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Abstract. In this short note, we present an extension of Kantorovich inequality for two

operators on a Hilbert space. Moreover, the multiple version and related inequality for positive

linear maps are obtained.

1. Introduction

In mathematics, the Kantorovich inequality is a case of the Cauchy-Schwarz inequality and

a generalization of the triangle inequality. The Kantorovich inequality is helpful in numerical

analysis and statistics for establishing the steepest descent method’s convergence rate. During

the past decades, several formulations, generalizations, or improvements of the Kantorovich

inequality in different settings have been presented by many mathematicians; see [1, 4, 5, 6, 7]

and references therein.

The Kantorovich inequality [2] states that for every unit vector x ∈H ,

(1.1) 〈Ax, x〉
〈
A−1x, x

〉
≤ (M + m)2

4Mm
,

provided that 0 < mIH ≤ A ≤MIH .

Operator version of (1.1) was established by Marshall and Olkin [3], who obtained:

Theorem 1.1. Let 0 < mIH ≤ A ≤MIH . Then for every positive unital linear map Φ,

Φ
(
A−1

)
≤ (M + m)2

4Mm
Φ(A)−1.

Remind that the linear map Φ defined on B(H ) (C∗-algebra of all bounded linear operators

acting on Hilbert space H ) is called positive if Φ (A) ≥ 0, whenever A ≥ 0, and is named

unital when Φ (IH ) = IH , where IH is the identity operator on H .

This paper intends to give a new version of the Kantorovich inequality (1.1) based on the

following query:

How is the Kantorovich inequality for two operators?
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2. Main Results

Here, we present a kind of Kantorovich inequality for two operators:

Theorem 2.1. Let A,B ∈ B (H ) be two positive operators, satisfying A ≤ aIH , B ≤
bIH , AB ≤ IH for positive scalars a, b. Then for every unit vector x ∈H

〈Ax, x〉 〈Bx, x〉 ≤ (ab + 1)2

4ab
.

Proof. From the assumptions on A and B, we infer that

(A− aIH ) (B − bIH ) ≥ 0,

or equivalently

AB + abIH ≥ bA + aB.

This implies that

〈ABx, x〉+ ab ≥ b 〈Ax, x〉+ a 〈Bx, x〉 ,

for every unit vector x ∈H .

By using the arithmetic-geometric mean inequality, we get

b 〈Ax, x〉+ a 〈Bx, x〉 ≥ 2(ab 〈Ax, x〉 〈Bx, x〉)
1
2 .

Square both sides, and we obtain the desired inequality. �

Remark 2.1.

(i) The conditions A ≤ aIH , B ≤ bIH can be replaced by A ≥ aIH , B ≥ bIH . Note that

these conditions together with AB ≤ IH , implies that AB = BA. This guarantees the

positivity of (A− aIH ) (B − bIH ).

(ii) In the case AB = IH , the usual Kantorovich inequality will be obtained.

The following theorem is a multiple interpretation of the Kantorovich inequality.

Theorem 2.2. Let Ai, Bi (i = 1, 2 . . . n) be positive operators satisfying Ai ≤ aIH , Bi ≤
bIH , AiBi ≤ IH for positive scalars a, b. Let x1, . . . , xn, be any finite numbers of vectors in

H such that
n∑

i=1

‖xi‖2 = 1. Then

(2.1)

(
n∑

i=1

〈Aixi, xi〉

)(
n∑

i=1

〈Bixi, xi〉

)
≤ (ab + 1)2

4ab
.

Proof. We set

Ã :=


A1 · · · 0
...

. . .
...

0 · · · An

 , B̃ :=


B1 · · · 0
...

. . .
...

0 · · · Bn

 ,
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and

x̃ :=


x1

...

xn

 ,

which provides
n∑

i=1

〈Aixi, xi〉 =
〈
Ãx̃, x̃

〉
and

n∑
i=1

〈Bixi, xi〉 =
〈
B̃x̃, x̃

〉
.

It observes from Theorem 2.1 that〈
Ãx̃, x̃

〉〈
B̃x̃, x̃

〉
≤ (ab + 1)2

4ab
.

Hence, we have the desired inequality (2.1). �

Next, we present a kind of Kantorovich inequality for positive linear maps. Notice that for

the positive and invertible operators A,B ∈ B(H ), the operator geometric mean is defined by

A]B = A
1
2

(
A− 1

2BA− 1
2

) 1
2
A

1
2 .

