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VARIATIONAL AND NUMERICAL ANALYSIS OF A DYNAMIC
THERMO-VISCOELASTIC CONTACT PROBLEM WITH NORMAL
COMPLIANCE FOR A LOCKING MATERIAL

MUSTAPHA BOUALLALA2* AND EL-HASSAN ESSOUFI?

Abstract. This work is devoted to the study of a dynamic frictional contact problem between an
ideally locking thermo-viscoelastic material and a thermally conductive foundation. The contact is
described by the normal compliance condition, and the friction is modeled by the non-local Coulomb’s
friction law. The mathematical model of the dynamic process is presented, and the variational
formulation is derived. The existence and uniqueness of the weak solution are established. We study
the continuous dependence of the solution on the friction coefficient as well as on the initial data of
displacement and temperature. Finally, we introduce a fully discrete finite element scheme for the
variational problem and derive error estimates for the approximate solution.

1. INTRODUCTION

The term ’locking material’ refers to a physical phenomenon where the deformation of a material is

hindered or halted upon encountering an obstacle or reaching a specific threshold. In this case, the
material can no longer be distorted independently of the force. Changes in stress occur that are not
accompanied by corresponding changes in deformation.
Recent advances in the modeling of a differential variational-hemivariational inequality and a gener-
alized nonlinear quasi-hemivariational inequality in the context of an optimal control problem can be
found in [32,33]. The application of generalized quasi-variational inequalities, particularly those in-
volving generalized sub-differentials in the Clarke sense, has been observed in various domains. Refer
to [9,33,34] for further details.

The first studies of variational problems with locking materials initiated, by Prager, are cited in
[21-23], and developed by F. Demengel and P. Suquet in [13,14]. Bourichi et al. addressed a penalty
method for an elastic-locking material in a unilateral contact problem with friction, as discussed in [7].
The mathematical model of an elastic locking material with memory was considered in reference
[25]. Recently, in [16], the authors have introduced a new model of a contact problem involving an
electroelastic-locking material in friction with a conductive foundation.

In [11,18], mathematical models describing the dynamic frictional contact between a thermo-viscoelastic
body and a rigid foundation were studied, and more recently in [3]. Elliptic variational and hemi-
variational inequalities for the displacement field, arising in various types of contact problems with
friction for elastic and viscoelastic materials, can be found in [16,19]. The references [1,24] provide
models for ideally locking materials.

Several papers investigating numerical analysis schemes and their error estimates for the dynamic and
quasi-static contact problem, with or without friction, were studied in [4-6,8, 10].

In this paper, we study the mathematical and numerical analysis of a novel dynamic contact problem
for a thermo-viscoelastic ideally locking material with a thermally conductive foundation. Deformation
is limited by a positive constant, beyond which the body becomes extremely rigid, causing blockage
while the stress and temperature continue to rise. As temperature has an impact on displacement, the
locking effect is influenced by it.This model incorporates the subdifferential of the indicator functions,
introducing the key novelty of considering the locking effect caused by the temperature intensity.

1991 Mathematics Subject Classification. 74D05, 74M15, 47J20, 49J40 , 37C25, 74S05.

Key words and phrases. Thermo-viscoelastic. Locking material. Normal compliance. Coulomb’s friction. Variational
inequality. Banach fixed point. Finite element method. Error estimate.

*Corresponding author.



2 MUSTAPHA BOUALLALA AND EL-HASSAN ESSOUFI

Furthermore, the temperature field will be constrained to belong to a specific convex set. In this
context, the Fourier law of heat conduction is expressed in the following form:

@n(t) € = VO(t) — 0Ip(VO(t)) in Q x (0,T), (1.1)
where B is the closed convex set defined by
B = {8 € L*(Q), ||Bsl < Ms}. (1.2)

This new model leads to a complex system of a dynamic quasi-variational nonlinear inequality, and
a second parabolic variational nonlinear inequality. The difficulties in solving this problem lie in the
coupling of the viscoelastic and the thermal aspects, as well as in the non-linearity of the boundary
conditions. In addition, we get a non-linear terms that is hard to deal with in continuous and discrete
cases.

The contact is modelled by the penalized normal compliance condition with the parameter of pe-
nalization e. The friction is described by Coulomb’s law. We derive the existence and uniqueness
of the weak solution, the proof is established on the quasi-variational inequalities and Banach fixed
point theorem. We prove the dependence of the solution on the friction coefficient and its convergence
result. Likewise, we present the discrete problem using the finite element method and a backward
Euler finite difference. We establish the convergence of its solution through a proof.

The rest of the paper is structured as follows. Section 2 presents the model for our dynamic frictional
contact problem, including the non-linear thermo-viscoelastic-locking constitutive law, equilibrium
equation, and boundary conditions that describe the material’s behavior. In section 3, we list the
notations and assumptions on the problem’s data. Additionally, we derive its variational formulation.
In section 4, we present the proof of the weak solvability. In section 5, we study a contact problem for
thermo-viscoelastic with a small perturbation of the friction coefficient, and we establish a convergence
result. In section 6, we analyze a fully discrete scheme, and we derive related error estimates. Finally,
in the Appendix, we recall some analysis results.

2. A MATHEMATICAL MODEL OF CONTACT

We consider a locking body which initially occupies an open bounded domain Q C R? for d = 1,2, 3.
The boundary I' of the domain €2 is assumed to be Lipschitz, and is divided into three disjoint
measurable parts: I'p, 'y and T'¢ such that meas(T'p) > 0. Let T > 0 be the time interval of
interest, [0, 7], and let p: © — RT represent the mass density of the body.

The body is clamped on I'p x (0,7"), resulting in a vanishing displacement field in that region. The
body is acted upon by a volume force of density fy in © x (0,77), and a volume thermal of density
qo- It is also subject to a surface traction of density f; on 'y x (0,7). On I'¢ the body may come
into contact with a thermally conductive obstacle, the so called foundation. We assume that its
temperature is maintained at 8r. The normalized gap between I'c and the conductive foundation is
denoted by g.

We use S? to denote the space of a second-order symmetric tensor on R? while ”.” and ||| will
represent the inner product and the Euclidean norm on R? and S%, that is for all u, v € R?, and for
all o, 7 € S%,

wo = uv;, vl = (v.v)%, and 0.7 = 0.7, |7 = (T.T)%,

where the indices i, j run between 1 and d, the index that follows a comma indicates a partial derivative

with respect to the corresponding component of the spatial variable, e.g. u; ; = g;‘?.
J

We denote by u : Q x (0,7) — R? the displacement field, by o = (0;;) : © x (0,7) — S%, the stress
tensor, by qin = (qin,) : 2 x (0,T) = R the heat flux vector, and by £(u) = (g5;(u)) = 5 (us; +uj.;)
the linearized strain tensor.

