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1 Introduction

As is known, the maximal functions, singular integrals and potentials gen-
erated by different differential operators are important in applications and
different questions of harmonic analysis and therefore, their study is very
topical. Non-accidentally, there exits extensive literature devoted to differ-
ent properties of the aforementioned object of harmonic analysis. We only
cite those works that relate to the question considered in the paper. The
reader can find detailed information in the mentioned paper [3].

Based on our investigation, Gegenbauer differential operator G was in-
troduced in [2] G = Gy = (2% — 1)% + @A+ 1Dz ze[l,00), A€ (0,1).
The shift operator A%, generated by G is given as follows [10]

T(A+3

Ay f (cha) = TV )) /07r f(chacht — shashtcosp)(sing)*dy,

N

where F(z) = [;~ e7"t*7'dt, > 0 is a Gamma function.



Let H, = (0,7), r € (0,00). For any E C R, = [0,00) pE = |E|)\ =
Il 5 sh* tdt. The Gegenbauer maximal operator Mg and the Gegenbauer po-
tential /& are introduced in [12] as follows:

Mg f(chz) = sup

A AN Al f(cha)|sh**tdt,

1

/ (/ rg_lhr(cht)dr) AN f(cha)sh* tdt,
0 0
where
h.(cht) = / e VW2 PX(ehit) (17 — 1)’\_%du, 0<a<2\+1,
1

and

(v + 2X\)cosmA

Py (cht) = TOVT(A + 1)

1
(2cht) ™"~ gFl(g—H\, g+>\+§; VA A+1; (cht)™?)

is eigen function of the operator G, and oF(«, 3;7;x) is Gauss hypergeo-
metric function.

We also consider the Gegenbauer fractional maximal operator M§ and
Gegenbauer fractional integral J& introduced in [16] as follows:

1
Mg f(chx) = supﬁ/ AN | f(cha)|sh® tdt, 0 < o <y < 2\ + 1,
T>O|Hr|>\ T Hy

J&f(chx) = / |Hy|§’1A§hyf(chx)sh”ydy, D<a<y<22+ 1.
0
Note that M = M.

The operators M§, I¢& and J& play important roles in harmonic analysis
and applications.

In the present work, we study Spanne-Guliyev type boundedness of the
operator J& from M, ~(R;) to My, ,(Ry), 1 < p < ¢ < oo, and from
M ~(Ry) to the weak WM, ., ,(Ry), 1 < ¢ < oo. We also study
Adams-Guliyev type boundedness of the operator J& from ./\/lpw 1 77(R+) to
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/\/lq b V(RJF), 1 < p < ¢ < oo and from the space My, ~(R;) to the weak
spaée WM r (Ry), 1 <q< 0.
We shall givé a characterization for the Spanne-Guliyev and Adams-Guliyev
boundedness type of the operator J& on the generalized G-Morrey space,
including weak versions. These results are analogues of the paper [3]. Here
and further w,w; and wy will be positive measurable functions on R,.
Further, A < B will mean that there exits some positive constant C,
which may depend on some nonessential parameters such that A < CB.
If A< Band B < A, then we write A &~ B and say that A and B are

equivalent.

2 Notations and preleminary results

We denote by L, (R;), 1 < p < oo the space of functions py(r) = sh*?z—
measurable on R, with the finite norm

||f||Lp,A<R+>=( / If(cht)|pdm(t)> 1< p < oo, dyus(t) = shMdt,
R4

11 En = 1 fllz = esssup|f(cht)], p= occ.
teRy

Let f € L,A(R;), 1 < p < oo. Then for any y € R, the following
inequality (see [10], Lemma 2)

1Ay Fllzy iy < N1y ) (2.1)

holds.
We also denote by WL, (R;) the weak space defined as the set of locally
integrable functions on R, with the finite norm

[ llwey s = sup t([{z € Ry - [f(chz)| > th]3)7 -

The main objective of this paper is to obtain the results similar to [3].

In the study of local properties of solutions of partial differential equa-
tions, together with weighted Lebesgue spaces, Morrey spaces play an im-
portant role. They were introduced by C.Morrey in 1938 [18].
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Consider the Riesz potential (see [1])
I.f(z) = /L)_dy, 0<a<n.
J le =yl

In [1], Adams studied the boundedness of the Riesz potential on the Morrey
space and proved the following theorem.