Theorem 2.3. Let Φ be a normalized positive linear map on B (H ). If A,B are positive

operators on H satisfying A ≤ aIH , B ≤ bIH , AB ≤ IH for positive scalars a, b, then

(2.2) Φ (A) ]Φ (B) ≤ ab + 1

2
√
ab

.

Proof. We have, obviously, that

AB + abIH ≥ bA + aB.

Applying Φ on both sides, we obtain

Φ (AB) + abΦ (IH ) ≥ bΦ (A) + aΦ (B) .

Since Φ is normalized, we may state that

Φ (AB) + abIH ≥ bΦ (A) + aΦ (B) .

By using the operator version of the arithmetic-geometric inequality, it follows that

bΦ (A) + aΦ (B) ≥ 2
√
ab (Φ (A) ]Φ (B)) ,

which is the desired inequality (2.2). �

As an application, we have the subsequent corollary.
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Corollary 2.1. Let U1, U2, . . . , Un be contractions on H , such that
∑n

i=1 U
∗
i Ui = IH . If A,B

are positive operators on H satisfying A ≤ aIH , B ≤ bIH , AB ≤ IH for positive scalars a, b,

then

(2.3)

(
n∑

i=1

U∗
i AUi

)
]

(
n∑

i=1

U∗
i BUi

)
≤ ab + 1

2
√
ab

.

Proof. Put

Φ (x) =
n∑

i=1

U∗
i XUi.

Clearly, Φ is a normalized positive linear map on B (H ). So, we have

Φ (IH ) =
n∑

i=1

U∗
i Ui = IH .

Now, by applying Theorem 2.3 for Φ, we obtain the desired result (2.3). �

Theorem 2.4. Let A,B be self-adjoint operators on a Hilbert space H such that 0 < m1IH ≤
A ≤M1IH and 0 < m2IH ≤ B ≤M2IH , and let Φ be a positive lieanr map with the condition

Φ (AB) = Φ (BA). Then for any unit vectors in x in H ,

(2.4)

〈
Φ
(
A2
)
x, x
〉 〈

Φ
(
B2
)
x, x
〉
− 〈Φ (AB)x, x〉2

≤ (〈Φ (AB)x, x〉 −m) (M − 〈Φ (AB)x, x〉)

≤ (M −m)2

4

where

(2.5) m =
m1

M2

〈
Φ2 (B)x, x

〉
, M =

M1

m2

〈
Φ2 (B)x, x

〉
.

Proof. For 0 < m1IH ≤ A ≤M1IH and 0 < m2IH ≤ B ≤M2IH , we have

m1

M2

B ≤ A ≤ M1

m2

B.

Therefore (
A− m1

M2

B

)(
M1

m2

B − A

)
≥ 0,

i.e.,

A2 ≤
(
M1

m2

+
m1

M2

)
AB − m1M1

M2m2

B2.

Since Φ is a positive linear map, we get

Φ
(
A2
)
≤
(
M1

m2

+
m1

M2

)
Φ (AB)− m1M1

M2m2

Φ
(
B2
)



An extension of Kantorovich inequality 5

or equivalently〈
Φ
(
A2
)
x, x
〉
≤
(
M1

m2

+
m1

M2

)
〈Φ (AB)x, x〉 − m1M1

M2m2

〈
Φ
(
B2
)
x, x
〉

for each x ∈H with ‖x‖ = 1. By (2.5), we can get the left side of inequality (2.4).

The right side of inequality (2.4) is immediate; apply the arithmetic-geometric mean inequal-

ity

(〈Φ (AB)x, x〉 −m) (M − 〈Φ (AB)x, x〉) ≤
(
M −m

2

)2

.

�

Remark 2.2.

(i) If we choose B = A−1 in (2.4), we get

〈Φ (A)x, x〉
〈
Φ
(
A−2

)
x, x
〉
− IH ≤ (IH −m) (M − IH )

≤ (M −m)2

4
.

(ii) If we choose Φ (A) = tr (A) IH in (2.4), then we have

tr
(
A2
)
tr
(
B2
)
− tr2 (AB) ≤ (tr (AB)−m) (M − tr (AB)) ≤ (M −m)2

4
.
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