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CHAIN RULES AND THEIR GENERALIZATIONS FOR NABLA DERIVATIVES
ON MEASURE CHAINS

JERVIN ZEN LOBO!*, RACHEL SARAH D’COSTA?, SURAJ KRISHNA PARMEKAR?, SVETLIN G.
GEORGIEV* AND SANKET TIKARE®

Abstract. This paper provides some standard versions of the chain rule for nabla derivatives on
measure chains, which differ from the chain rules from known calculus. Further, the mean value
theorem together with the Fréchet derivatives are used to generalize the chain rules to measure
chains in the Banach space framework. As a consequence of these chain rules, the nabla derivative
of the inverse function and the substitution rule in a more general setup of measure chains is proved.
To illustrate our results, we provide examples on suitable time scales.

1. INTRODUCTION

Time scale calculus, a unifying theory introduced by Hilger in 1988, bridges the gap between contin-
uous and discrete analysis. It provides a framework that encompasses differential calculus, difference
calculus and g-calculus, allowing mathematicians to study dynamic equations on arbitrary time scales.
This theory detailed in [8,9] is particularly valuable in modeling real-world phenomena that exhibit
both continuous and discrete behavior, such as population dynamics, economic systems and control
theory. Emerging areas of interest arising from the study of time scales calculus are reported in [35].
The versatility of time scale calculus lies in its ability to extend classical results to more generalized
settings, offering new insights and solutions to problems that were previously approached separately
in continuous and discrete domains. This unified approach not only simplifies the theoretical under-
pinnings but also enhances the applicability of mathematical models across various fields. The recent
additions of Riemann intergrability and Riemann-Stieltjes integrability presented in [28,29] bring
forth new developments in calculus on time scales. This calculus forms the basis of the celebrated
dynamic equations on time scales with several papers marking remarkable discoveries in this field.
The general results on the existence of solutions for nonlinear dynamic equations with impulses and
nonlocal initial conditions are discussed in [37]. The existence of solutions of first-order initial value
problems and continuous dependence of solutions are studied in [11]. Further, the dynamic local and
nonlocal initial value problems using the measure of non-compactness is studied in [36]. In [33], the
stability analysis of first-order nonlinear impulsive time-varying delay dynamic systems on time scales
is done via the Gronwall inequality and the Banach contraction principle. Following this, in [32] the
stability results for n*"-order linear dynamic equations on time scales are obtained. Furthermore,
several studies have examined the stability results for integro-dynamic equations. For instance, [31]
explores the Ulam-type stability for nonlinear impulsive Volterra—Fredholm integro-dynamic adjoint
equations. In addition, [30] studies the Bielecki-Hyer—Ulam stability of nonlinear impulsive fractional
Hammerstein and mixed integro-dynamic systems.

Nabla derivatives introduced in [6] provide a means to generalize the concept of backward differen-
tiation. In [5], the representation of polynomials for nabla dynamic equations on time scales is derived
and related to those for delta dynamic equations. The concept of nabla calculus received a thorough
treatment in [4] and was well contrasted with the earlier known Hilger delta calculus. Later, the
study of calculus of variations with the nabla derivative gained momentum reported in [3,23]. The
dynamic calculus with nabla derivatives forms the fundamental basis for the study of nabla dynamic
equations on time scales. The existence and convergence results for the nabla dynamic equation on
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time scales via upper and lower solutions are discussed in [38]. Further, [13] explores the existence and
uniqueness of solutions to an initial value problem involving generalized Hausdorff derivatives called
structural nabla derivatives. Unlike the delta derivative, which generalizes the forward difference op-
erator, the nabla derivative is concerned with backward differences, making it particularly useful for
certain types of dynamic equations and boundary value problems as seen in [12,20,21]. The study of
stability properties of nabla dynamic equations along with the demonstration of an application to the
cobweb model is done in [19]. The oscillatory behavior of nabla dynamic equations is studied in [24].
Some important inequalities useful in the qualitative theory of such equations are established in [16].

The development of nabla calculus allows for the study of dynamic systems where past states
influence future behavior, which is essential in applications such as financial modeling, biological
systems, and engineering. By extending the principles of discrete backward differentiation to arbitrary
time scales, nabla calculus offers a robust framework for analyzing systems that operate in nonuniform
time domains. This approach not only enriches the theory of time scale calculus but also provides
powerful tools for solving complicated dynamic equations that arise in various scientific and engineering
disciplines as found in [17,18]. Recently, [26] presented the existence and uniqueness results for fuzzy
nabla dynamic equations on time scales - a must read for researchers interested in contributing in
this area. Quite recently, generalized Hardy-type inequalities via nabla calculus on time scales were
explored in [27] opening further scope for study of calculus on time scales via nabla derivatives.
Noteworthy here, is that parallel to the theory of dynamic systems on time scales, [18] goes a step
further and studies dynamical systems with nabla half derivatives on time scales.

A striking point in the study of time scale calculus outlined in [1] is that the chain rule for derivatives
does not carry on to an arbitrary time scale. This fact is demonstrated in [25] and some versions of the
chain rules are offered for delta derivative on time scales. Later, in [14], these chain rules are generalized
to a class of new functions called ‘pair differentiable’ functions on time scales. The chain rules are
fundamental tools in the study of dynamic equations on time scales. For instance, it is seen in [15]
that the chain rule is applied in studying the oscillation properties of first-order nonlinear dynamic
equations on time scales. The interest in the study of chain rules on time scales continues to this very
day as seen in [22], in which new generalizations of the chain rule involving the Stieltjes derivatives
and integrals are presented. While the current work develops chain rules for nabla derivatives on
measure chains, it is worth noting that in related contexts such as [7] involving transmission problems
with fractional boundary conditions, semigroup theory has been used to establish the existence and
uniqueness, an Arendt—Batty-type criteria has ensured strong stability, spectral analysis has ruled out
exponential decay, and the Borichev—Tomilov framework has yielded polynomial decay rates.