Theorem A [1]. Let 0 <a<nand 0 <A <n, 1 <p<(n—A\)/a.

(1) If 1 <p < (n—A)/a, then the condition

1 1 o

P oq n—A\

is necessary and sufficient for the boundedness of I, from M, ,(R™) to M, »(R").
(2) If p = 1, then the condition

is necessary and sufficient for the boundedness of I, from M; (R™) to WM, (R™).

In the work [5], there was introduced Gegenbauer-Morrey (G-Morrey)
space associated with the Gegenbauer differential operator G as the set of
locally integrable functions f(chx), x € Ry, with the finite norm

1l iy = sup ( / Aéht|f<chx>rpdm<t>) |
0

z,re€R4

1<p<oo, 0<A<1/2and 0 < v < 2X+ 1, and also the weak space
WL, (Ry) with the finite norm

1
1w Ly = supr sup (87[{y € [0,1) = Ag,,|f(cha)l > r}[3)? .
r>0 :EER+
t>0

The Hardy-Littlewood-Sobolev theorem for the Gegenbauer potential /&
in the G-Morrey space, which is analogous to the Theorem A is proved in
[5].

Theorem B [5, Theorem 2.1]. Let 0 < o <2A+1, 0 < v <2A+1—a
and 1 <p<(2\+1—-v)/a.



(i) If 1 <p < (2\+ 1 —v)/a, then the condition
1 1 o}

p g 22+1-v
is necessary and sufficient for the boundedness of & from L,, \(R;) to

Lq7y7)‘(R+)'

(ii) f p=1< (2A+1 —v)/a, then the condition
I o}
q 22 +1-v

is necessary and sufficient for the boundedness of I& from L;,,(R;) to
Lova(Ry).
If we take v = 0 in the Theorem B, then we obtain the following result.
Theorem C [8, Theorem 3]. Suppose that 0 < A < 1/2, 0 < o <

2A+ 1, and that 1 <p < (2A +1)/a.
(a) If 1 < p < (2\+ 1)/« then the condition

1 o

1
p g 22+1

is necessary and sufficient for the boundedness of I from L, y(R ) to L, A (Ry)
(b) If p = 1, then the condition

I«

¢ 22+1

is necessary and sufficient for the boundedness of I& from Ly y(R ) to WL,y (R4).
We denote H, = (0,7) C R;. Further, we need the following relation (see

[8])
\H, |y :/ shPtdt ~ (m%)”, (2.2)

r

where 0 < A < 1/2 and
= {20 <,
TEMT) = 4N, if 2<r <oo.

According to (2.2), in [16] the following concept was introduced.
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Definition 2.1 Let 1 <p < oo, 0 < A< 1/2 and 0 < v <. We denote
by L,.,A(R;) G-Morrey space associated with the Gegenbauer differential

operator G as the set of locally integrable functions f(chz), x € R, with the
finite norm

1
HfHLp,V,A(RJr) = sup (’HT‘;\W/ Chy]f(chx)]pdﬂ)\( ))

:EERJr
r>0

~ e (|Hm"“ [ lstcnaranny >)”

$ER+
re(0,2)

© e (uw‘ / Ayl (cha)Pdyn(y >)’7

zeR
ref2,00)

Thus, Lyoa(Ry) = {f € LR : 1l g, < o)

In [17] it has been proven that if L, \(Ry) = LyA(Ry), Ly a(Ry) =
Lo(Ry) for v <0 or v > then L,,(R;) = O(R,), where O is the set of
functions equivalent to zero on R,.

Definition 2.2. Let 1 < p < oo and 0 < v < . We denote by
WL, (Ry) the weak space L, »(R;) defined as the set of locally integrable
functions f(chz), x € R with the finite norm
1

£\
||fHWLp7V7>\(]R+) = Supr Sup <Sh§> ‘ {y < [Oat) chy |f(Ch.T ‘ > T}|/\)

r>0  t>0, zeRy

3=

t et 4
= supr sup (sh—) / sh® ydy
r>0 >0, z€R, 2
{yE [0,8): Achy|f(chaz)\>r}

Remark 2.3. In [12, Corollary 3.1] it has been proven that

chy

AN f(cha
g feha) 5 [ i)

ey I 1)), 0 <o < 20+ 1.
0 (Shy)Q)\+1—a /'I/A(y)



According to (2.2), we can write

WS, o P,

T feha)| 5 | i) 5 |
2

0 (Shy)Z/\+1fa

oo | AX chx 0o AX chx
w [T i) £ [ ) = g5 01D (o). 23

dpx(y)
- ~ 1—<
(Sh%) |Hyly "

From the inequality (see |16, Proposition 2.4]) t < sht < e“t, where
t € [0,A] and A > 0, it follows that Definition 1.1 and Definition 1.2 are
equivalent to G-Morrey space introduced in [5].

