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4,~-CONVERGENCE IN FUZZY NORMED SPACES

SEYMA YALVAC! AND ERDINC DUNDAR2*

Abstract. This paper is a study on ideal invariant convergence types and ideal invariant Cauchy
sequence in fuzzy normed spaces. In this sense, firstly, we defined the notion of .#,-convergence and
investigated the relationship between this new notion and invariant convergence in fuzzy normed
spaces. Also, we established a relationship between notion .#;-convergence and notion g-strongly
o-convergence in fuzzy normed spaces. Then, we defined .#}-convergence and by using the property
(AP), investigated the relationships between .#-convergence and .#,-convergence in fuzzy normed
spaces. Finally, we defined .#,-Cauchy sequence and .#)-Cauchy sequence and examined the some
relationships between the new notions in fuzzy normed spaces.

1. SECTION

Zadeh [38] was the first to propose the concept of fuzzy set, which describes imprecise phenomena
in the real world. In the sense of fuzzy, several concepts were redefined such as fuzzy number [10],
fuzzy calculus [17], fuzzy metric [16, 19, 23], fuzzy norm [2,5,14,20] and fuzzy topology [4,7,26].

Banach limit was given as a generalized ordinary limit [3]. Lorentz [25] defined almost convergence
with using Banach limit’s equality. Later, as a generalization of almost convergence, invariant conver-
gence has taken its place in literature thanks to some important studies [8,31,34].Moreover, statistical
invariant convergence types were studied by [27] and [37].

The notion of statistical convergence are based on the studies of Fast [13] and Steinhaus [35]. Some
important feature of statistical convergence were given in [6,15,32]. Kostyrko et al. [22] introduced
#-convergence, which is the generalization of statistical convergence. .#-Cauchy sequence was inves-
tigated by some author [9,29]. Ideal convergence was studied by Kumar and Kumar [24] on fuzzy
numbers sequences, by [12] on double sequences of fuzzy numbers by Hazarika [18] on fuzzy normed
spaces and by Kigi and Nuray [21]; Ulusu and Kisi [36] on sequences of sets. Also Nuray et al. [30]
and Diindar et al. [11] have taken invariant and ideal convergence together.

Now, let us look at basic notions. The following notions of ideal, filter, .#-convergence and .#*-
convergence are considered as given in [22].

Let U # (). A class . of subsets of U is said to be an ideal on U if and only if

)Pe s, i) K,M € . implies K UM € .#,iii) K € #, M C K implies M € .#.

& is called a nontrivial ideal if .# # () and U ¢ .#. A nontrivial ideal .# in U is called admissible
if {u} € & for each u € U. Then after, we let .# C 2N be an admissible ideal.

Let U # (0. A non empty class .Z of subsets of U is said to be a filter on U iff

)0 g .#, i) K,Me€.Z implies KNM € .Z,iil) K € %, KC M implies M € ..

If .# is a nontrivial ideal in U, U # 0, then the class # (&) ={F c U : (3K € #)(F =U\K)} is
a filter on U, called the filter associated with 7.

A sequence x = () is said to be .#-convergent to L if and only if for every e > 0 A(e) = {n € N:
|z, — L| > €} € #. In this case, we write ﬂ—nlgngo x, = L.

A sequence x = (z,,) is said to be .#*-convergent to L if and only if there exists a set M € .Z (i.e.,
NMe ), M ={m <mg <---<my <---} C N such that klim T, = L.
—00
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An admissible ideal .# C 2 satisfies the condition (AP) if for every countable family of mutually
disjoint sets {K1, Ko, ...} belonging to .# there exists a countable family of sets {Mj, Ms,...} such
that K;AM; is a finite set for j € Nand M = |J;2, M; € .7 [22].

A sequence x = (z,,) is said to be .#-Cauchy sequence if for every € > 0 there exists N = N(¢)
such that A(e) = {n e N: |z, —ay|>c} € 7 [I].

A sequence z = (x,,) is said to be .#*-Cauchy sequence if there exists a set M € .Z (i.e., N\M € .¥),
M ={m; <mg <---<my < -} C Nsuch that the subsequence z5; = (2, ) is an ordinary Cauchy
sequence, i.e., kEI_I} [Ty, — Tm, | = 0 [29].