The chain rules for nabla derivatives on measure chains are physically motivated by the need to
model systems where current behavior depends on past states, such as in backward control problems,
economic systems with memory, and irreversible thermodynamic processes. On measure chains, the
nabla chain rule plays a crucial role in accurately describing pre-jump dynamics and enabling back-
ward integration across nonuniform time domains. This is particularly important in systems with
impulses, hysteresis, or non-anticipative behavior, where backward-looking formulations are essen-
tial for the stability analysis and variational problems. In contrast, chain rules for delta derivatives
are forward-looking and more suited to initial value problems, feed forward control, and real-time
modeling scenarios. While both nabla and delta chain rules extend classical calculus to arbitrary
time scales, their physical interpretations and consequences differ: delta rules govern forward-evolving
processes, whereas nabla rules are essential for understanding systems driven by historical data or
backward-propagating dynamics.

In this paper, we first develop certain standard versions of the chain rules for nabla derivatives
in more general setup of measure chains. It is pointed out that we use a more careful analysis as
compared to that in [8,10] for developing the first version of the chain rule, taking into account that if
a function f is continuous in its domain and as s approached ¢, we may have f(s) = f(t), prompting us
to be careful with arbitrary division, paving way for another approach. In addition, the second chain
rule in Theorem 4.2 is strikingly different from its delta derivative counterpart. We then generalize
the standard version of the chain rule [8, Theorem 1.90] followed by another version instrumental
in leading to important consequences of the chain rule - namely the derivative of the inverse and
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the substitution rule. Motivated by [34], we generalize the chain rule [8, Theorem 1.90] for nabla
derivatives on measure chains which involve Fréchet differentiable functions and functions of several
arguments necessitating the existence of partial derivatives.

The rest of this paper is organized as follows: In Section 2, we give all necessary preliminaries that
are required and used throughout this paper. The Hilger type of differentiability are derived for nabla
derivatives in Section 3. In Section 4, we derive some standard versions of the chain rule for nabla
derivatives on measure chains, while the fundamental consequences of the chain rule — namely the
nabla derivative of the inverse function and the substitution rule are obtained in Section 5. In the
subsequent Section 6, the chain rules are generalized to a bigger class of functions on “larger spaces”.
The paper concludes by discussing the results obtained in Section 7.

2. PRELIMINARIES

In this section, we discuss the basic terminologies and some related examples. We start by defining
measure chains. These following definitions and results are taken from [1,2,8,34].

Definition 1. (Measure Chain) Let T be a given set. A triple (T, <,v) is called a (strong) measure
chain provided the following axioms hold:
(1) Axiom 1: For all p,q,r € T, the relation < satisfies the following:
(i) Reflexivity: p < p;
(ii) Transitivity: p<gand ¢ <r = p <r;
(iii) Antisymmetry: p<gand ¢<p = p=yg¢;
(iv) Total: either p < q or ¢ < p.
(2) Axiom 2: A nonempty subset of T bounded below has the greatest lower bound (i.e., the chain
(T, <) is conditionally complete).
(3) Axiom 3: For all p,¢,r € T, the mapping v: T x T — R satisfies the following:
(i) Cocycle property: v(p,q) + v(gq,r) = v(p,r);
(ii) Strong isotony: p > ¢ = v(p,q) > 0;
(iii) Continuity: v is continuous.
Remark 1. In a measure chain (T, <,v), if T is a closed subset of R, “<” is the usual order relation
on R, and v(p,q) =p — q for all p,q € T, then T is called a time scale.

We first introduce the forward and backward jump operators.

Definition 2. Let (T, <,v) be a measure chain. For ¢t € T, the operator o: T — T defined by
o(t) =inf{s € T: s > t} is called the forward jump operator.

Definition 3. Let (T, <,v) be a measure chain. For ¢ € T, the operator p: T — T defined by
p(t) = sup{s € T: s < t} is called the backward jump operator.

Definition 4. A point ¢t € T is said to be right-scattered, left-scattered, isolated, right-dense, left-
dense, dense accordingly if o(t) > ¢, t > p(t), p(t) <t < o(t), o(t) =t <supT, inf T < t = p(t), and
o(t) =t = p(t) respectively.

We now introduce the graininess functions on measure chains.
Definition 5. The forward graininess function p: T — [0, 00) is defined by u(t) = v(o(t),t).
Definition 6. The backward graininess function v: T — [0,00) is defined by v(t) = v(¢, p(t)).

Note 1. Because of the strong isotony property of v, both p and v are strictly positive at scattered
points.
Before we define the nabla derivative, we need the concept of T, operator to ensure uniqueness of
the derivative explained in Remark 2.
Definition 7. Let T be a time scale. If T has a right-scattered minimum m, then we define a new
set T as T, =T\ {m}. Otherwise, T, = T. That is,
T. — T\ [inf T,o(inf T)) if —oo <infT,
T if infT = —o0.



4 J. Z. LOBO, R. S. D’COSTA, S. K. PARMEKAR, S. G. GEORGIEV AND S. TIKARE

Definition 8. Let (T, <,v) be a measure chain and let X be the Banach space with norm || - ||. A
mapping ¢: T — X is nabla differentiable at ¢ € T, provided there exists ¢V (t) € X such that for
each € > 0 there exists a neighborhood N of ¢ such that
l¢(s) = ¢(p(t)) — &Y (t)u(s, p(t))|| < elv(s, p(t))|  for each s € N.

In this case, ¢V (¢) is said to be the nabla derivative of ¢ at t.
Remark 2. Suppose that inf T > —oo and ¢V () is defined at a point ¢ € T \ T,. Then the unique
point ¢t € T\ T, is inf T. Hence for any € > 0 there exists a neighborhood N = {t} of ¢ such that
d(p(t)) = d(s) = p(p(inf T)) = ¢(inf T), s € N. Then, for any a € X and for each s € N, we have

[¢(s) — @(p(t)) — av(s, p(t))[| = [|¢(inf T) — ¢(inf T) — av(inf T, inf T)|| < lv(s, p(t))]
Thus each a € X is the nabla derivative of ¢ if t ¢ T,.

Note 2. Throughout this paper, we shall denote T to be a measure chain (T, <,v) unless explicitly
stated that T is a time scale. Further, X will denote the Banach space with norm || - ||.

Example. Consider the time scale T = Né/z = {y/n:n € N}U{0}. Let t € T. Then t = /n for
some n € N. Here p(t) = sup{Vk € N(l)/zz k<n}=+n—1=+t?—1. This leads us to calculating
the backward graininess as v(t) =t — p(t) =t — V12 — 1.