This approach seemed natural to us, since it is an absolutely continuous
measure of the intervals (0,2) and [2,00), respectively. Therefore, the relation
(2.2) was used in the formulation of the theorem as well as its proof.

Theorem 2.4 [16]. Let 0 < a < (7)), 0 < v < M(r) — a and
1<p<(m(r)—v)/a

(i) If 1 < p < (7a(r) — v)/a, then the condition

1 1 6]

p g ) -v

is necessary and sufficient for the boundedness of J& from L,, \(R;) to
qul’)A(R“")'
(ii) If p=1 < (7A(r) — v)/a, then the condition

1

q () —v

is necessary and sufficient for the boundedness of J& from L;,,(R;) to
Wquv,/\(RJr)-

Note that from (2.3) under the conditions of Theorem 2.4 the boundedness
of the Gegenbauer potential /& follows from the boundedness G-fractional
Gegenbauer integral Jg.

3 Generalized G-Morrey spaces

In this section we give the following generalization of the G-Morrey spaces.
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Definition 3.1 Let 1 < p < 0o and w(x,r) be a positive measurable
function on Ry x (0, 00). We defined generalized G-Morrey space M, ,, ,(R,)
associated with the Gegenbauer differential operator G for all functions f €
LIS (R4) by the finite norm

~

_ ™" p
1710ty = supeolar, )™ (shg) 7 1l m
r>0+
_2a+1

B r
= sup w(z,r) I(Sh§> ’ ||f||Lp,/\(HT)

zER
re(0.2)

4
- "N
+  sup w(z,r) ! <Sh§> ”fHLp,x(Hr)'
zeR4
r€[2,00)

We also defined the weak generalized G-Morrey space WM, (R} ) of
locally integrable functions f(chzx), = € Ry with the finite norm

~

Ilbeststeny = supeteor)™ (shg) I lhesyscn
r>0
BN A
= xseuﬂgrw(x,r) (Sh§> ||fHWLpA(H,-)
re(0.2)

E9N
+ swp w(e;) (shg) T lweacn:
TeER 4
re(2,00)

By analogy with [19] in the work [13] was introduced the following nota-
tion.

Definition 3.2. Let 0 < p < oo and ¢(r) : R, — R, be a Lebesgue
measurable function. The generalized Gegenbauer-Morrey (G-Morrey) space
M, o, (Ry) associated with the Gegenbauer differential operator G are the
set of locally integrable functions f(chz), = € R, with the finite

1 »
1 fllagy pae) = 1fllatyp s = sup (m/ Aé\ht’f<0hx>’pd:u>\(t)) ;
z + r
r>0



and the weak G-Morrey space WM, , (R} ) are the set of locally integrable
functions f(chz), = € R, with the finite norm

HfHWM,,,W(RJr) = HfHWMw,A

=

P

= sup rsup (L {y € Hy: Ady| f(cha) > 7’}‘)

r>0 z€Ry SO(t)
t>0
1
1 p
= sup 7 sup —/ dp(y)
r>0 x€Ry Qp(t) {yEHt:Ag‘M|f(cha:)>r}
r>0

Let 0 < § < 1. Assume that for any r > 0, ¢(r) satisfies the conditions.

r<t<2r=pt)~pr), (a)

et L o @IS, v =22+1, 0 <1 <2,
/T o+l LPS r~0(r), v =4\ 2 <71 < oco. (®)

Theorem D [13]. Let 0 < A < 1/2, 0 < a < 2A+1, 1 <p < a/(2\+1)
and 1/p —1/q = a/(2X + 1). Assume that ¢ satisfies the conditions (a) and
(b). Then

(i) If p>1and f e M,,\(Ry), then

185 0r, e 1ty

(ii) If p=1 and f € M; ,,(R;), then

|’Jgf||WMq7Lp7)\(R+) 5 Hf|’M1,¢,A(R+)‘
Lemma 3.3 [15]. Let w(z,r) be a positive measurable function on (R, ) x
(0, 00).
(i) If

v

sup (shg)ig w(z, 7)™t =00 (3.1)

t<r<oo

is true for some ¢ > 0 and any = € Ry, then M, .(R;) = O(R,).