Let o be a mapping of the positive integers into itself. A continuous linear functional ¢ on the
space of real bounded sequences ({,) is an invariant mean (o-mean) if following axioms are satisfied

(1) ¢(z) > 0, when the sequence x = (z,,) has x,, > 0 for all n,

(i1) ¢p(e) =1, where e = (1,1, 1...),

(ii1) P(To(n)) = P(z), for all x € L.

The mapping o is one-to-one and satisfied the condition ¢™(n) # n for any positive integers n
and m, where c™(n) denotes the m-th iterate of the mapping o at n. Invariant mean, ¢, is a
generalization of the limit functional on the space of convergent sequences. The sequence is called
invariant convergent when its invariant means have the same value. If o(n) = n + 1, the o-mean is
Banach limit and invariant convergent is almost convergent [34].

A bounded sequence x = (z,) is said to be invariant convergent to the number /¢ if and only if
To(n)tTs2 () T+ Tom (n) 134]

lim t¢,,, = ¢ uniformly in n, where t,,, =
m— o0

Let K CN,

m

Sm = mgn |K n{o(n),o*(n),...c™(n)}| and S, = max |K n{o(n),o?(n),...c™(n)}.

If the limits ¥ (K) = n}gnoo fmoand ¥(K) = n}gnoo 57;; exist, then they are called lower and upper
o—uniform density of K, respectively. If #(K) = #(K), then ¥ (K) = ¥ (K) = 7 (K) is called the
o—uniform density of K [30].

In the case o(n) =n+ 1, ¥ density become the definition of uniform density w in [1].

Denote by .#, the class of all K C N with ¥(K) = 0.

Let .#, C 2N be an admissible ideal. A sequence z = (x) is said to be .#,-convergent to the
number L if for every e > 0 A. = {k : |z, — L| > ¢} € F,; ie, V(A:) = 0. In this case, we write
fg — limk =L.

Let .7, C 2% be an admissible ideal. A sequence x = (z},) is said to be .#}-convergent to the
number L if there exists a set M = {m1 < mg < ---} € F () such that klggo Zm, = L. In this case,
we write £ — limy, = L [30].

Now, the concepts and definitions given below are available in references [19,28].

A fuzzy number p is a fuzzy set provided that

(7) w is normal, i.e., there exists a to € R such that u(tg) = 1;

(#9) p is fuzzy convex, i.e., p(ct + (1 —¢)s) > min{pu(t), u(s)} for any t,s € R and 0 < ¢ < 1,

(#i1) p is upper semi-continuous,

(i) cl{t € R: p(t) > 0} is a compact set.

The set of all fuzzy number is denoted by L(R). R is included by L(R) since each r € R can be
written as fuzzy real number 7 with 7#(k) =1 if k =r and 7(k) =0 if k # r.

For p € L(R), the a-level set of y is defined by

. :{{teR:u(t)za}, ae(0,1],

cd{t e R:pu(t) >a}, a=0.

The a-level set of a fuzzy number denoted by [u]s, = [u5, #t] is a non-empty, bounded and closed
interval for each o € [0, 1]. Also p; = —o0o and uf = co are admissible.

If 4 € L(R) and p(t) = 0 for ¢ < 0, then p is called a non-negative fuzzy number. Let L*(R) denote
the set of all non-negative fuzzy number. Clearly, 0 € L*(R).
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The partial ordering < on L(R) is defined by p < 5 iff p, <, and pf < nt, for all a € [0,1] and
all u,n € L(R).

Let pu,n € L(R). Arithmetic equations are defined by

(1) (p@n) () = supsep{p (s) An(t - s)}, t€R,

(#0) (1 ©n) () = supsersroip () An(t/s)}, t € R, i

(ii1) For ¢ € RT, cu is defined as cu (t) = p(t/c) and Op (¢) =0, t € R.

Let u,n € L(R) and [u]o = [, 1F], [Me = [n5,m2]. Arithmetic equations in terms of a-level sets
are defined by
() [n®nla = lug +ng, 08 +n3], (@) WO, = lugng, 1w nd], mn € L*(R),
[eps ,cul], ¢ >0,
) leptle = clile =1\ it ez, e <0
The supremum metric on L(R) is defined by D (u,n) = sup max{|uy —n5 |, |ud —nt[}. D (1, 0) =

0<a<1

ug |y D (1,0) = il it w e L*(R).

