).
We may select from collection {V,,,x € Fj} a sequence finite or infinite of pairwise
disjoint base sets V, ~such that Fj C U, Vi (see Lemma 2.2).

Define the sets

= Vi N Fy, Bf = (Vi U Vi) N Fg, j > 1.

s<j
Note that the sets Ef are pairwise disjoint and U; EF = Fy.
We give the following estimate

(3.4) u(ij N Dg4y) < (ij) > 3.

C
qi—iH
Let z € Vi, and V be an arbitrary base set such that z € V. Observe that either
V C Vk’;* or Vi; C V** (see Lemma 2.1). If the second inclusion holds, then

V** N Dy # () and hence
flv < cblflves < cfy - AFTL < AR (1> 3).

Therefore, if |f|y > AFTL (1 > 3) then V C Vj:r. From this and from weak type
property of M, (see [11, Theorem 3]) we get (3.4). Indeed

#(Vi; 0 Diet) < pfx € Vi = M(fxve)(@) > Ay

C ( ) Ak+1 C

J
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Using the fact that Qi1 = U5 Dis from (3.4) we deduce that there exists
constant C' such that

C
(3.5) ,LL(Vk]. N Qk—H) < FM(ij)7 > 3.

From (3.5) we deduce that if we fix A = A > ¢2 + 4 such that C/A < 1/2, we
obtain

1
(35 pVi,\ i) > (Vi) (12 3)
for any pair of indexes (k, j).
Define

- X (1

/ gdu) XV, (2).
EY J
kEZ j

Using the above definition, we get

M f () du<Ak“ZZ/ pin <A S, [ od

Ur F, kEZ j ke€Z j

—A /G Ty < 24| flx|Tgllx,

and consequently for proving (3.3), it is sufficient to show that || Tg||x < C.

Let K be a finite index set of pairs (k,j) of integer numbers from definition
of function Tg. Fix a natural number v > 2. Let Z;,7 = 0,1,...,v — 1 be the
equivalent classes of Z/vZ. Define the index sets IC; = {(k,j) : (k,j) € K, k € Z;}
(i =0,1,...,v —1). From (3.5) we deduce that if the collection {V}, : (k,j) € K;}
(i=0,1,...,v — 1) is non-empty then it is sparse set.

Define
Txg(z) = Z <M(‘1/k) _/m gdu) X Vi, (z).

(k,j)eK
Using the Fatou property for obtain the estimate ||Tg||x < C it is sufficient to
prove validity of the estimate || Txg||x < C for any finite subfamily K of indexes.
Take v € N, v > 2 such that

= O 1
3.7 Crog)d —— < =
( ) v [ ];A(Fl)v >

where the constants Cl) and 7 are from (1.4).
Denote ay, j = ﬁ Jpx fdp. Then for all x € G,

1

(3.8) Tieg()= Y ( / gdu) XVi \ 24 (2)

(k,j)EX iu’(vkj) Ef ’
+ > ( / gdu> XVi, e, (2) = Tieg + TRy,
1(Vi E¥ ’
(k,j)ex
we have

v—1

(3.9) U\ Qg = U Qbti \ Qietitr-

=0
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It is easy to see that if x € Vj,, then

1
3.10 a',kgi/ gdp < Mg(x
(310 S L) @

and from (3.9), (3.10), we get for z € G
Tg(x) = Z O EXVi\ Qi (8) < Mg() ZXQk\Qk+U(x)
j.k k
v—1

< Mg(x) Z Z Xt i \ Qi1 < I/Mg(x)'
=0 k: (k,j) €K

Consequently, we have

(3.11) I Tiegllx < vMgllx < v|M|xllgllx-
We have
v—1 v—1
(3.12) T,%g(x) = Z Z O kX Vi, Ny = ZTI%Q@)
i=0 (k,j)eK; i=0

For = € G, we have

oo
Tl%ig(-%‘) = Z QG kX Vi Nt = Z Qj g Z XVie, 011\ 2k 4141) (l‘)
(k,3)ER; (k,j)EL; I=v

oo

(3.13) = Z aj,kXijﬂ(Qk+l\Qk+l+1)(x)'
l=v (k,j)eK;

Applying (3.4) and the fact that {Vj, : (k,j) € K;} is sparse collection, we obtain
forall [ > v,

§ : Olj,kXij N+ \Qk4141)

(4,k)ER: e
(3.14)
Vi, N (et \ Qi 1) \
<C s Ti. <Crq——"|T. )
=l ((k?%ci 1(Vi,) ITiesgllx < Croe) =7 I1Ti9llx

Combining above inequalities with (3.13), (3.14) and (3.7) we obtain

(3.15) IT%.9

1 1
< —||Tk, < —||IT; ,=0,1,...,v—1).
x € Tl € o lTiglx (1= 0.1, — 1)
Combining (3.15), (3.11) and (3.12) we obtain
1
ITiegllx < vIMllxlglix + Sl Tegllx-

Since K is finite, we obtain, |Tkg||x < occ. Hence,

ITiegllx < 20| M| x|fllx
and this completes the proof of the implication (i7) = (z). O
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