Here and below, Div denote the divergence operators for tensor and vector valued functions, i.e.,
Div(o) = (0i5,5), and div(qin) = (qin, ;) represents the vector valued functions.

Moreover, v = (v;) denotes the outward unit normal at T, and w, = u.v, u; = u—u, v are the normal
and tangential components of w on I'. Also, 0, = (ov).v, 0, = ov— o0,V are the normal and tangential
stress on I', respectively.

Under the previous assumptions, we are in a position to introduce the formulation of the contact
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problem.

e Problem (P): Find a displacement field u : 2x]0, T[— R?% and a temperature field 6 : Qx]0, T[— R

such that

Where Ip—4 p is the indicator function defined by

in the closed and convex set A and B defined, respectively by

o(t) € Ce(ult)) + Fe(ult)) — 0(t)A + dLa((u(t))) in Q x (0,T), (2.1)
gn(t) € —#VO(t) — dIp(VO(L)) in Q x (0,T),

pii(t) = Div o(u(t)) + fo(t) in Q x (0,T), (2.
0(t) 4 div(gn(t)) = qo(t) in Q x (0,T), (2.4
u(t) =0 on I'p x (0,7), (2.5)
0(t)=0 on (I'yvUTp) x (0,T), (2.6)
o(t)v = f1(t) on T'y x (0,7, (2.7)
uw(0,x) =g, 4(0,x) =g, 0(0,2) =0y in £, (2.8)
o0 (s(t) ~ 9) =~ () — g, >0 on Te x (0,7), (2.9)
lor (O < ulllur @) Row (ult)), -
(1) 0= 72(0) = O D e )| =it [ O T D 210
= ke(un (t) = 9)¢L(0(t) — 0F) on T'e x (0,7). (2.11)
Ip(a) = { (—]i—’oo, éi}?efwie, (2.12)
A={Ba €S, ||Ball < Ma}, (2.13)
B ={fp € L*(Q), |85l < Mg}. (2.14)

We recall that equations (2.1) and (2.2) represent the thermo-viscoelastic constitutive law of a locking
material. In these equations, . = (fiju), € = (cijmi), A = (myj), and A& = (k;;) correspond to
the elastic tensor, viscosity tensor, thermal expansion tensor, and thermal conductivity tensor, re-
spectively. Equations (2.3)-(2.4) are, respectively, the equation of motion and the Fourier law of heat
conduction. Conditions (2.5) to (2.7) represent the displacement, traction, and thermal boundary
conditions. The initial conditions are specified by equation (2.8). Furthermore, equation (2.9) repre-
sents the normal compliance contact condition on I', where € > 0 denotes the penalty parameter.
The Coulomb’s law of friction is considered in relation (2.10) where p is the coefficient of friction and
R is a regularization operator. The function R can be selected as the convolution product with a
regular function w, which corresponds to a non-local friction law, as described in [12].

and

Ro () = /w(||a: ~ 2)o(2)dz,

el

2

e a if ||z < o

. ex _—

w(z) = P2l = a2 =
0

it |z]| > a.
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—+oo
The normalization constant w is determined such that / w(z),dz = 1, where w(z) is the regular
— 00
function. Additionally, « represents a length that characterizes the geometry of the material’s asper-
ities.
Finally, the equation (2.11) represents the regularized thermal condition, as described in [15], such
that

—L if s < —L )
i ’ ke(r) =0 if <0

= _ < < c ,
o Z ﬁ Ls_>SL_ b and { ke(r)>0 if r>0,

where L is a large positive constant.

3. WEAK FORMULATION

In order to present the variational formulation of Problem (P), we require some additional nota-
tion and preliminary concepts. Let X be a Banach space, we use the classical notations for the spaces
LP(0,T;X) and WP (0,T; X) where 1 < p < 0o and k = 1,...; endowed with the norm

T
Il ) = [ Tl
0

We introduce the following functional spaces
H=L*Q)"={u=(u); u; € L*(V)}, H = H(Q)",
H={r=(m;) |1 =11 € L*(V)}, 4 ={0c€H|DivoceH}.

These spaces are real Hilbert spaces equipped with inner products corresponding to the associated
norms defined as follows:

WWHZ/WMWJ%@mZWMH+MWdW%a

Q
(0,7)r = /Uijnjdx, (u, ) = (0,T) ¢ + (Div o,DivT),,,
Q
and the associated norms ||.||g, ||-||&,; ||-]l22 and ||.||s4 , respectively.

Let Hr = H%(F)d and v : H — Hr be the trace map. For every element v € H, we also use the
notation v to denote the trace yv of v on T

Let H{“ be the dual of Hr and < .,. > denote the duality pairing between H{ﬂ and Hr. For every
o € J, ov can be defined as the element in Hlla satisfying

(ov,yv) = (0,8(v)) 4 + (Div 0,v) 5, Vv € Hy. (3.1)
Moreover, if ¢ is continuously differentiable on Q, then
(ov,yv) = /av.vda, Vv € Hy, (3.2)
r

where da is the surface measure element.
By combining equations (3.1) through (3.2), we obtain the following Green’s formula in elasticity

(0,6(v)) yp + (Div o,v) y = /al/.vda. (3.3)
r

Notice that if ¢ € H'() is a sufficiently regular function, the following Green’s type formula holds

(q’ Vn)H + (dm; q, n)LQ(Q) = /q.z/nda, VT] S Hl(Q) (34)
T
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Taking into account the boundary conditions (2.5)-(2.9), we introduce the closed subspace of H; as
defined below.