(i) If
sup w(z, 7)™t = oo (3.2)
0<r<t
is true for some ¢t > 0 and any z € Ry, then M, .(R;) = O(R,).
Remark 3.4. We denote by €2 the sets of all positive measurable func-
tions w on Ry X (0,00) such that for all ¢ € (0, 00)
_x
sup (Sjé)r)p < oo and sup ||w(z, ) 104 < 00, respectively.
T€R} ’ Lo (t,00) TERY
In the following as we keep in mind Lemma 3.3, we also assume w € (2.
A function w : Ry — R, is said to be almost increasing (resp. almost
decreasing) if w(r) < w(s) for r < s. Let 1 < p < oo. Denote by ®) the set

of all almost decreasing functions w : R, — R, , such that ¢t — (sh%)%w(t)
is almost increasing.

Lemma 3.5 [15, Lemma 2.4]. Let w € @), 1 < p < oo, Hy =
(0,70) and xp, be the characteristic function of the interval Hy. Then yp, €

MP’W)V(R+).
Moreover,
1 < 1
W(TO) S "XHO“WMP,W,’Y(R+) S HXHOHMp,w,'y(R+) ~ (A)(TO)

4 G-fractional integral operator in the spaces

Mp,w,A (R+)

4.1 Spanne-Guliyev type result

Denotesz{ (0,2) if y=2X2+1

2. 00) if _yy andlet
v

~

h Z/OO( h3>—q-1 Kl <h3>ds teE
S 2 ] B 9 Lp,)\(Hs) c 9 ) Y

2A+1

2L oo S\ — - S
_ {<sh%)4; 7 (5h) 55l (ch)ds, € (0,2),
(h8) [ (5h3) % I lnyima(ch)ds, 1€ [2,00),

The following result is an analogue of the Theorem 4.2 from |[3].
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Theorem 4.1 Let 1 < p < o0, 0 <a <(r), fe LY (Ry) and

bl o (4.1)

p g )

Then for p > 1

t\a [ s\ 71 s
196 ,m0 S (st )" [ (sn3) " WAl (eh) ds. v € £,(42
t

and for p=1

v

7
o t\e« [~ s\ gL s
i wrgsm < (st )" [ (s03) " Ul (eh3) s, o € B0

Proof. For a given interval H, = (0,t) C R, we split the function f as
f = fl + f?a where fl = fXsz f2 = fX(Ht)C - fX(t,oo) Then

Jaf(chx) = J&fi(chx) + J& fao(chx).

Let 1 <p <oo, 0 <a<y/pand (4.1) hold. Since f; € L, (R4), by the
boundedness of the operator J& from L, y(R;) to L, A(Ry) (see Theorem 2.4
by v = 0) it follows that

1J&fill, oy S Wil a@e = [l )

t\a [ —1-1
S (sh—) / (sh§> | fllz, () (chf) ds, t € E,. (4.4)
2) J, 2 . 2

Estimate the integral J& fs.
@ Y\
Jehicha) = [ a3, r(cha)] (sh2)" dinty)
t

< 7A3hy|f<chx>| ( / T (n2)T (end) ds) djia(y)

_ J{m)</1w<sf£;dj(chxﬂduAQD) (sh§>a_7_1<chg)cu
< [T( andrchoiamm) (sn5)” () as

11



By using Holder’s inequality, (2.1) and (2.2), we have

[ st < ([ Aéhyrf<chx>rpdm<y>)’l’ (f | i

s
a2
/

S p
S (h3) " 1A%, Fll,

s\1(1-2)
S (h3)" T I ey,

1
o

where p+p' = pp/.
Then, we obtain

~

seache) 5 [ (sh3)"" Wl (ch) s

_ /too (s2) " Wl (ch) ds (4.5)