Definition 9. A function ¢: T — X is said to be ld-continuous provided it is continuous at left-dense
points in T and its right-sided limits exist at right-dense points in T.

Definition 10. A function ®: T — X is said to be an antiderivative of ¢: T — X provided ®V (¢) =
¢(t) for all t € T,.

Definition 11. Let ® be an antiderivative of an ld-continuous function ¢. We define the indefinite
nabla integral of ¢ as [ ¢(t)Vt = ®(t) + C, where C is an arbitrary constant. Further, we define the
Cauchy nabla integral of ¢ by f; o)Vt = ®(q) — ®(p) for all p,q € T.

t v t t
Example. On the time scale T = Z, we find that (a +1) = oo’ _ 4t Thus we get [Vt =

a—1 a—1
at+

a—_ll + C, where C is an arbitrary constant.

Let Z(X,Y) denote the set of all bounded, linear and continuous operators from X to Y. The
concept of Fréchet differentiability is required for generalizing the chain rules. We present it below.

Remark 3. Let X and Y be normed spaces. By o(X,Y) we mean the set of maps r : X — Y for
which there is some map a : X — Y such that

(i) r(x) = a(z)||z| for each z € X;

(i) a(0) =0;

(iii) o is continuous at 0.
The elements of o(X,Y") will be called remainders.
Definition 12. Let ¢ be a function defined on an open subset U of a Banach space X into the
Banach space Y. We say that ¢ is Fréchet differentiable at x¢ € U provided there is L € Z(X,Y)
and r € o(X,Y) such that

d(x) = ¢(xo) + L(x — x0) + r(z — ), x€U.

The operator L will be called the Fréchet derivative of ¢ at xo. In this case, write F¢(xo) = L.

Remark 4. The Fréchet derivative is unique whenever it exists. Further, a linear combination,
composition and product of Fréchet differentiable functions is Fréchet differentiable.

Remark 5. A function ¢: U — Y is Fréchet differentiable at x( if and only if there is ®: U —
Z(X,Y) continuous at zy and for which

d(x) — p(xg) = (z)(x — x0), x€U.
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Definition 13. Let ¢ be a function defined on an open subset U of a Banach space X into the Banach

space Y. We say that ¢ is Gateaux differentiable at zy € U provided there is T' € £ (X,Y) such that
T tv) — o(x

i 20 +tv) — 6(z0)

t—0 t

=Tv

for every v € X. The operator T is called the Gateaux derivative of ¢ at xg. In this case, write
¢ (xo) =T.

Remark 6. Every Fréchet differentiable function is Gateaux differentiable, but the converse is not
true.

3. AUXILIARY RESULTS

In this section, we discuss some auxiliary results that are required for computing the nabla derivative
on measure chains.

Theorem 3.1. If ¢: T — X is nabla differentiable att € Ty, then it is continuous at t.

Proof. Assume that ¢ is nabla differentiable at ¢ € T, and let 0 < £ < 1. Define ¢* = W

Then 0 < * < 1. By the definition of nabla differentiability, there exists a neighborhood N (without
loss of generality, assume diam(N) < &*) of ¢ such that

[6(s) = d(p(t)) = &Y ()u(s, p(t)[| < e*[u(s, p(t))| for each s € N. (3.1)

Then using the cocycle property and (3.1), we see that

[6(t) = d(s)l = [I{e(t) — o (p(1) — v()e" (1)}
—{o(s) = o(p(1)) = v(s, p(t))dY ()} + v(t, 5)0" (¢)]
*fo(s, p(t))] + v (t) + [v(t, s)| [0 ()]
e u(s, t) + o(t, p(t))| + v (t) + [o(t, 5)[|o¥ (1)
e w(t) +v(s,t) + v(t) + ¢ (D))
e L+ [loV () + 2v(1)]
=e.

ININ A

N

As e > 0 is arbitrary this implies, lims_,+ ¢(s) = ¢(¢). Thus, ¢ is continuous at t. O

From ordinary calculus we know that if a function is continuous, then it may not be differentiable.
But the following theorem is a sort of converse of Theorem 3.1 which holds for the nabla derivatives
on measure chains.

Theorem 3.2. If ¢ is continuous at t € Ty, and t is left-scattered, then ¢ is nabla differentiable at t
with ¢V (t) = W'

Proof. Under the given assumptions, and by continuity, we have

o 90) = 0p(6)) _ 6(t) = $(p(t) _ (1) — 6(p(t))

sot (s pt)  w(te(t) v
Hence, for given € > 0 there exists a neighborhood V of ¢ such that

H o(s) — o(p(t)) — ¢(t) — ¢(p(t))
v(s, p(t

— H<5f0reaehs€V.

) v(t)

It follows that,
‘w(s) — 6(p(t))] - (W

Hence ¢V (t) = W. .

> v(s,p(t))H < elu(s, p(t))| for all s € V.
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Example. Let T = Z and let ¢(t) = 2, t € T. Since each point ¢ € T is left-scattered, by Theorem
3.2, we have

oY (t) =

o(t) —d(p(t) -2 -1 (t+V2-1)t-—V$?-1) r—
v(t) ot Ve—-1 t— V2 — 1 =t+viee-tL

The next theorem enables us to have an expression for the nabla derivative at left-dense points.

Theorem 3.3. Supposet € T, is left-dense. Then a function ¢ is nabla differentiable at t if and only
$(s) — o(t) b(s)=d(t)

. . v 1
o(s.1) exists as a finite number. Moreover, ¢V (t) = limg_,; oG

Proof. Assume that ¢ is nabla differentiable at ¢ and ¢ € T, is left-dense (i.e., p(t) =t). Let € > 0 be
given. Since ¢ is nabla differentiable at ¢, by definition, there exists a neighborhood N of ¢ such that

p(s) — o(t) — @Y (t)v(s,t)|| < elv(s,t)| for each s € N.