V={veH :v=00onTp},
Q= {nEHl(Q) :p=0onTpUTlyN},
Vi={veV :v,—g<0onl¢},
endowed with the inner products and norms defined as follows:
1
(u, 0)v = (e(u),e(v)srs |vllv = (v,0)7,
1
0,mq = (VO.Vn)u, |nllq=mn)s-
Since meas(T'p) > 0, the following Korn inequality (see [20])
le(@)|l e = cellv||a,, for allv €V, (3.5)

holds, where ¢; is a non-negative constant depending only on Q and I'p.
The following Frierichs-Poincaré inequality holds on @

IValla = Crllnlle, for alln € Q. (3.6)

Furthermore, according to the Sobolev trace theorem, there exist constants ¢y > 0 and ¢; > 0 that
depend on , I'c, and I'p, such that

[0llizzene < collvllv, lInllezwe) < allnlle, for all (v,n) € V< Q. 3.7)

Next, utilizing Riesz’s representation theorem, we define the elements f(¢) € V and ¢(t) € Q for all
v eV and n € Q as follows:

(00 = [ foltrodst [ fit)da, (3.8)
Q Ty
(at)mqe = [ qo(t)ndz. (3.9)
/
Also, we define j: VXV 2R, x:VxQxQ—>Rand ®:V xV = R by
ju(t),v) = /M(Hur(t)ll)IRﬂu(U(t))\Hvrllda, (3.10)
Te
(0,600, = [ Kelws(t) = 9)0.(6(0) ~ 6r)nda, (3.11)
Te
and
®(u(t),v) = % / [y (t) — gt vyda = % <[ul,(t) —g* ’””>rc . (3.12)
Te

It should be noted that the integrals (3.10) and (3.11) are well-defined due to the conditions (H P7)
and (H Pg) below, respectively. To proceed with the investigation of the mechanical Problem (P),
we require the following assumptions:

(HP;) The elasticity tensor .# = (fijx1) : Q@ x ST — S? satisfies the usual properties of symmetry,
boundedness, ellipticity and continuity
i) fijr = fijier = fiwig € L*°(Q2), for all 4, j, k, [;
i) F(x,8).0=¢.F(x,0), forall §,0 € S%, ae. z € Q;
i) fijr(@)&ié > me||€]|?, with mg > 0, for all £ € S, ae. z €
iv) [[(Fe(u),e(v)llse < Mz|ulvvfv.
(HP,) The viscosity tensor € = (c;jr1) : Q x S — S? satisfies the following conditions:
i) Cijri = Cjirt = cirij € L2(Q);
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ii) €(z,.) is monotone on S%, i.e.

(€(2,&1) — €(,6)) (& — &) >0, for all &, & €SY, ae. € Q;
iii) €(x,.) is coercive on S i.e.

Cijkt(2)&i€r1 > me||€||?, with me > 0, for all € € S¢, a.e. € Q;
iv) There exist 7 € L>°(Q) and s € L?(Q) such that

1€ (2,€)| < r(2)|¢] + s(x), VE €S, ae. x €
v) %(z,.) is continuous on S%, a.e. x €
1@, @)l < Mallully vllv;

vi) €(.,€) is Lebesgue measurable on € for all £ € S9.
(HP3;) The thermal conductivity tensor % = (k;;) : @ x R? — R? satisfies
1) kij = kji € L>(Q);
i) kij(2)&6E > ma €))%, withmyy >0, for all ¢ € RY, 2 € Q
i) 104V, Vo)l < Morl8llglnllo.
(HPy) The thermal expansion tensor .# = (m;;) : @ x R — R satisfies
1) mi; = Mj; € LOO(Q),
i) [|(A6,e())lloe < Magllfllgllvllv.
(HPs) i) The fores, the traction, and the thermal flux satisfy

foe WHH(0,T;H), fr e Wh' (0,T; L*(Tn)?), qo € L? (0, T3 L*()) ;
ii) The thermal potential, and the gap function satisfy
0r € L?(0,T; L*(T'¢)), g € L*(T¢), g > 0.
iii) The mapping R : Hll“c — L*°(T'¢) is linear compact and continuous with
cr =Ry
iv) The mass density satisfies p € L>°(§2) and there exists p* > 0 such that
p € L*°(Q) and p(x) > p* a.e. z € R.
(HPs) 1) The initial data ug, @ and 6y of Problem (P) satisfy
ug €V, i € D(9j), 0y € Q,

where 95 denote the sub-differential of j and D(9j) represents its domain.
ii) There exists h € L2(2)4 for all v € V such that

c(tio, v — tp) + aluo, o) + j(uo,v) — j(uo, o) > (h,v — o).

iii) The functional j is proper, convex, and lower semi-continuous on V' x V.
(HP;) The coefficient of friction p: I'c x RT — RT satisfies
i) There exists a positive constant L,, > 0, for all 2,y € R,

(s 2) = p(y)l < Ly —ylae onTe;
ii) There exists a positive constant A, > 0 such that

lu(z,u)] < M, for allu € RT and z € I'¢;

iii) The mapping x — p(z,u) is measurable on I'c for all u € RY.
(H Pg) The coefficient of heat exchange k. : I'c x R — R™ satisfy
i) There exists My, > 0 such that |k.(z,u)] < My, for all u € R,z € o @ — ke(x,u) is
measurable on ' for all © € R, k.(z,u) =0 for all x € T'¢ and u < 0;
ii) There exists Ly, > 0 such that |k.(z,u1) — ke(x, uz)| < L, |ur — usgl, for all ug, us € R.
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Using (H Ps)(iv) the inclusion mapping of (V,||.||v) into (H, ||.||z) is continuous and dense. Then, we
identify H and H' and we write V. C H=H' C V.

Since @ is dense in L*(Q), we write Q C L?(Q2) C Q'.

We denote by a : VXV 2R, c: VXV >R d:QxQ —Rand m:Q xV — R are the bilinear
operators given by

a(u,v) = (Fe(u),e(v)) o, c(u,v) = (€e(u),e(v)),, -
AO.0) = (V0,900 m(6,0) = (M0,=(v)) 5

From the constitutive laws (2.1)-(2.2), we have

o(t) = Ce(u(t)) + Fe(u(t)) — 0(t) A + < (u(t)), (3.13)
qun(t) = —A'VO(t) — 2 (0(1)), (3.14)
where
Hu(t) € 0l (e(u(t))) and LBO(t) € I (VO(t)) in Q. (3.15)
For almost all ¢ €]0, T, let us define the following subsets
= {u(t) € V5 sup {{le(u(®)) |2, le(@(®))l#} < Ma ae. inQ}, (3.16)
and
Q={0(t) € Q; [|VO@)||y; < Mp a.e. inQ}. (3.17)
For all u,v € V5 and 6,1 € @)1, we obtain
(Ful(t),e(v) —e(u(t)) < L1a(e(v)) — La(e(u(t))) < 0, (3.18)
(ABO(t),Vn —Vo(t)) <Ip(Vn) —Ig(VE(t)) <O0. (3.19)
Then,
(0(t),e(v) —e((t) o < (Ce(u(t)) + Fe(u(t)) — 0(t)A,e(v) — e(i(t))) o » (3.20)
(—qn(t), Vn —=NO(t)) y < (HVO(L), Vi —VO(t)) - (3.21)