A sequence (p,) in L(R) is called convergent to p € L(R) denoted by (D) — lim p, = p if
n—oo

sup max{|ug ]|, |ud |} = max{|ug |,
0<a<l1

lim D(pn, 1) = 0, i.e., for all given € > 0 there exists N € N such that for all n > N, D (pn, 1) < €.
n—oo

Felbin defined the following fuzzy norm [14], which is the basis of this study, using Kaleva and
Seikkala’s metric [19].

Let U be a vector space over R, ||.|| : U — L* (R) and the mappings L, R : [0,1] x [0,1] — [0,1] be
symmetric, nondecreasing in both arguments and satisfy L (0,0) =0 and R(1,1) = 1. The quadruple
(U, ]I, L, R) is called fuzzy normed linear space (FNS) and |.|| is a fuzzy norm if the following
axioms are satisfied

(@) ||ul| =0iff u=20, (i) ||cu| = |c|||lu| for u € U, ¢ € R,

(#4i) For all u,v € U,

(@) l[u -+l (s+1) > L(ull (), 0] () , whenever s < Jully , ¢ < |loll} and s+ < u+ o],
(b) lu+v| (s+1t) < R(||lul|(s), ||v]| (t)), whenever s > ||ul|; , t > |jv]|; and s+ > [lu+ v .

When L = min and R = max are taken in above (ii%), triangle inequalities become ||u + v||, <
July + llollz and Jlu+ollf < flullf + Jof forall a€(0,1] and wveU. And, ul; and ulf
have the properties as ordinary norms on U. From now on, let (U, ||.||) be a fuzzy normed linear space.

Example. Let (U, ||.||) be an ordinary normed linear space. Then, a fuzzy norm ||.|| on U can be
obtained as;
0, if 0<t<allulls or t>0b|ulq,
t .
lull ©) =3 w=amar; ~ e I allulle <t <llullc,
b

_t .
oomars T i lulle <t <blulle,

where |[ul| is the ordinary norm of u (#6), 0 <a < 1and 1 <b < co. For u = 6, define |jul| = 0.
Hence, (U, ||.]]) is a fuzzy normed linear space.

Let us consider the topological structure of an FNS (U, ||.||). For any € > 0, € [0,1] and u € U,
the (¢, a)— neighborhood of u is the set A, (¢,a) :={v € U : ||[u —v||f <e}.
A sequence u = (uy,) in U is said to be convergent to £ € U with respect to the fuzzy norm and we

denote by u, =5 ¢, provided that (D) — lim ||u, — £|| = 0, i.e., for every & > 0, there exists N € N
n—o0

such that for all n > N, D(|jun, — £||,0) < . This means that for every & > 0 there exists N € N such
that for all n > N, sup [u, — €] = |lun — €] < e. In terms of neighborhoods, for all & > 0, there

ael0,1
exists N € N such that for all n > N, u,, € A7 (g,0).
A sequence u = (uy,) in U is said to be invariant convergent to ¢ with respect to fuzzy norm and
denoted by u, ZEN ¢ if (D) — lim |[t;un — £|| = 0, uniformly in n. Namely, since D(||tyn — £|,0) =
m—r 00

sup |tmn —LIE = [tmn —LI§, Hm |[tmn —€||g = 0, uniformly in n. So, for every £ > 0, there exists
a€l0,1] m—00
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mo € N such that for all m > mg and every n € N, |t,n, — £]|§ < . In terms of neighborhood, for
every € > 0, there exists mg € N such that for all m > myg, t;, € A2(g,0), uniformly in n [37].

The sequence u = (u,) in U is said to be g-strongly invariant convergent to ¢ with respect to fuzzy
norm (0 < g < o0) if

1S - 1 &
W}grm; (D (ltgr(my — £],0)) = JE%OEI; (it ny — £1)* =0,

—FN
uniformly in n. This convergence is denoted by w,, [U—> la L.