Zf limsﬁt

Then, it follows that 2S5 — 67 (1)[| < = for s € N with s # t. Thus, 67 () = lim, W
Conversely, suppose that ¢t € T, is left-dense and lim,_,; 7‘1)(2)(;?)(” = L exists. Then, given ¢ > 0 there

exists a neighborhood N of ¢ such that H% — LH < e. Since t is left-dense, it follows that

l6(5) — 3(p(t)) — Lu(s, p(t))]| < elv(s, p(t))] for each s € N,

which implies that ¢ is nabla differentiable and ¢V (t) = lim,_,; %f)(t) O

Remark 7. From Theorem 3.2 and Theorem 3.3, it follows that for a nabla differentiable function ¢,
we have ¢(p(1)) = 6(t) — v(t)6V (1), t € T,

4. STANDARD VERSIONS OF THE CHAIN RULE FOR NABLA DERIVATIVES ON MEASURE CHAINS

We begin this section by demonstrating why the chain rule from ordinary calculus does not carry
over to nabla derivatives. Precisely, if ¢,1: T — T are functions such that v is nabla differentiable
at t and ¢ is nabla differentiable at 1 (¢), then it may still happen that (¢ o)V (t) # ¢V (¥(t))YY (¢).
To see this, let T = Z and define ¢,v: Z — Z by ¢(t) =t = (t) for all t € Z. Then (¢ o 9)(t) = t*.
Since every t € Z is isolated, we have

oV sy = Lo)t) = (Pod)(p(t) _ (Poy)(t) = (oY)t —1) _ 15 40 _
(po9)™(t) = o) = P =413 — 6t + 4t — 1.
Further, ¢V (t) = 2t — 1 and therefore ¢V (1(t)) = 2t> — 1. Also, ¥V (t) = 2t — 1. Thus, we obtain
oV (W)Y (1) = 4t — 22 — 20 + 1 # 41> — 612 + 4t — 1= (po )" (1),

unless when ¢ = 3 or t = 1. Since t = § ¢ Z, we find that the known chain rule does not carry over
to nabla derivatives on Z \ {1}, in this demonstration. This brings us to having a chain rule for nabla
derivatives on measure chains. We present the “first version” of such a rule.

Theorem 4.1. (The Chain Rule I) Assume that ¢ : T — R is nabla differentiable on T, and ¢: R — R
is continuously differentiable. Then there exists ¢ in the real interval [p(t),t] such that

(dou)V(t) = ¢ (¥(c)V (1),
Proof. Consider the function 7 : R — R defined by
o(y) — oW (p) .
f t
=4 v—vemy VD
o' (¥(6)) if y=1v(pt)).
By the virtue of the mean value theorem and the continuity of ¥, n is well-defined as the existence of

¢ is guaranteed for each fixed ¢. Further, n is continuous at each such ¢ by the condition on ¢. Now,
we show that

(4.1)

(4.2)
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If 9(s) # ¥ (p(t)), then (4.2) becomes
¢(W(s)) = o(Y(p())) _ 6(¥(s)) — ¢ (p(1))) ¥(s) — ¥(p(?))

s —p(t) b(s) —(pt) 5= p(t)
If 4(s) = ¥ (p(t)), then using (4.1) in (4.2), we get
P(¥(s)) — ¢(¥(p(t))) P(s) = ¥(p(t))
s = p(t) s = p(t)
which on applying #(s) = ¥(p(t)), simply returns 0 = 0, validating the truth of (4.2). Since n and ¢
are continuous at each ¢, it follows that 7 o ¢ is continuous at ¢ and hence lims_,; n(¢(s)) = n((¢)).

This, by the definition of 7 in (4.1) together with the mean value theorem in ordinary calculus, gives
the existence of ¢ € [p(t),t] such that n((t)) = ¢'(1(c)). Thus

o(1(s)) — o(¥(p(t)))

= ¢'(1(c))-

b

(609)7(t) = lim

s—t s — p(t)
I
= l—ﬂf U(w( )) S — p(t)
= lim s)). lim M
= ‘lg—ﬁ,n(dj( ) i_,t s —p(t)
= &' (Y)Y ().

The following example illustrates this result.

Example. Let T = Z. Take ¢(t) = t*> = (t), t € T. We shall find a constant c¢ as in Theorem
4.1 such that (¢ o)V (3) = ¢'(¢(c))yV(3). We have already seen at the start of this section that
(pop)V(t) = 4t3 —6t2+4t —1 and ¥V (t) = 2t —1. Also, ¢'(t) = 2t. Then (¢ov))V(3) = ¢'((c))¥V (3)

implies that ¢? = $2 which yields ¢ = /22 € [p(3),3] = [2,3], as guaranteed in Theorem 4.1.

In the following chain rule, we relax the condition on ¢ being continuous on the whole of R. We
consider ¢: R — R and 9: T — R. The chain rule presented in Theorem 4.2 is not only an extension
of the chain rule introduced by P&tzsche in [25], to measure chains, but also corresponds to the nabla
derivative version.

Theorem 4.2. (The Chain Rule II) Let T be a measure chain. Suppose that ¢: R — R is continuously
differentiable and ¢ : T — R is nabla differentiable. Then ¢ o: T — R is nabla differentiable and

(o) (t) = {/ &' (W (p(t)) + 9V(t)wv(t))d9} DY (1)
0

Proof. Applying the substitution rule from ordinary calculus, we obtain

(@o9)(s) = (¢ o) (p(t) = d(¥(s)) — (v(p(1)))

P(s)
= / ¢ (T)dr
P(p(t))
= [¥(s) — ¥(p(1))] /¢'(9¢(5) + (1= 0)v(p(t)))do. (4.3)

Let t € T, and € > 0 be given. Since v is nabla differentiable at ¢, there exists a neighborhood N; of
t such that for each s € Ny

[U(s) = w(p(t) — ¥ ()u(s, p(t))] < *[v(s, p(t)], (4.4)
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where
€ €

12 f) ¢ (00() + (1 — 0)(p(t)de L +2[6( (1) — e((p(t)]
Moreover, as ¢’ is continuous on R, it is uniformly continuous on closed subsets of R, and since ) is

continuous (being nabla differentiable), there exists a neighborhood Nj of ¢ such that for each s € Ny
€

(4.5)

¢ (09(s) + (1 = 0)v(p(t))) — &' (0% (t) + (1 = 0)v(p(t)))] < O (4.6)
To see this, note that
[0(s) + (1= 0)(p(t)) — 00 (t) + (1 — O)b(p(t))] = Olib(s) — ¥ ()]
< th(s) — (1)
holds for all 0 < 0 < 1. Let s € N = N; N N,. For convenience, we put
a=0y(s)+ (1 —0)(p(t)) and B =6¢(t)+ (1-0)y(p(t)).
It follows from the definition of 5 that
1
¢'(B) &' (Y(p(t)) + Ov(t)yY (t))de. (4.7)
Joinm- [
Further, using the definition of § in (4.5), we get
1
, €
JECE= (48)
0
Also, from (4.6), we see that
1 1
/ / < S
0/ ¢'(a)dd < 0/ SO+ (4.9)