Next, we assume that {u, 0,6, g} are regular functions satisfying (2.1)-(2.11) and let v € V4 N V3,
1 € Q1. Using (3.3)-(3.4), we have

— (Div o(t),e(v) — e(u(t))) ,, + / (ov.e(v) —e(u(t))) da

4 (3.22)
< (Ge(t)) + Fe(u(t)) — 0(8)A ,£(v) — e(ilt)))
(div qun(t), Vg — VO(t)) / (qenv. N — V(1)) da < (HVO(t), Vi — VO(t)) - (3.23)
T
By the condition (2.5)-(2.7) and (3.8)-(3.9) we deduce that
(—pii(t) — Ce(i(t) = Fe(u(t)) + 0(t).A  £(v) — e(ilt))
+ / (ov.e(v) — e(i(t))) da < — (£(t),2(v) — (ult)))y , (3.24)

Te

(—é(t) — HVO), Vi) — ve(t))H - / (qunv, Vi — VO()) da < — (q(t), Vi — VO®)) . (3.25)

T'c

Taking into consideration equations (3.20)-(3.21), (2.9)-(2.11), (3.10)-(3.12), as well as the inner prod-
uct in H, we obtain the following weak formulation
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e Problem (PV): Find a displacement field v € (V3 NV;) x]0; T[ and a temperature field 8 €
Q1x]0, T, for all v € V; N V5 and n € @ such that:

((t), v — u(t) i + c(i(t),v —a(t) +a(u(t),v —a(t)) —m (0(t), v — a(t))

T (ult), v — (1)) + 3 (u(t), v) — F(ult), i) = (F(E),v — (b)), (3:26)
(0. m=00) ,_+ (0000 =6(0)) + x (u(t), 0(0), 0 — (1)) > (al0).n —0(D)) g, (3:27)
U,(O) = Uog, U(O) = ’llo, 9(0) = 90. (328)

4. EXISTENCE AND UNIQUENESS OF THE WEAK SOLUTION

The existence and uniqueness of the weak solution to Problem (PV) are established as follows
Theorem 4.1. Assuming that (HP;)-(HPg) hold, there exists a unique solution to Problem (PV)
that satisfies

u € Whe (0, T; V)N W2(0,T; H), 6 € W2(0,T;Q) N L*(0,T;Q). (4.1)

The proof of Theorem 4.1 will be carried out in several steps and is based on arguments involving
quasi-variational inequalities and the Banach fixed point theorem.

In the first step, let A € WH(0,T; H) and v € L?(0,T; L?(2)) be given, and consider the following

intermediate variational problems.

e Problem (PV)): Find a displacement field uy € (V4 N V2)x]0, T for all v € V1 N V4 such that:
(ix(t), v = ix(t)) g + ¢ (a(t),v = ix(t)) + a (ux(t), v — ix(t))

. . . . . 4.2
£ A0 — a0y + 3 (un(1),0) — F (ur(8). i (6) = (F(8),0— (1) (2
ux(0) = up, ux(0) = dg. (4.3)
e Problem (PV,): Find a temperature field 6, € Q1 x]0, T for all n € Q1 such that:
(B2(00m = 0,(0)) (00— 0,(0) + (0.0 = 6, (0)g = (0l n — 030, (4)
6,(0) = bo. (4.5)
In the second step, we present and prove the solvability result for the intermediate problems
Lemma 1. There exists a unique solution to Problem (PV)) that satisfies.
uy € WH(0,T; V)N W?2>(0,T; H).
Proof. Using Riesz’s representation theorem, we can define the following operator
(Sa(@),v)y = (f(t),0)y — (A(),v)y - (4.6)
Then, Problem (PV)) can be written as follows
(@x(t),v = ix(t)) g + ¢ (ux(t), v —ix(t)) +a(ux(t),v — ia(t))
. (4.7)
—f—](UA(t),’U)—_j( /\(t)7u)\( ) ( (t),’U—UA( )) ’
U,\(O) = Ug, U)\(O) = U() (48)

Keeping in mind (H Ps)(i), (3.8), we have f € W11(0,T, H) and from the regularity A € W11(0,T; V),
we can conclude that fy € W1(0,T; H).
By the assumption (H Py ), the operator a is continuous symmetric bilinear and satisfies the following
coerciveness condition
(cu,uhyr oy + allull® > wl|ul?, Yu €V,
with a = 0 and w = me.
Next, we define the set-valued operator M : V — V' by M = ¢+ 9.
From (HP,), we have

(€(e(ur)) — € (e(uz)), e(ur) —e(uz)) ,p = 0, Yui,ug €V,
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then, the operator ¢ is monotone.

Since ¢ is continuous and in accordance with (H P;)(iv), we can deduce that ¢ is bounded.

Using (H Pg)(i4i), the operator j is proper, convex and lower semi-continuous on V' x V', which implies
that dj is maximal monotone

Consequently, since ¢ is monotone, bounded and continuous from in V' x V', we conclude [2, P. 39] that
M = ¢+ 9j is maximal monotone. Moreover, by (HPs)(i) — (i), the initial data ug and g satisfy
the condition

{aug 4+ cup} N H # @.

It follows now from Theorem 6.2 that there exists a unique function satisfying uy € W1°°(0,T;V) N
W?22°(0,T; H). O

Lemma 2. There exists a unique solution to Problem (PV,) that satisfies the given conditions.
0., € Wh2(0,T; L*()) N L*(0,T; Q).

Proof. By the Riesz representation theorem, there exists an operator ¢, (t) € @ such that

(a+(),mq = (a(t),mq — (v(t),mq, VN € Q1. (4.9)
Then, problem (4.4)-(4.5) can be written as follows
(B:01n=,0) 0500 =0,(0) > (a1(0). 0 — 040 (4.10)

for all y € Q1. From (3.9), (4.9), and the regularity of gy, we can observe that g, (t) € L?(0,T; L*(12)).
The hypothesis (HP;) assures that the operator d is a continuous, symmetric bilinear and satisfies
the following condition

4(60,0) + o032 gy = alloll3, ¥0 € Q.
with ¢cg =0 and o = m_».
Now, utilizing Theorem 6.3, we can conclude the result. g

From now on, the constant denoted by C' may differ line to line.
In the last step, for (\,7) € WH(0,T; H) x L?(0,T; L*(Q2)), we define the mapping

A )(E) = (A (A, 7)(8), A2 (X 7)(1) € V X Q, (4.11)

given by
(A1), 0) = ® (ur(5),0) = m (6, (1), ) (4.12)
(A2 (A, 7)), m) = x (ua(t), 65 (2), m) , (4.13)

for all v € V1 NV, and n € Q1. We have the following.