2. MAIN RESULTS

Definition 1. The sequence u = (u,) in U is said to be .Z,-convergent to ¢ with respect to fuzzy
norm if for every € > 0,

K(e)={neN:|u, -l > ¢} € 7,
that is, 7 (K (e)) = 0. This convergence can be written as

— 1 —YF =
Io nh_)ngo”un g =0

and denoted by u, 775" ¢.

Theorem 2.1. Let u = (u,) be a bounded sequence in U. If u is S-convergent to £ with respect to
fuzzy norm, then u is invariant convergent to £ with respect to fuzzy norm.

Proof. Assume that the bounded sequence u = (uy,) is .#,-convergent to ¢ with respect to fuzzy norm.
We can write

1 & i 1 & "
EZuok(n) —/ < EZHUU}C(")_ZHO
k=1 0 k=1
1 - +, 1 . *
= — Y Nuwew—tit— D e —
\luc,k(,:c):—l@H(J)rZ& |\“gk(7f;:_1€|‘§<5

< lM]fnax‘{l <k <m:||ugk(n) —£||O+ 25}‘—#5
m n

Sm
= M—+c¢
m

for some M > 0, because of boundedness. Since u is .%,-convergent to ¢ with respect to fuzzy norm,
ie.,

Y
lim == =0,
m—oo M
we have
1 & !
. + 4. L _ _
W}gnoo‘ltmn —KHO _77}2}100 mzu’ak(n) ¢ =0,
k=1 0
uniformly in n. Hence u is invariant convergent to ¢ with respect to fuzzy norm. O

The converse of previous theorem does not hold. For example the sequence u = (u,,), defined by

| 1, if n iseven,
tn = 0, if n isodd,

1
is invariant convergent to ok but it is not .#,-convergent with respect to fuzzy norm when o(n) = n+1.



Z5--CONVERGENCE IN FUZZY NORMED SPACES 5

Theorem 2.2. Let u = (uy,) be a sequence in U and 0 < ¢ < 0.
] Fo—FN

(i) If u, o2 EN § then up T AL
(i1) If u is bounded and u, Yo EN 0 then uy, o2y,

(ii1) w is bounded then u, BNy if and only if uy, lo=F o

Proof. (i) Suppose that the sequence u = (uy,) is g-strongly o-convergent to ¢ with respect to fuzzy
norm, 0 < ¢ < oo and € > 0. Then, we can write

S (o) = 5 X ()’

gk (y —2llg =€

1
> et {1 <k <m:fugren — €y >
1
> Equnglgkgm:Huak(n)—EH(—;—)s}’
e
m

for every n € N. Since

k=1
uniformly in n, we obtain that
S,
lim —= =0
m—oo M

So, u is . -convergent to ¢ with respect to fuzzy norm.
(ii) Assume that the sequence u = (u,) is bounded and .#,—convergent to ¢ with respect to fuzzy
norm. So, there exists M > 0 such that for every m,n € N,

[tgm my = g < M
and we have
7 ({meN: uonim — €y 2}) =0.
Let 0 < ¢ < o0 and € > 0. We know that

a2 (=) = 5 2 (o)’

Huok(n)*@l\gzs
m

b (e 41’

k=1
|\u0k<n)—€\|3r<s

IN

iMmax({l <h<msugn — €y > e}| +e

m n

for every n € N. Since

we obtain that
m

1
; +\9 _
m e > (ltormy = I3)* =0,
k=1
uniformly in n. Therefore, u is ¢g-strongly invariant convergent to ¢ with respect to fuzzy norm.
(iii) This is a consequence of (i) and (ii). O
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Definition 2. The sequence u = (u,) in U is said to be ZF-convergent to ¢ with respect to fuzzy
norm, if there exists aset F'={n; <na < --- <ng < ---} € F(S) (e, IH =N\ F € ;) such
that

lim |Ju,, — |3 = 0.
b o0 ” Nk ”0

. . Fr—FN
This convergence is denoted by u,, — £.

I —
Theorem 2.3. Let 7, be an admissible ideal and u = (u,) be a sequence in U. If uy, "—I;N l, then

Iy—FN
Uy L.