From (4.5) and (2.2), we get

~

o o s\—<-1 s
[JE foll Ly ay S HXHtHLq,A(IRm/ <5h§> ) (ch§> ds
t

:

o s\—31 S
=l [ (s3) " Wl (eh3) ds

~

=103 [ (5h5) " Wl (sh5) ds

~y

to+ [ s s
~ (shﬁ)q/ (sh§> i (sh§> ds, t € E.,. (4.6)
t

By combining (4.4) and (4.6), we obtain (4.2).
Finally, in the case of p = 1, by the boundedness of the operator J& from
Ly A(Ry) to WL, A(R4), (see Theorem 2.4 by v = 0) it follows that

”Jgf1||WLq,)\(Ht) S ||fl||L1,>\(Ht) = ||f||L1,)\(Ht)

’
t\« [ s\ 3! s

< — Z) A Z

N(shQ) /t <3h2> FirRs <3h2>ds,t€E7. (4.7)

Note that the inequality (4.6) is also true in the case of p = 1. Then by (4.6)
and (4.7), we get the inequality (4.3). O
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We will use the following statement on the boundedness of the weighted
Hardy operator

H,g(t) = /too g(s)w(s)ds, 0 <t < 0.

The following theorem is true:
Theorem 4.2 [3]. Let vy,v; and w be weights on R, and v;(¢) be
bounded outside a neighborhood of the origin. The inequality

esssup va(t)Hy,g(t) < Cesssup vi(t)g(t) (4.8)
>0 >0

holds for some C' > 0 for all nonnegative and nondecreasing g on R, if and
only if

o d
B .= esssup/ M < 00.
t

>0 esssup vy(r)
s<r<oo

Moreover, the value C=B is the best constant for (4.8).
Theorem 4.3. Let 1 < p < oo, 0 < a < 7/p, and the condition (4.1)
hold. Also, let the pair (wy,ws), where w; € 7, wy € Q7 satisfy the condition

~ €ssin fwi(x, s)(sh%)%

r<s<oo r
= < E,. 4.
/t (shg)%ﬂ (ch2> dr Swy(z,t), t € E, (4.9)

Then for p > 1 the operator J& is bounded from M, ,, ,(Ry) to Mg, (R5)
and for p = 1 the operator J& is bounded from M, ., ,(Ry) to WM, o(R4).

Proof. By Theorems 4.1 and 4.2 with vy(r) = wo(z, 7)™, vi(r) = (shg)fg wi(x,r)~ Y

T 1 T
w(r) = (shi) © chg, g(r) = ||f||Lp’A(HT), we have

2
(6% — t e (0%
61 = spin(ant) ™ (sh3 ) " 196,
TER+
teE,

0 r _%_1 r
supan(a, ) [ (shG) " (D) Il
t

zeR
tek,

N

_ t\ »
sup wy (z,1) " (Sh§) NN,y = 1 My s
I€R+
teE,

N
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and for p > 1, we have

[ N
elwat,o, S swpwnte.) [ (sng) " (ehg) 1y

zeR
tek,

Lt
supin(, ) (sh5 ) 11, scm = 1

zeRy
te kb,

N

for p = 1. ]

Remark 4.4. Note that the analogue of Theorems 4.1 and 4.3 is proved
by another method for the Gegenbauer potential I& in [14].

In order to prove our main result, we need the following estimate.

Lemma 4.5. Let Hy = (0,79), then

(sh3)" S Jexm (cha)
for every x € H,.
Proof. By (2.2), we have

o > Adyxm (cha) PN
Jaxm,(chr) = — A (t) = sh— sh='tdt
o (shi) 0 2
2 (sh@)o"7 <shr0> 2 (sh@)a
2 2
[

The following theorem is one of our main results.
Theorem 4.6. Let 0 < a <7, p,q € [1,00), w1 € ), wp € ), 1 <
p<Zland:i-l=2
p q . ’Y . .
If wy € o) satisfies the condition

[ () (@)t s (g o re

then the condition

(sh%)awl(t) <wl(t), t € E, (4.11)
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is necessary and sufficient for the boundedness of J& from M, ,(R;) to
WMq,wz,’Y(RJr) by p=1L

Moreover, if 1 < p < «/a, then the condition (4.11) is necessary and
sufficient for the boundedness J& from M, ., ~(R;) to M, ~(R4).