Lemma 3. For (\,v) € WH1(0,T; H) x L?(0,T; L?(2)), the operator A : [0,T] — V x Q is contin-
uous. Moreover, there exists a unique (\*,7*) € (\,7) € WL1(0,T; H) x L*(0,T; L*(Q)) such that
A", 77) = (A", 77).

Proof. Let (\,v) € WhY0,T; H) x L*(0,T; L*(Q)) and t1,t, €]0,T7.

We use (3.12), (4.12), (HP,) and the inequality |[z]* — [y]T| < |z — yl, yield

AL (A7) (1) — AN (E2) v v
< sup (M///, CEO) (||97(f1) = 0y(t2)ll g + [lua(ty) — U/\(t2)||v> .

By the regularities of uy and 6., we conclude that A;(A,v) € C([0,T]; V).
On the other hand by (3.11), (4.13), and (HPs), it follows that

182X 7)(t1) = DA N (E2) [y g < Mi L 105 (t1) = 05 (t2) - (4.15)

Then, A2(X, ) € C([0,T); Q). Consequently, A(A,v) € C([0,T];V x Q).
Let now (A\1,71), (A2,v2) € WHH0,T; H) x L*(0,T; L*()) and t € [0,T].

(4.14)
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Using arguments similar to (4.14) and (4.15), we can deduce the existence of a positive constant C
such that

IAOL1)(®) = A0, 12) Oy g < C (100 () = BBl + luns (1) — (Bl ) - (4.16)

¢
Notice that uy,(t) = /uA(s)ds + uy,(0), for ¢ = 1,2, imply
0

lux, (8) = ur, (B)]f5 < C/ i, (5) = s ()13 ds. (4.17)
0

From (4.2), we write
(u'/\1 (t) — Uy, (t)’ (0¥ (t) — Uy, (t)) +c (’lb\l (t) — Uy, (t>7 (oW (t) — Uy, (t))
Fa (ux, () = ux, (), dx, (1) = tin, (£)) + (Aa(8) — Ax(t), tha, (£) — 1, (1)) (4.18)
+J (u>q (t)a Uy, (t)) —J (u>\1 (t)a Uy, (t)) —J (uA2 (t)a Uy, (t)) +J (u>\2 (t)a Un, (t)) <O0.
We first bound the terms of j
[ (uay (), tex, () = 5 (ua, (), x, () = 5 (ua, (), x, (£)) 4 5 (ua, (£), i, (1))
< cgLucr lun, (8) = ur, )|y a, (8) = ix, ()]l -

By integrating (4.18) over [0,¢] and combining it with (4.19), (HPy), and (H Pz), we can deduce that.

(4.19)

mes / i, (5) — ing (8)II% ds< (M + 2 Locp) / s (5) = rg (3)lly [[ias (5) — oy (5) |y s
0 0 (4.20)

t

g iy ) = s (O = [ Oa(s) = Aa(o),ia, () — i (s)) .
0

Using the inequality zy < ax? + 42, (a > 0), (4.17) and Gronwall’s inequality, it follows that

llux, (8) = wrs (D5 < C/ 1M (s) = Aa(s)I[5 ds. (4.21)
0

Moreover, by (4.4), we conclude that

(850 0) = 001,050 1) = 0, (0)) o (05, (0) = B3, (1), 05, (1) = 0, (1) o)
+ (1 () = 72(t), 05, (t) — 0, (), < O.

Similarly, from (H Ps), we obtain

165, () = 6. (B)llg, < C/ I71(s) = 72(s)1g ds. (4.23)
0

Combining (4.16) through (4.21) and (4.24), it follows that

t

1A, 72) (1) = A2, 72) (D)o < C / (A1, 71)(8) = (A2, 32) ()13 o - (4.24)
0

Finally, using the result presented in [26, P. 41-45], we deduce that the operator A possesses a unique
fixed point. 0
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We are now ready to prove Theorem 4.1.
e Existence: Let (\*,7*) € Wh!'(0,T; H) x L*(0,T; L*(£2)) be the fixed point of A, denote by u5, 6%
the solutions of problems (4.2)-(4.3) and (4.4)-(4.5) respectively. For (A7) = (A*,7*), the definition
(4.11) of A, we deduce that the pair (u},0>) is a solution of Problem (PV).
e Uniqueness: The uniqueness of the solution follows from the uniqueness of the fixed point of the
operator A.

5. CONTINUOUS DEPENDENCE RESULT

In this section, we consider {js}4~, as a family of perturbations of the friction coefficient u. We
aim to study the dependence of the solution of Problem (PV) on perturbation of y, with respect to
initial condition (ug, to, 6p)-

We introduce the following variational problem involving a perturbed friction coefficient s, and denote
its solution as (us,0s), with respect to the initial data (w0, 850)-

e Problem (PV;): Find a displacement field us € (V3 NVz) x]0; T[ and a temperature field 05 €
Q1x]0, T, for all v € V; N V5 and n € @y such that:

(iis(t), v = us(t)  + e (i5(t), v =5 (t) + a(us(t), v — ws(t)) —m (65(1),v —is(t))
+ @ (us(t),v — s (1)) + j(us(t), v) = jus(t), ws(t)) = (f(t),v = ts(t))y

(95(0).m - 5(1))

(5.1)

oo T A0 =05(t)) + x (us(t), 0(t),m = 05()) = (a(t),n = Os(t)) g (5.2)

U5(0) = Us0, iL(;(O) = itgo, 95(0) = 950. (5.3)
Problem (PVj) has a unique solution, and the arguments of the proof are similar to that used in

Section 4.
Now, we present the following convergence result

Theorem 5.1. Assume the conditions hold

e (1) = s (luse DN 20,7, 200y = 05 a8 6 = +00 and 5.0
5.4
{||u0 — usolly + llito — tisoll 5 + 1160 — 950||Q} 0, asd — +oo.

Then, the solution of Problem (PVs) converge to the solution of Problem (PV), in accordance with
the following estimate.

{IIU(t) —us(0)I5 + l[a(t) = (Ol + 16(2) — 05(1)I5,

) (5.5)
o) — 95(15)||L2(07T7Q)} 50, asd — +oo.

Proof. By substituting v = us(t) into (3.26) and v = @(¢) into (5.1), we deduce that
((t) — s (t), u(t) — us(t)) gy + c(u(t) — us(t), u(t) — us(t)) + a (u(t) — us(t), u(t) — us(t))
—m (0(t) — 05(t), u(t) — is(t)) + P (u(t) — us(t), i(t) — s (t)) (5.6)
< J (u(t), is(t)) — j (u(t), u(t) — j (us(t), w(t)) + j (us(t), ds(t)) .