Therefore, using (4.3)-(4.4), (4.7)-(4.9), for s € N, we get

(@o9)(s) = (¢o9)(p(t)) —U(S»P(t))wv(t)/wﬁ)d@

= |6(6(5)) — S (p(t)) — v(s, p(t / ¢(8
1 ’ 1
= |[(s) - w(p(t)) / ¢/ (0)d0 — v(s, p(t / &(8
0 0
— {[(s) — w(o(t)) — &(0)d6 + o5, p(t)
! o [
< [(s) — $(o(t)) D)) / 16/ () B + [o(s, p(6) |67 (1) / 16 (a) — ¢/(8)|d6
0 0
*lu(s / e o(s Vo &
< <" fo(s, () L/Mﬁ)de”(&”'l/’v“)')] ol PO (O 5 e

< e*fu(s, p(t))| [ + 2(e* + [¢V(8)])

R I R L
= clv(s, p(t))|-
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Since € > 0 is arbitrary, it follows that
(o) (t)=vV (1) /¢ {/¢ )+ Ov(t W(t))de} wY ().

Let us now illustrate this version of the chain rule. Similar to [8, Example 1.91] we have the following.

Example. Let ¢: R — R and 1: Z — R be defined by ¢(t) = e’ and v(t) = t2. Then ¢'(t) = e’ and

WY (t) = %&)(t)) ¥(t) —1(t — 1) = 2t — 1. On one hand

O

{/¢ )) + Ov(t)yY (t ))d@}wv() (2t — 1 /exp (t—1)* +0(2t —1)]do
0

— (2t — Dexpl(t — 1)7] /exp[9(2t —1)]d

= exp[(t — 1)?][exp(2t — 1) — 1].
On the other hand
(@ o)V (t) = Vo(u(t) = (4(t) — d(v(t — 1))
= (1) — o((t — 1)?)
= exp(t?) — exp((t — 1)?)
= exp[(t — 1)%][exp(2t — 1) — 1].

Thus (60 %) (1) = { fy &' ((p(t)) + Ow(t)6 (£))d6 b v (1)

The following version has major consequences which are discussed in the next section. In this
version of the chain rule, we work with two measure chains with nabla derivatives on each of these
measure chains.

Theorem 4.3. (The Chain Rule I1I) Let (T,<,v) and (T, <,7) be two measure chains related by a
function g: T — T C R. Assume that f: T — R and that 0,0, V, V are backward Jjump operators and
nabla derivatives on T and T respectively. Suppose that g has the property that g(p(t)) = p(g(t)). If

g (t) and £ (g(t)) exist, then (f 0 g)¥ = (f¥ 0 g)g¥

Proof. Let ¢ > 0 be given. Define £* = 1+\gv(t)\i\f€(g(t))\' Then ¢* € (0,1). Since gV (¢) and fﬁ(t)
exist there exists neighborhoods N of ¢ and V' of g(t) on which

19(s) = g(p(t)) = ¢ (t)o(s, p(t))| < e*[v(s, p(t))] for each s € N, (4.10)

and

| (r) = £(Bla (1)) = ¥ (g(£)T(r, flg(1)))] < *[0(r, fg(1)))| for each r € V. (4.11)
Since g is nabla differentiable and t € T, it is continuous at ¢ and as such there exists a neighborhood
U of t such that s € U implies ¢g(s) € V. Now, put W = NNU and let s € W. Then s € N and
g(s) € V. Therefore, using (4. 10)—(4 11), we get

(Fo9)(s) = (f 0 9)(p(1) — £¥ (9(t)g" (1) (s, (1))

= 1£(9()) = Fla(p(®)) = 17 (g(®)i(g(s), Aa (1)) + I¥ (D) [Fg(s), 9(p(t))) — g7 (£)u(s, p(1))]
< £*[3g(s), 9(p())] + |17 (9)la(s) = g(p(t)) — g% (B)u(s, p(t))]

< £*[g(s) — g(p(t)) — g% (B)o(s, p(t)) + g% (Do (s, ()] + |17 (g(8)[[o(s, (1)

< e o(s, ()] + g7 (1) [o(s, ()] + 117 (9(#)Ju(s, p(0) [}
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< e {1+1g% @)+ 1£¥ (g} o (s, p(t))]
— elo(s, p(t))].

Since € > 0 is arbitrary, it follows that

We give an illustration of Theorem 4.3 in the following example.

Example. Let T = Ny. With the notations of Theorem 4.3, let g(t) = t2, T = g(T), and f(t) = 2t2+3.
Then, T = NZ and (f o g)(t) = 2t* + 3. Since each t € T is left-scattered, we have
og)(t)—(fo t
(709)7(0 = LEDOZLOOO) g0y pigfe— 1) = 800~ 1262 450 -2

To find the nabla derivative of f o g, we first calculate

g9(t) — g(p(t))
t—p()

gV (t) = —92t—1.

For N2, p(t) = (vt — 1)2. Then

= L FG0) 882 12+ 801/2 - 2
ORI - .

Thus f§(g(t)) = &371225#. Hence

(V¥ og)(t)g¥(t) = 83 — 122 + 8t — 2 = (f 0 9)V (¢).

5. CONSEQUENCES OF THE CHAIN RULE

In this section, we present two major consequences of Theorem 4.3, namely “the derivative of the
inverse” and “the substitution rule”.