Proof. Assume that the sequence u = (uy,) is .#-convergent to £. Then, there exists a set F' = {ny <
ng < ---<np<---}e€F(F) (ile,IH =N\ F € .#,) such that

Jim o, — £ =0
Namely, for every € > 0, there exists kg € N such that for every k& > kg,
[un, = Lllg <e.
Then,
K()={neN:|u, —L|f >e} CHU{ni,ng, - ,ng,}-
Since .7, is admissible ideal,
HU{ni,na, Ny} € o
Therefore, by definition of ideal K(g) € ., and so u is .#,-convergent to ¢ with respect to fuzzy

norm. O

To be hold the converse of the theorem, it is needed (AP) condition.

Theorem 2.4. Let .7, be an admissible ideal with the property (AP) and u = (u,) be a sequence in
Fr—FN ;o
U. Then, u, — £ if and only if u, So KN,
Fr—FN _

Proof. Let u = (uy) be a sequence in U. We have that if u,, = ¢, then u, o KN £, by Theorem
2.3.

Now, assume that the admissible ideal .7, satisfies condition (AP) and u is .#,-convergent to £
with respect to fuzzy norm. Then for every ¢ > 0,

K(e)={neN:|u, -l >¢c} € 7.
Take the following sets

1 1
Ki={neN:|u, (|5 >1} andKi—{neN:,l>||un£||3'2,},
i— i

for i > 2. Obviously K; N K; = () for i # j. By condition (AP), for the sets {K1, K>, ...} belonged to
S5, there exists sets { My, Ma, ...} such that K;AM; is a finite set for any j € N and

M:GMjGﬂg.

j=1
We need to prove that for =N\ M and all n € F,
. - + _
TlLinoo [un —£€llg = 0.

For any n > 0, choose t € N such that tJ%l < 7. Then,

41
1
{neN:|u, —§ =n} C {nEN: un — £l|d > H—l} :Jng.
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Since K;AM; is finite set for j = 1,2,..,¢ + 1, there exists ng € N such that

t4+1 t+1
UMj N{neN:n>np}= UKj N{neN:n>np}.
Jj=1 j=1

Namely, when n exceeds some fixed ny,

t+1 t+1
U M; = U K;
Jj=1 j=1

Ifn>mnpand n € F(i.e.,n ¢ M =N\ F), then

t+1 t+1
ngéUMJ and so ngéUKj.
Jj=1 j=1

1

Then, we have |u, —£||§ < T

< n. Therefore, we conclude that
. _ + _
Tim_u, — (] =0,
nel

ie., uis ) -convergent to /. O

Definition 3. Let .#, be an admissible ideal. The sequence u = (u,,) in U is said to be .#,-Cauchy
sequence with respect to fuzzy norm if for every € > 0, there exists N such that

K(e)={neN:|u, —uy|§ > ¢} € 4,
that is, ¥ (K (e)) = 0.

Definition 4. Let .7, be an admissible ideal. The sequence v = (u,,) in U is said to be .#}-Cauchy
sequence with respect to fuzzy norm if there exists a set F = {n1 <ng < - <ng < ---} € F(I,)
such that
: + _
k.,lllinoo Hunk — Un, ”0 =0.

Following theorems show relationships between .#,-convergence and .#,-Cauchy sequence, between
4,-Cauchy sequence and .#-Cauchy sequence in fuzzy normed spaces. These theorems can be proved
like in [9,29], these theorems are given without the proof.

Theorem 2.5. Let 7, be an admissible ideal. If the sequence u = (uy,) in U is Z,-convergent to any
value, then u is S5-Cauchy sequence with respect to fuzzy norm.

Theorem 2.6. Let .7, be an admissible ideal. If u = (u,) in U is Z-Cauchy sequence with respect
to fuzzy norm, then u is Z,-Cauchy sequence with respect to fuzzy norm.

Theorem 2.7. Let .Z, be an admissible ideal with the property (AP). If u = (uy,) in U is Z,-Cauchy
sequence with respect to fuzzy norm, then u is £} -Cauchy sequence with respect to fuzzy norm.

3. CONCLUSION

In this paper, the definitions of ideal invariant convergences in fuzzy normed spaces are given and
their properties and relations with each other are analyzed. As a new field of study, fuzzy norm space
and ideal invariant convergence are expected to inspire many future studies.
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