On another word, referring to (3.7), (HP5)(iii) and (HPr), there exists a positive constant C' that
depends on cgr, M, and ¢y such that

17 (u(®), 4s(t)) — j (u(t), a(t)) = j (us(t), u(t) + 5 (us(t), is(t))]
<C (||U(t) —us(O|[y + () = asO3 + [l (furll) = ps (||u57'||)Hi’-’(O,T,LQ(FC))) '

By employing hypotheses (HP;)-(H P3) along with Young’s inequality in conjunction with (5.7), we
can conclude that

(5.7)

la(e) — s (0 + 5 % lit) — o ()13 < € {u(e) —us® + i(t) — a0

(5.8)
+10() = 05 (D15 + i (e ]]) — s (||uaT||)IILa(o,T,szc))} :
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Similarly to (4.17), we observe that

lu(t) —us (D)5, < C / la(s) s (s)IIy, ds + luo — usolly, p - (5.9)
0

We integrate equality (5.8) over the interval [0,t] and apply Grownwall’s inequality, yielding:

lut) = us (@) + lit) — @513 < C {162 = 85 ()% + 1o — wsoll} 50
o+ Yo — goll 3, + s (e ) = 5 (s )l 2 0.1, 2 }-

Take n = 05(t) in (3.27) and n = 6(¢) in (5.2), we have
(0) = 05(0).00) 05(1)) =+ (B(2) = 05(1). 0(t) — 0s(1)

< x (u(t), 0(t), 05(t) — 0(t)) — x (us(t), 05(t), 05(t) — 0(t)) -
We deduce from (3.11) and (H Pg) that
Ix (), 1), 05(2) — 6(2)) — x (s (8), B5(2), 05(2) — O(1))
< My Leger [Ju(t) — us(8)]ly 10(2) — 05(2)l -
Using the property of operator d combined with (5.11)-(5.12) yield
1d

16() — 65(t)ll¢, + 2 190 = 05(t)l6 < C llu(t) — us(®)lly - (5.13)

We integrate the two sides of (5.13) and by Gronwall inequality, there exists a constant C' > 0 such
that

(5.11)

(5.12)

t
16() = 05()lI + 16() — 5(1)| 720,79 < C / lu(s) —us(s)IIy + 160 — G50l ¢- (5.14)
0

Finally, by combining (5.10) with (5.14) and performing some algebraic manipulations, we can deduce
the existence of a positive constant C' such that

lu(t) = us (@115, + i) — as (@)l + 16(2) = 65l + 16(2) = 05 (D)1 720,17,

2 . . 2 2 (515)
<C {IIUo —wsolly + [[to — ol + 160 — Osolly + [l (lurll) — pe (HutSTH)||L2(0,T,L2(Fc))} :

Hence, by the hypothesis stated in relation (5.4), we can derive the result presented in Theorem
5.1. O

6. FULLY DISCRETE APPROXIMATION

In this section, we introduce a fully discrete numerical scheme for the solution of Problem (PV)
and we derive the error estimate. We use the finite element space V" and Q", and we introduce a
partition of the time interval [0;7] : 0=ty < t; < ... < ty = T. Let k, > 0 represent the time
step size defined by k, = t, —t,—1 for n=1,..., N. We permit nonuniform partitioning of the time
interval and denote k = max k,, as the maximum step size.

For a continuous function u(t) taking values in a function space, we denote u,, = u(t,) for 0 <n < N.

We represent the difference as du,, = —(u,, — up—1), where k is the step size.

k _
Let {7"} be a regular family of triangular finite element partition of € are compatible with the
boundary decomposition I' = T¢ UTp UT . We then define a finite element space Vh c V and

Q" c @ for the approximates of the displacement field u and the temperature 6 defined by
vh = {vh € [C(ﬁ)]d; v|hTT € [Py(Tr)]*; VTr € T"; v" =0 on TD},

Q" = {nh € [C()]; nlhT,, € [P(Tr)]; VTIr e " n" =0onTp UFN}.
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Also, we have VP =Vin VP VI =Von V" and QF = Q. NQ" .
To again simplify the notations, we introduce the following notations for n =1, ..., N

wh® = sul* ol Zk w4+ ul and O2F = Zk 007% 4 60

Jj=1 j=1

The fully discrete approximation method is based on an backward Euler scheme, it has the following
form
e Problem (PVj,;,): Find a displacement field {u*} C V/* N V" and a temperature {6%} C Q%, for
all v € VP NV, n" € QF and n = 1,..., N such that

(5whk o — wzk)H +c (wﬁk,’uh ) +a ( hk vh - wzk) -m (GZﬁl,vh — whk)

n

6.1

+(I)( Uy, — 17’Uh—wzk)+j(uzk,vh)—ﬂ( Zk’ n)f(fnavh_wzk)vv ( )
(50216?7]}1 - G’Zk)LQ(Q) + d (ezk’nh - ezk) X ( n 1a02k1’ - sz) Z (Qnﬂ?h - azk)Q ’ (62)
ubt = ult, wh® = wh, 6% =l (6.3)

with uf} € VP, wh € V" and 9” € Q" are approximations of ug, wy and  respectively.

Remark 1. The choice of u"* | and 6%, in (6.2) is motivated by the fixed point method employed
in the previous section.

Applying a discrete analogue of Theorem 4.1, We observe that given u"* | € VFNVJ and 0%, € QF,
Problem (PVj;,) possesses a unique solution u"* € V/* NV and 9 € Qh
Now, we derive the following convergence result in the fully discrete solution.