Theorem 5.1. (Derivative of the Inverse) Suppose that g: T — X is strictly monotone and T = g(T)
is the induced measure chain with the jump operator p(z) = g(p(t)) for x = g(t). Then gop=pog

on T. Assume that t € T, such that gV (t) evists and (g7)V exists at x = g(t). Then gV (t) # 0 and

gvl(t) = (971>V(x)'

Proof. By Theorem 4.3, (f o g)V = (f% 0g)gY. Let f =g 1: T — T. Then

(97 09)¥ = (g7 0g9)g”
t¥ = (g 0 g)g¥
1= ((g7)Y 0 g)g".
This yields
1

O

Theorem 5.2. (Substitution Rule) Assume that g: T — X is strictly monotone and T = g(T) is a
measure chain. If ®: T — X is ld-continuous and g is nabla differentiable with ld-continuous nabla

derivative, then for a,b € T, f: d(t)gY (t)Vt = fgg(f))(<1> o g~ 1) (s)Vs.
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Proof. Since ® and gV are 1d-continuous, ®¢V is also an ld-continuous. So, it possess an antiderivative
¥. Then
b

b
/@(t)gv(t)Vt: /\IJV(t)Vt

a

9(b) -
~ [wogT(e)Ts
g(a)
g(b)
= /(\Ilvog_l)(s)(g_l)e(s)ﬁs (by Theorem 4.3)
g(a)
g9(b) -
— [ (@) 09 )T ()T
g(a)
g(b)
— [@og)¥s

g(a)

We shall now illustrate the usefulness of Theorem 5.2.

Example. Let T = N(lJ/Q. We shall evaluate fg(\/TQ —1+7)37Vr, t € T. We have scen earlier that
if ®(t) =12, then ®V(¢) = V2 — 1 +t. So we take g(t) = 2 and ®(t) = 3*°. The substitution rule
now allows the following computation

¢ ¢

/(er )37 Vr = /cb(T)gV(T)vT

0 0
2

- /(qmg—l)(T)%T
= jy%

2
3T+1

2

0
2
3+ _3

2
6. GENERALIZATIONS OF THE CHAIN RULE FOR NABLA DERIVATIVES ON MEASURE CHAINS

In this section, we suppose that (T,<,v) is a measure chain with backward jump operator p and
backward graininess function v*. Assume that X and Y are Banach Spaces and we denote the norm
on these spaces by || - ||. Let ¢ : T x X — Y. For a fixed zyp € X, we denote the nabla derivative of
@(t, o) by Vo(-,x0) and for a fixed ty € T, we denote the Fréchet derivative of ¢(to,x) by Fo(to,-).

Theorem 6.1. For fized tg € Tk, let : T — X and ¢: T x X — Y be functions such that ¢ and
o(-,¥(tg)) are differentiable at tg. Suppose the following conditions hold:

(1) Let U C T be a neighborhood of tg such that ¢(t,-) is differentiable for t € U U {p(to)};
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(2) Fé(p(to),-) is continuous on the line segment {1(to) — hv*(to)¥Y (to) € X: h € [0,1]};
(3) F¢ is continuous at (to, ¥ (to)).
Then F: T —Y defined by F(t) = ¢(t,¢(t)) is nabla differentiable at ty and

FY(to) = V(to, ¥(to)) + ( / Z¢ (p (to) — hv*(to)¥Y (o)) dh) ¥V (to).
0

Proof. We can choose a neighborhood Uy C U of ty such that for ¢t € Uy

v (to) < [v(p(to), 1)]. (6.1)
This is trivial if ¢o is left-dense (by choosing U = Up) and we can choose Uy = {t € U: p(to) < t} in
case tg is left-scattered. Define

Qt,h) = F ¢ (t,9(to) + h(W(t) —P(ty))) fort e Uy and h € [0,1]. (6.2)
Note that there exists a constant C > 0 such that
[€2(to, h) — Q(p(to), h)[| < Cv*(to) < Clv(p(to),t)|- (6.3)

This trivially holds when ¢, is left-dense. In case tq is left-scattered, we see that (%o, -) has constant
value Z ¢(to, ¥ (to)) € Z(X,Y) and since the mapping (p(to), -) is continuous on the compact interval
[0,1], it is bounded. From this and (6.3), we get

C = % sup [|Q(p(t0), M)l + ||-F o(to, ()| | -
v*(to) \ hefo.1)

Let € > 0 be given. Choose 1 > 0 and €5 > 0 such that

1G+c+l/mmmnym)+@@HQWWmW<ﬂ
0

Since ¥ and ¢(-,%(tg)) are differentiable at ¢, for 1 > 0 there exists a neighborhood U; C Uy such
that for for each t € Uy, the following hold:

() = ko)l < e1, (6.4)
() = ¥(plto)) — v(p(to). DY (ko) < exlv(plto). b,

[6(t, ¥ (to)) — ¢(p(to), ¥ (to)) — v(p(to),t) Vo(to, ¥(to))ll < erlv(p(to),t)]- (6.6)
Hence, for ¢t € Uy, using (6.1) and (6.5), we get

[4(t) — b (to)|| = 10 (t) — ¢ (p(to)) — v(p(to), )Y (to) + v(p(to), t)¢Y (to)
+ (p(to)) — (to)ll
< [[9(t) = ¢(p(to)) = v(p(to), )Y (to)|
+ [v(p(to), to) 19 (to) | + [[¢(p(to)) — ¥(to)l
<erlv(p(to), )] + 10Y (o) llv(p(to), )] + 14 (o) [lv* (o)
= (1 + 20V (to)ll) [v(p(to), t)]. (6.7)

Since v is continuous at ¢y and .Z ¢ is continuous at (to, ¥ (o)), keeping in mind (6.2), for any €2 > 0
there exists a neighborhood Uz C U of ¢ such that for each ¢ € U and h € [0, 1], we have

[€2(t, h) = Q(to, h)|| < e2. (6.8)
Hence, from (6.2), (6.4)-(6.8) for t € Uy N Us, we get

and

F(t) — F(p(to)) — v(p(to),t) (Vﬁb(to, U(to)) + /Q(P(to)a h)dhlﬂv(fo))
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= ch(t, P(t)) = dlp(to), P(p(ta))) — dlp(to), ¥ (to)) + ¢(p(to), ¥ (to))
— ¢(t,9(to)) + ot ¥ (t0)) — v(p(to), t) Vo(to, ¥(to))

1

/ o). Wl (1) ~ [ p(ta), b (0
0 0
)+ | Qp t) —(to))
!