Proof. Sufficiency. Let (4.11) hold, then (4.10) implies (4.9) and by Theo-
rem 4.3 J& is bounded from M, ,(Ry) to M, ~(R4)

Necessity. Now let J& be bounded from M, ,, ~(Ry) to M, (R4).
Let Hy = (0,7r9) and x € Hy, then by Lemmas 3.4 and 4.5, we have

t(] “ -1 « «@
(sh—) < Holy 18 sy S wo(t0) 178 | aty

2
wa(to)
S w2<t0)HXH0HMvaM S’ wl(to)’

or

(sht—o)a < wallo) <sh%0>aw1(to) < walto)

for all ¢t > 0.
Since this is true for every t; > 0, we are done . O

v—

Remark 4.7. If we take w(t) = (shi) 7 and wy(t) = (shi)@ in
Theorem 4.6, then the conditions (4.11) and (4.10) are equivalent to 0 < v <
7 —apand £ = % respectively.

Corollary 4.8 [17]. Let 0 <a <7, 1 <p<~vy/a, 0 <v <7y — ap, and
(4.1) hold. Then the operator J& is bounded from Ly, y(R) to WL, , »(R)
if and only if v = u/q.

Moreover, if 1 < p < v/a, then the operator J& is bounded from L, , »(R)
to L, A(R4) if and only if v/p = u/q.

4.2 Adams-Guliyev type results

The following pointwise estimate plays a key role in proving our main
results.

Theorem 4.9. Let 1 <p <oo, 0<a<yand fe L% (R;). Then

v

« o0 a—1-1
Jgf(chm)g(sh%) Mef(chz) + /t (m%) v (chg) 1F L2,y 2y, £ € H4.12)
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Proof. Write f = f1 + fo, where fi = fxu, and f> = fx(m,)e. Then

Jaf(chx) = J&fi(chx) + J& fao(chx).
First, we show that

I8 fi(ch)| < (sh%)a Mef(cha), (4.13)

for all x € R

In fact,

LA h
sgsileha) = [ S it
2

00 2 k¢ A
Al f(cha))|
< cht d
=\ sh® (5r) /th
< N /2 [ AY | f(cha)|dpa(y)
kzzosm (z55) Jo ™

< (sh%) ’ Mgf(chx)ZQ_ka < (sh%) " Mc f(chz).
k=0

For J& fao(chx) with € Ry, from (4.5), we have

ol

g leha) 5 [ (h5) T (k) Wl

oo T Oc—%—l r
_ / (sh2)" " (eh2) I lyaiidrs t € B,
t

From this and (4.13), we obtain (4.12). O

Theorem E [15]. Suppose 1 < p < oo, wy € Q, wy € ). Moreover,
let the condition (4.1) holds, also the pair (wy,ws) satisfy the condition

S «
sup (sh§> wi(z,s) Swalz, ).

s>r

Then Mg is bounded from M, ~(Ry) to M, ~(Ry) for p > 1 and Mg is
bounded from M, (R;) to WM, 4(R4).
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By using Theorem E when o = 0 (then ¢ = p) and wy(z,7) = we(z,7) =
w(z,7), we get the following corollary.
Corollary 4.10. Let 1 < p < oo and w satisfy the condition

sup w(zx,s) S w(zx,r). (4.14)

s>r>0

Then M is bounded from M, ,(Ry) to M, ,(R;) for p > 1 and Mg
is bounded from My, ,(Ry) to WMy, ,(Ry) for p=1.

Theorem 4.11.(Adams-Guliyev type results). Let 1 <p < g < oo, 0 <
a < v/pand let w € Q) satisfy condition (4.14) and

<Nt : ik
v v 5 < T q—p
/T (sh2) (ChQ) w(z,t)rdt < <3h2> , > 0. (4.15)

Then for p > 1, the operator J& is bounded from M 1 (Ry) to /\/l 1 (Ry)
pwP y wyy

and for p = 1 the operator J& is bounded from M, , (R} ) to W./\/l 1 (Ry)
q 7’y

Proof. Let 1 <p < oo and f € M, ~,(Ry). By Theorem 4.9 the inequality
(4.12) is valid. Then from condition (4.15) and inequality (4.12), we get