Theorem 6.1. Assume the initial values ulf € V{0V, 08 € QF and the assumptions (HPy)—(HPg).
Then, if

Huo — ugHV — 0, ||w0 — ngV — 0, ||90 — HSHQ —0as h—0, (6.4)
the fully discrete solution of Problem (PVyy) converges:
&aév{uwn — Wl un = b+ (00— 08F|5 ) = 0, ash, k0. (6.5)
Proof. Rewriting (6 1) in the form
(6whkw ) —|—C( e w, — )—&—a(hkw ) (Gn 1,wn—whk)
+(I)( ul® | w, —wh )—i—j( upt, Z)—j( Zk,wzk) > ((5w” W, ) +c( hk wn—vZ) (6.6)
+a(un,w —v) (Qn 1,wn—v)+¢>(nl,wn— n) (fm Zk)v
Substituting v with w!* € V" at time ¢ = t,, in equation (3.26), we obtain:
(wn,wﬁk - wn)H +c (wn,whk — wn) +a (un,whk - wn) —-m (Gn, ka — wn)
(6.7)
+¢(un,w2k—wn)+j(un, ) J (Up,wp) > (fn,wf‘lk—wn)v.
By combining relations (6.6) and (6.7), we obtain
(v, — Swh* w,, — wﬁk)H + ¢ (wn —whk w, — w,};k) +a (uy — ul® w, — wﬁk)
-m (9 — 0"k w, — whk) + @ (un —ul* 1,wn — whk)
= J (uns w*) + (s wn) = j (un®,on) + 5 (ug®, wi®) (6.8)
(6wn ol — wn) + ¢ (w hk ol — wy,) +a (uzk,vz — wy,)
—m(@n LUr —w,) —|—<I’( ul® ol —w,) + (fa, wy —’UZ)V.
Writing
(t, — Swh* w,, — wzk)H + (5wﬁk,wn — U,Z)H = (6w, — Swh* w,, — wzk)H (6.9)

+ (5wn — 5wfbk, Z wn)H + (wn - 5wn,vZ — wzk)H + (u'ln,wn — UZ)H.
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After performing some algebraic manipulations, we deduce that
(6w, — Swh* w,, — w,’fjk)H + ¢ (wy — W™ w, — wzk) < (own — Swh* w, — vZ)

+c (wzk — W, U,Z — wn) +a (uzk — Up, U,Z — wn) -m (9251 — Gn,vz — wn)

+@ (uzlil — Uy, 0 — wzk) + (6w, — Uy, VI — ka) +R (wn,vﬁ) + R;,

where
R (wy,v}) = (tn, vl — wn) , + ¢ (Wi, 0l — wp) + a (un, vl —wy) —m (0, 0] —
+ o (un,vﬁ — wn) + 3 (un,vZ) — 7 (U, wy) — (fn,wn — UZ)V,
and
Ry = j (un,wi®) = 5 (um, ) + 3 (up vn) = 5 (ug®, wz) -
From the relation
S = dull = (= wms) = 3 (wf = ulky).
and after some calculation, it follows that
= %, s — w1 < 2 (B — Gl — ),
We conclude from (HP;)-(HPs) that
e (un — 0l — ) 2 e o — ¥
e (wn = wi®swn —vn) | < Mg [l —wi® [y [Jwn —vr]y,

|a (un = unZy wp® = o) < Mg [fun =iyl [[wp = on],
and

| (0 = 075w = oR)| < Mo |00 — 0351 || [wh® = vl
Similar to (4.14), we observe that

140 G — ol ) < D o — o
Applying (3.7), (3.10), (6.12), (HPs)(iit) and (HP;), we have

|Ro| < Mycref [|un —up™ ||y, lwn® =il
By combining (6.10), (6.14)-(6.20), and utilizing the given inequality, we can derive
lwn® = villy < [lwn® = wally + fJon =vally

there exists a positive constant ¢ such that

e P e R e

< ck {||wn - (5wn||§{ + ||un — quHi + |un — uﬁlilﬂf,

+ 110 = O3l + o = okl + llom = ol + R (s 07) }

+ 2k (dwy, — Sw w, — vZ)H .
Substituting n = 6% € Q" at time t = t,, into (3.27), we have

(602" - 9")Lz<m +d (B, 01% = 0,) + X (O, 015 — 6,) > (g0, 075 — 6,)

By rewriting (6.2) in the following form
(692ka en - ev}ik)Lz(Q) + d (92k7 en - ezk) + X (uzlil? szil? 772 - ezk)

> (502k;0n - 772)[}(9) +d (egkﬁn - 772) + (anz - ozk)Q .

H

wn)

Q-

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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Adding (6.23) and (6.24), we have

) hk hk hk h hk hk
(en —s6h*k g, — g" )m(m (001 0 = 0) 12 gy + (O — O1F, 0, — 02F)

(6.25)
<x (Una Qnﬁzk - on) + X (UT_WHZEMTIZ - eﬁk) +d (9zkﬂlﬁ - on) + (Qna 0, — UZ)Q .
Using the inequality
] hk hk hk h _ _ sphk _ phk
(6 — 602, 6, — 0% )m(m (001 00— 1) 12y = (600 — 005, 0, — 01F) o) o
_ 5ohk ph _ j h _ phk j . h '
+ (80 — 80", 1 6)”)Lz(ﬂ) + (9” 00 = O )Lz(ﬂ) * <9n’9n 77") L2(Q)
we deduce that
(00n — 8603%, 0, — 01°) 1oy +d (0 — 3%, 00 — 03%) < d (63 — O,y — 0) oo
h _ sphk _h 4 h _ phk :
B+ R(Bnh) + (0900 = 001560 1) gy + (000 — O —61F)
where
R (9n7 772) = (én,nﬁ - gn)LQ(Q) + d (ena 772 - en) + X (Un7 9nJ]Z - 0n> + (Qn>9n - UQ)Q ’ (628)
and
Ry = X (tny 0, 00F — 05) + X (w1, 005 ply = O1F) = X (wn, Oy )y — 6n) - (6.29)
Since
66, — 50M* = % (6, — O1%) — % (One1 —O1F ). (6.30)

Similar to (6.14), we have that

16 — 023y — 101 = 015 2y < 20 (86 — GORF, 60 — 025 . - (6.31)
Using (3.7), (3.11) and (H Ps), we obtain
IR,| < c{||an — 01 |[2 + [fun — B [+ [ _9n||§2}. (6.32)

Now, we combine (6.27), (6.31)-(6.32) and (6.22), using the properties of operator d and this inequality

lo
there exists a positive constant ¢ such that

A e [P A St

el {||wn —wi [ + [0 — 02417, }

< ek {Jltn = 6wn % + [[un = ul¥|[5, + fun = wh |[3 + Jwn = 25 (6.34)

+116,, — 86,

2 ) )
e 00— O+ 0~ R o) +R(en,n2)}

+ 2k {(&un — dw* wy — o)+ (66, — 602, 6, — UZ)LQ(Q)} .
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By replacing n with j and summing over j from 1 to n, we obtain