< |lo(t, 9 (ta)) — d(p(to), ¥ (to)) — v(p(to),t) Vé(to,v(to))ll

+ / Q(p(to), W)dh(ib(t) — (to) — w(p(to), ¥ (f0))

; H¢<t,w<t>> — Blto, Blte)) — (S(p(te), (o(to))) — dlp(to)s (ko))

1
_ /Q(p(to),h)dh(w(t) —¥(to))

< [lo(t; ¥ (t0)) — ¢(p(to), P (to)) — v(p(to), t) Vo(to, 1 (to))ll

+ Qp h)dh

[e(t) = (to) — v(p(to), )0 (to) |

+ (to), h))dh(¥(t) — ¢ (to))

Z
fous

0
< llo(t, w(to)) d(p(to), ¥(to)) — v(p(to), t)Ve(to, P (to)) |

+1| | Qp(to), h)dh|| [ (t) — ¥ (te) — v(p(t), t)¥Y (to)]|

(2t k) = Q(to, h))dh|| [ (¥ (t) = P(to)) ]

< (sl (1+C+ /Q(p(to),h)dh
0

<elv(p(to), 1)l

Since € > 0 is arbitrary and using (6.2), we have

1) — ¢ (to))

S O~ °O—__

) +ez(e1 + 2IIW(to)II)) lv(p(to), 1)l

FY (to) = V(to, ¥(to)) + (/ F 6 (p(to), v (to) — hv*(to)v" (o)) dh) V¥ (to)-
0

Now we present a generalization of [8, Theorem 1.90].
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Theorem 6.2. Let (T, <,v) be a measure chain with backward jump operator p and backward grain-
iness function v*. Let ty € T, be fized such that ¢;j: T — R; j € {1,2,..., n} is differentiable at g

and ¢: T x R" — R defined by &(-,v1(to), ¥2(to),- - -, ¥n(to)) is continuous at tg. Let U C T be a
neighborhood of ty such that
(1) o(t,-..., -) is continuously differentiable for t € U U {p(to)};

(2) Vo(,91(-), ..., U (+)) is continuous at to;
(3) %(P(%% 1(p(to)), .-y Yi—1(p(to)), - Yjt1(p(t)), ..., P (p(t))) is continuous on the line seg-
ment {1;(t) + h(¥;(p(to)) —;(t)) e R: h € [0,1]}, j € 1,2,...,n, for allt € UU{p(to)};
(4) t%fj is continuous at (to, 11 (to), V2(to),- - -, U (to))-
Then F: T =R, F(t) = (t,1(t),va2(t), ..., ¥ (1)) is nabla differentiable at tg and

FY¥ (tg) = V(to, ¥1(to), Yalto) - .., ¥n(to))

1
+ ( %(p(to),wl(to) — hw* (to)y (to), a(to), . . ., wn(to))dh) WY (to)
0
+ (/a&i(/?(to) Y1(p(to)), Ya(to) — hv*(to)v2 (to)s- - - ¥n(to)) ) ¥y (to)
0
1
- (/ 8221 (p(to), ¥1(p(t0)); - - ¥n—-1(p(t0)); ¥n(to)) — (to)wi(to)dh) ¥Y (o).
0

Proof. For 6 > 0, small enough, let s € (tg — d,tp + ) N'T be such that s # p(ty) and p(ty) < s for
p(to) < tg. Then

F(p(to)) F(s)

¢(p(to), 1(p(to)), da(p(to)), -, ¥n(p(to))) — ¢(s,¥1(s), ¥a(s), -, Pn(s))
o (p(to), 11 (s), ¢2(3) ----- Pn(s)) — @(s,91(s), ¥a(s), ..., ¢bn(s))
+ o(p(to), v1(p(to)), ¥2(s), - -, ¥n(s)) — d(p(to), Y1(s), P2(s), - .., ¥n(s))
+ ¢(p(to), 1 (p(to)), v2(p(to)), - - - ¥n(s)) — ¢(p(to) Yr(p(to)), Ya(s), . - -, ¥n(s))
+
+¢( (to), ¥1(p(to)), v2(p(to)), - - -, Un(p(to))) — d(p(to), ¥1(p(to)), Y2(p(to)), - - -, ¥hn(s))
= o(p(t ) U1(8),P2(s), - Pnls) — d(s,¥1(s), ¥2(s), - .., Un(s))

5¢
o
0
x (P1(p((to)) — ¥1(s)))
1
¢
- (p(to), Y1(p(to)), Pa(s pto)) —a(s)], ...,
/%
x (2(p((to)) — 2(s)))

+ (p(to), 11(s) + Al (p(to)) — P1(s)], Pa(s), - .. ﬂbn(S))dh)

+

+...
+ ( S (plt0), b p(ta): nlplta)) - ) + Bl () - wz(s)])dh)
0
% (W (p((t0)) = (5)).



CHAIN RULES FOR NABLA DERIVATIVES ON MEASURE CHAINS

If p(tp) < to, then by the mean value theorem there exist &1,&2 € (p(to), s] = [to, s] such that

V(&1 91(5) Pa(s) -+, ¥n(s))(s = plto))
< @(s,91(s),a(s) ., ¥n(s)) — d(p(to), ¥1(s), Yals) ..., ¥n(s))
< Vo2, 91(s),1ha(s) - ¥n(s)) (s — p(to)),

and
Vo(to,1(s),¥2(s) ..., ¥n(s))
= SILHgO Vo€, 11(8),02(8) ..., ¥n(s))
~ fim B(5,91(8),92(8) ..., ¥u(8)) — dp(to), ¥1(s), ¥2(s) ..., ¥u(s))

s—to s — p(to)

< sli_glo Vo (€2, 11(s), ¥2(8) - .., ¥n(s))
- v¢(t07 ¢1(5)a ¢2(5) s 7wn(3))
If p(to) = to, then, by the mean value theorem, there exist £,& between s and ¢y such that
Vo (&, hi(s),¥2(s) ..., ¥n(s))(s — to)
S ¢(871/J1(3)»1/J2(5) s 7¢n(3)) - ¢(t07¢1(8)7¢2(8) cee 7wn(s))
< Vo(&2,¥1(s), th2(s) - .., ¥n(s))(s — to).