~

o t\“ 0 rya—y—1 r
Jef(chr) < (shé) Me f(chz) + /1t (sh5)" 7 (b)) 1Sl nmdr

< (Sh%)aMgf<Ch£If) + /too (sh3)” w
< (sh

£)° AN
< (shg) Mestero)+ () " sl

The right-hand side attains its minimum at

w(z,r)”

)1” H P ]
Z,7)P||fL , (Hy) r
A ( )

(R4)

) Mg f(chz) + | fllar

1
pwP ,y

DO | ~+

(Ry), t€ E,. (4.16)

=

%
gl (P Il 5 o
2 q—p Mcgf(chz)
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for all x € R, we have

J&(chz) S (M f(che))t [l

1
pwP

2
q

(R4)

Hence, the statement of the theorem follows from the boundedness of the
G-maximal operator M¢ in M, ,(R,) provided by Corollary 4.10 by virtue
of condition (4.14)

_1 ™ "o L
eflv o S Wl o sup wi@ )™ (shl) " IMfI}, )
q,wd pwP vy x€ER4 2 P
r>0
P
q
_1 "7
= s, | swp wler) s (shs) 7 IMS )
pwP v :EGRJr 2
r>0
P
= fllm o IMeflize , ST
pwP pwP vy pwP Yy
for 1 <p < g < oo and
@ l_é -1 r _% %
1eflws o S I, sup wi@r) ™ (shg) " IMefli, o,
ot 7 peR, 2 1A (Hr)
r>0
1—1 1
SO M R, = 1M s
forp=1<qg< . O

The following theorem is one of our main results.
Theorem 4.12. Let 0 < a <7, 1 <p < ¢ < oo and (4.14) hold.
If w € @) satisfies condition

o £\t t 1 1 T\
_ ~ vt < » -
/r (sh2> (ch2> w(t)rdt < w(r) <Sh2> : (4.17)
then the condition

1 r\ r "o
P (shs) < (shs) T 4.1
w(r) <8 5) S (503 (4.18)
is necessary and sufficient for the boundedness J& from M, ,(Ry) to

WM 1 (Ry)ifp=1landfromM 1 (Ry)toM 1 (Ry)ifl <p<oo.
pwP q,w

q?wq 7’Y 7Fy 4 7’Y
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Proof. Sufficiency. Let (4.18) hold, then from (4.17) implies (4.15) and by
Theorem 4.11 J& is bounded from ./\/l b (R4) to /\/l i (Ryifl<p<oo

and My, ,(R;) to W/\/l 1 (Ry) 1fp = 1

wd iy

Necessity. Let J& be bounded from M (R+) toM 1 (Ry)ifl<
pwP, wd,y

p < ¢ < oo and from M, (R;) to M b (R+) if p=1. Let Hy = (0,t)

and x € Hy. By Lemma 4.5, we have ( hto) < Jé&xm,(chx). Therefore, by
Lemma 3.5 and Lemma 4.5, we get

tO a _1 o 1 a
(shg) SV Holy * 198 1y y10) S @(to) 8178 Ho L

Q=

q,w Y

1 11
S wlto) lixmliam , Swlto)s v,

1
pwP Yy
or

ap

to\" 11 t 1 to\ a»
(sh;o) w(ty)r @ S 1< (ShE(]) w(te)? < (shgo) )

for all tg > 0.
Since this is true for every x € R, and tq > 0, we are done. O

Theorem 4.13 (Adams-Gunawan type result). Let 0 < a <7, 1 <p <
q < oo and w € Q) satisfy the condition (4.14) and

<3h%>aw(x,t) + /too (sh%)a_l (ch%) w(z, r)dr Swlz, ), t € E. (4.19)

Then for p > 1, the operator J& is bounded from /\/l 1 (R+) toM 1 (Ry)
p w q 7,)/
and for p = 1, the operator J& is bounded from ./\/lljwﬁ( ) 1 (Ry).

qwq7’y

Proof. Let 1 <p < oo and f € M,,,(R;). By Theorem 4.9, the inequality
(4.12) is valid. Then from condition (4.14) and inequality (4.12), we get

t ol

st 5 (g ) Mastetie)+ [~ (s15)" 7 () 11y i

t\“ e ryo-1 r

< — — —
< <3h2> Mg f(chx) + HfHMPv‘*’v’Y[ (3/12) (Ch2) w(x,r)dr, t € E,.
(4.20)
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From (4.19), we have