[ A +ckZHwa—wh’“HV+ckZH€ -0l
Jj=1 j=1

< o — ™[+ 1160 = 622 0

ek > Iy = duy g+ [y w1 + [y =+ ey =

2 (6.35)
05— 00 g+ 165 = O8I s =y 4 R ) + R (0500)
+ Qki {(5wj — Suyt wy — ) o+ (80 — 603", 0; — ﬁ?)y(g)} :
o
Estimate the term zn: k (6w; — swi*, wy —of)
o
B (g =y — )y = D (= wl) = (s = wlty) sy — o8,
S J—:;ew _y
+ nij =) = (w1 = V1)) (6.36)
p
< C{||wn — wlH|[5 + llwn = w15 + oo = b, + [l = o2, }
+4ZkHw1_wthH+Z [w; = v = (wj1 = J+1)Hi1'
Using the same approach, we can conclude that
ki (60; — 6077, 05 = nff) o) <
+ C{Hen - ‘gzkHr;(Q) + 1|6 — nz”iz(g) +1|60 - QSLH;(Q) + |61 - ”{LH;(Q)}
+ Zl 165 = 03] 2 1105 = 1) = (O51 = 1}41) | 12 (6.37)
< e {[10n = 021200 + 1160 = hHQLa(Q) + 60 = 0811720y + 163 = 717200 }
+ ki 16, — 0}”“”22(9 = Z (6 (0541 = 77;'1+1)Hiz(9)
We would like jt; recall the following classical inequality
s = w31y, < Jluo = wgly + Z’f lwr = wp™ | + 1y, (6.38)
where
/ )ds - kal < kllull 070 (6.39)
0 =1 1%
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Then

g =y, < C{”“O —uly +3 Zk2 Jeor — wf¥|[5 + kQHUIH%o,T;V)} '

By employing the inequality for j <n < N and Nk =T, we can deduce that

n n J
ks = ¥ < T (Jluo = | + Klull oz ) + Tk un = wfl

Jj=1 j=1 1=1

Similarly, we have

Zk 16; — e’lkluQ <l (Heo — ok HQ + k20| 2 0.1 Q)) + TZkZ |66, — 59{*”@

j=1 I=1
>kl —u Hv<cT(HUo*U0llv+k2|u||H2<oTv>)+TZ Z fwor = w3,
j=1 j=1 1=1
and
n ) 9 n—1 7 5
S k6 = 021, < e (160 = 6117, + K210 0. ) + T D KD |66 — 661,
.7 j=1 I=1

Let us denote by
_ . hE|2 6. _ phk||? kn o hk||? 9. — phk||?
en = [lwn = wn® [y + 100 = 028 [ oy + ek D (g —wi®[ly + 1165 = 63*1l,,)
j=1

and
gn = [[wo = w§* |3, + [0 — W[5, + [laor = vl |3 + fwn — o3,

2 2
R P L [ R A

kY (Il = S5 + oy = o3[, + B (.0 )

Jj=1
n— , ) 2
k Z (H (wj+1 - U;LJFI)HH + H(Hj — nj) — (gjﬂ _ n?+1)"L2(Q)) .

Now, Keep the assumptions stated in Theorem 4.1 under the regularity conditions
ue C(0,T; H* (RY)) N H?(0,T; H),
i, € C(0,T; H* (Te,RY)),
0 €C(0,T;H(Q)) N H? (0,T;L*()), 6 € L? (0,T; H'(Q)) .

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

Let v? € VP and 77;7 € Q" be the finite element interpolates of u; and 0, respectively. It is important

to note [29,30] the following approximation properties

s [~k < el ogormcare

max (16— 1t < e 0l

(6.48)
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Hwo - “’gHv <ch HonHz(Q,Rd) )
Huo - U}SHH <ch ”uOHHl(Q,Rd) J (6.49)
160 = 05 12y < P llfo]l 12 »

and

2
>3 (nw] ow; 4 + |6 - me)) < ok lullgaqoz,z2en) + k2 1002 07,2200

J=1
n—1
1 2 n 2 (6.50)
3 (s =) = wga =)+ 165 =) = i1 =) )
j=1
< ch® ||u||H2(0,T;V) + ch? ||0||H2(07T;Q) .
Next, by following a similar proof technique as presented in [29,31], we can obtain
| (w;, v7)] < el|wn = vill o pya < h¥llwnlloriaz @) (6.51)
and
|R (ejﬂ??)| < Ch2||9n||C(O,T;H2(Q))- (6.52)

Finally, by combining relations (6.42)-(6.46), (6.48)-(6.52) and applying the discrete Gronwall inequal-
ity [27], we can conclude that

12%{”% — Wby [l = ¥ |y + (16— 02| oy | < el ). (6.53)
O

APPENDIX

In this section, we recall some results of existence and uniqueness result concerning evolution
problems, which can be found in the references [2,27]

Definition 1. Let X be a topological vector space, f : X — R is a function.
The subdifferential of f at x on the space X defined by

Of(x) ={z € X"| (z,y —2) < f(y) — f(z), Yy € X},
where X’ the topological space of X.

Theorem 6.2. Let V and H be two real Hilbert spaces such that V- C H and the inclusion mapping of
V into H is continuous and densely defined. We suppose that V is endowed with the norm ||.|| induced
by the inner product (.,.) and H is endowed with the norm |.|. We denote by V' the dual space of V,
by < .,. >y v the duality pairing between an element of V' and an element of V', and H is identified
with its own dual H'. We assume that M is a mazimal monotone set in V x V' and A is a linear,
continuous and symmetric operator from V to V' satisfying the following coerciveness condition:

(Au, )y + aflul® = wl|ul?, Yu eV, (6.54)
where a € R and w > 0. Let g be in WH(0,T; H) and ug, vo be given with
wo € V, vy € D(M), {Aug + Mvo} N H # ¢. (6.55)

Then there exists a unique solution u to the following problem:

2
22 +Au+ M (Cclit> 3 g(t) a.e. on (0,7), (6.56)
u(0) = uo, dj(o) = Vo-

dt
which satisfies w € WHo°(0,T; V) N W2>(0,T; H).
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Theorem 6.3. Let V C H C V' be a Gelfand triple. Let K be a nonempty, closed, and convex set of

v

. Assume that a(.,.) : V x V = R is a continuous and symmetric bilinear from such that for some

constants a > 0 and cy,

a(v,v) + collv|3 > aljv|)3, Vv e V. (6.57)

Then, for every ug € K and f € L%*(0,T;H), there exists a unique function uw € H*(0,T;H) N
L2(0,T; V) such that u(0) = ug, u(t) € K for allt € [0,T), and for almost all t € (0,T),

10.

11.

12.

13.

14.
15.

16.

17.

18.

19.

20.
21.

22.
23.
24.
25.

26.
27.

(i(t),v = (D)) ooy +a(ult), v — u(t)) = (F(E),v—u())y , Yo € K. (6.58)
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