In this case, for s < tg, we have

Vo(to, 1(s), a(s) ..., ¥n(s)) = Sl_igﬂ_ Vo (&1, 11(s),¥2(s) -, ¥n(s))
B(s,91(5),1%2(8) ..., Pn(s)) — (to, P1(s),P2(s) ..., Pn(s))

> lim

5=ty §— tO
2 ligl* V(b(é-z, w1(8)7 /(/)2(8) e 7wn(s))

= Vo(to, U1(s),v2(s) ..., ¥n(s)),

and for s > tg, we have

Vo(to, Y1(s),¥2(s) .-, Pn(s)) = Slif?r Vo(&1,191(8),02(8) ..., ¥n(s))
P(s,91(8),%2(8) - -, ¥n(8)) — P(to, P1(8),¥2(s) - - -, Pn(s))

< lim
s—>153r s — tO
< liggr Vo(&2,191(8),02(8) ..., ¢¥n(s))

= Vo(to, ¥1(8),¥2(s) ..., ¥n(s)).

Moreover

lsn (( [ S plt0) 01 (0001 (00101 5(5) + W (1) — 5]

¥i(p(to)) — %‘(8))

= 1w | [ 2 olt0),va(plto)) - 51 p(t0))s45(6) + bl (1)) = 55
0

bia(s),-. ,wn<s>>dh) N <pp<2>> —(s)

15
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= </8?/Jj¢(p(to)7¢1(ﬂ(to)),~--,szj—l(p(to)),wj(to) + Al (p(to)) — 5 (to)],
0

¢j+l(t0)77wn(t0))dh) X ’(/}]v(to)a ,7 €l,...;n

Therefore
1 Flp(to)) = F(s)
s=to p(to) — s
i O0p(t0) (), a(s), - n(s)) = D5 (s), Y(s), - ¥ (s))
s—to p(to) — s
+ lim ( ( / f—ﬁm(tox 1 (s) + hlihr (plto)) — ()], ba(s), ..., wn<s>>dh)
0
Y1 (p(to)) — 1 (s)
T plto) — s )
+Slgrtlo((/§i<p<t>wl<p<to>> a(s) + o (p(te)) — ta(s)], -, bu(p(to))) h)
0
Ya(p(to)) — a(s)
T plto) — s )
+..
+ lim (( / p(t0), 1 (p(t0)), Yo (p(to)): - - - » hn(s) + Ao (p(to)) — (s >]>dh>
0
Ya(p(to)) — a(s)
T o) —s )

= Vo(to, ¥1(to), va(to) - .-, n(to))
1o}

l(ﬂ(to), P1(to) — ™ (to)y (to), P2 (to), - - - ﬂl)n(to))dh) ¥y (to)

Q

Q
¥

ai(ﬂ(fo)a%(fo(to))’%(to) - h’/*(to)@bzv(to)w'-M/}n(to))dh) ¥y (to)

+ /%(P(to),%(p(to))w-7%71(/)(150))7%(150)) —hV*(to)l/JZ(to)dh) Uy (to)-
0

Below is an illustration of Theorem 6.1.

Example. In accordance with the prerequisites of Theorem 6.1, take X =Y =R and T = kZ =

{kz: 2 € Z}, k> 0. Let ¢ : T x R — R be defined by ¢(¢t,x) = 22 and ¥ : T — R be defined by

¥(t) = t. Since ¢ is continuous and every to € kZ is left-scattered, we have 1V (tg) = W =1
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On one hand F(t) = (¢ o ¥)(t) = ¢(t,%(t)) = ¢(t,t) = t2. Therefore
F(to) — F(p(to))

FY(tg) = o)
_ F(to) — F(to — k)
k
=2ty — k. (6.9)
On the other hand
1
Vo(to, ¥ (to)) + (/ Zo(p (to) — hV*(t0)¢v(t0))dh) &Y (to)
0

1
:V¢<t0,t0)+ (/y(b(to—k,to—th'X 1)dh) x 1
0

1
:0+2/(to—hk) dh
0
___2{<m«—hkf]h‘1
2k he0
=2ty — k. (6.10)
This illustration verifies Theorem 6.1.

We now give an illustration of Theorem 6.2.

Example. let T = 2% U {0}. Define ¢: T x R? — R by ¢(t,1)1,12) = t + 11 + o, where ¢ (t) =t
and 15(t) = t3. Let tg € T, = 22U {0} and U be a neighborhood of to. Since F@(t,11,12) = (1 1)
exists and is a constant matrix, it follows that ¢(¢, -, -) is continuously differentiable for t € UU{p(to)}.

Next, Vo (t,91(t),12(t)) = 1 and hence is continuous at tg. Also, since ;—Qﬁ(p(to), a(tp)) = 1 and

6?2}2( p(to), ¥1(p(to)),) = 1, they are continuous on the line segment {v;(t) + h(¥;(p(to)) — ¥;(t)) €
R: he€[0,1]}, 7€ 1,2, forall t € UU{p(ty)}. Further, (%i are also continuous at (tg, 11 (to), ¥2(to))
for j =1,2. Let F(t) = ¢(t,91(t),¥2(t)) = 2t + ¢3. Then, for to € 2Z, we have

7
va0:2+1%, (6.11)
1/)1v(t0) =1,
7
wQV(tO) = Zt?)v

and

V(o 1 (t0), valto)) Uj MMM%WmmmﬂWm
0

+ (/;i(ﬂ(to)a%(ﬂ(to)),%(to) - hV*(to)TPQV(tO))dh) W3 (to)
0

7
:1+1+%<4)

:2+£%. (6.12)
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Also, for tg = 0, we have

FY(0) = h_I)% 28::83
=9, (6.13)
and
Vo(to, 1(to), va(to)) /% ), 11 (to) — hv* (to)y (to), w2 (to))dh | Y (to)
0
/ S (plt0). 1 (p(ta)) vatt) — b ()0 (1)) | 05 1o
0 2
14140
= 2. (6.14)

As (6.11) agrees with (6.12), and (6.13) agrees with (6.14), we see that Theorem 6.2 is verified.

7. CONCLUSION

In this paper, we have discussed different versions of the chain rule for nabla derivatives. Starting
with the preliminaries, some results required to establish the fundamental rules are built up. Suitable
examples are provided to understand the theory of nabla differentiation. We first establish three
versions of the chain rule on measure chains — an extension of chain rules for the delta derivatives on
time scales. To give a better understanding, the newly established chain rules are suitably illustrated
on time scales. We then generalize these chain rules in a more general setup by including functions
that are Fréchet differentiable. Two striking consequences of these chain rules have been deduced —
namely, the derivative of the inverse and the substitution rule for nabla integrals on measure chains.
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