" t\"
w(z,t) (Shi) < w(x, t)P1 = (sh§) < w(z, t)P/at, (4.21)

and

s a—1
/t (shg) (chg) w(z, ) < w(z, )P/
o0 ry\a—l1 r
_ _ < p/q
= HfHMW/t (sh5) " (ch5) wlw,rdr S 11 agy o, 01" (4:22)
Summing (4.21) and (4.22), we get
|J&f (cha)| < w(x, )i~ Maf(che) + w(@, 1)1 |,

fw(w,t)i " Maf(cha) < w(z,8)1]| flla,... thenw(@, ) > Maf(cha)||fllxi, .
and we have

Q

1—2
[Jef(cha)| < w(@,t)i~ Maf(chz) S Maf(chz) (J\LQ?(A;}:;))

= (Maf(cha))t |l

Andifw(z,t)s " Mg f(chz) > w(@, t)4]|fl|a, . .. then w(z,t) < Maf(cho)| fla, .
and we get

p
q

[RARYR

|J&f(chz)| < w(x’t)gufHMP,WWS (MGf(Ch:):))

£l My
p 1-E
= (Mgf(chz))a [l -

Thus,

J&f(cha)] S (Maf(ch) |flIn . (4.23)

From Corollary 4.10 and (4.23), we obtain (see proof Theorem 4.11)

P
q

1—
S 11 v
P

bl

Q=

w

1JGf 1l a1 IMeflli ) S 1l

1 1 1
Y WP, pwP vy wP oy
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for 1 < p < g < oo and

1—1 1
S Al MM fll sy S 1t

Y

17&f llwa
q,

Q[

forp=1<qg<o0. O]

The following theorem is one of our main result.
Theorem 4.14. Let 0 <a <7, 1 <p<g<ooandw € .
If w € @) satisfies the condition (4.19), then the condition
(shg) w(r)% < w(r)% (4.24)

is necessary and sufficient for the boundedness of J& from M, ,(R}) to
WM 1+ (Ry)ifp=1landfrom M 1 (Ry)toM 1 (Ry)ifl<p<
pwPb qw .y

q’wqu 7’)/
q < 0.

Proof. Let (4.24) hold. Note that if w € ®J, then

[ (o) @)t = [ (o) (D) o

<sh%>aw(t) < /t h (M%)‘” (m%) w(r)dr < w(t)??, t € B,

Suppose that w(r) = gp(r)%. Then the condition (4.19) is equivalent to

/too <3hg>a (ch%) w(r)%dr S w(t)%. (4.25)

Then by Theorem 4.13 the statement of Theorem 4.14 is proved.
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Necessity. Now let J& be bounded from M 1 (Ry) to M 1 (R,).
pwP .y qw ey

Let Hy = (0,%) and = € Hy. By Lemma 4.5, we have (sh2)® < J&xn, (chz).
Therefore, by Lemma 3.5 and Lemma 4.5, we have

to “ _% a
(Shg) SJ |H0||/\ ||JGXH0HL(1,>\(H0)

1 «
S wlte) e[| JeX ol m

for all tg > 0.
Since this is true for every x € R, and ¢, > 0, we are done. O

S wlte)i ™,

Y

1
S w(to) X [

1
qwd,y p,w

=

or

St () wl)? S,

Q=
hSAl
A\

&
Q=

Remark 4.15. If we take w(t) = (sh5)”"7 at Theorem 4.12, then the
condition (4. 17) is equivalent to 0 < v < v — ap and condition (4.18) is
equivalent to 1 5 l = 7 . Therefore, we get the following corallary.

Corollary 4. 16 (Theorem 24). Let 0<a<v, 1 <p<qg<ooand
0 < v <~vy—ap. Then the operator J& is bounded from L;,,\(Ry) to
WLy, A(Ry) if and only 1f L — E =%

Moreover, if 1 < p < q < 00, then the operator J& is bounded from
Lyya(Ry) to Lgya(Ry) if and only if 1 — o = Way.

Corollary 4.17 . If we take v = 2\ 4+ 1 in Corallary 4.16, we obtain
Theorem B.
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