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Two topologies in “real life”

1. Real line/Unit interval (i.e. (−∞, x) and (x ,+∞))

2. Lawson topology (D;
⊔↑) 7→ (D;σD ∨ λD)

3. Priestley duality

spec : (D;∧,∨, 1, 0) 7→ ([D → 2]; τ+∨τ−, ≤τ+)

Φ+(x) = {h : D → 2 | h(x) = 1}
Φ−(x) = {h : D → 2 | h(x) = 0}

4. ...
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Bitopological spaces
(X ; τ+, τ−) is a bitopological space (or bispace for
short) if (X ; τ+) and (X ; τ−) are topological spaces.

tt ff>

⊥
ϕ+ ϕ−

X :

Example

ϕ(x)
def≡ x ≤ 1

2 0 1
2

1

ϕ+ ϕ−
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Two orders of τ+×τ−
Let ϕ = (ϕ+, ϕ−), ψ = (ψ+, ψ−) ∈ τ+×τ−

Inf. order: ϕ v ψ iff ϕ+ ⊆ ψ+ and ϕ− ⊆ ψ−:

ϕ t ψ def≡ (ϕ+ ∪ ψ+, ϕ− ∪ ψ−) ⊥ def≡ (∅, ∅)
ϕ u ψ def≡ (ϕ+ ∩ ψ+, ϕ− ∩ ψ−) > def≡ (X ,X )

Logic order: ϕ ≤ ψ iff ϕ+ ⊆ ψ+ and ϕ− ⊇ ψ−:

ϕ ∨ ψ def≡ (ϕ+ ∪ ψ+, ϕ− ∩ ψ−) ff
def≡ (∅,X )

ϕ ∧ ψ def≡ (ϕ+ ∩ ψ+, ϕ− ∪ ψ−) tt
def≡ (X , ∅)

Lattices: (τ+×τ−;∧,∨, tt,ff), (τ+×τ−;u,t,>,⊥)
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D-frames (Jung & Moshier)
D-frame is a structure L = (L+×L−; con, tot)
where
I L+ and L− are frames (i.e.

∨
i (ai ∧ b) = (

∨
i ai ) ∧ b)

I con ⊆ L+×L−
I tot ⊆ L+×L−

(+ axioms, e.g. α v β ∈ con implies α ∈ con)

Example
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Stone duality for d-frames
I D-frame homomorphisms L →M are

(h+, h−) : L+×L− → M+×M−

h[conL] ⊆ conM, h[totL] ⊆ totM

I Σd(L) = ([L → 2×2]; Φ+[L+],Φ−[L−]) where

Φ+(x) = {h : L → 2×2 | h+(x) = 1}
Φ−(y) = {h : L → 2×2 | h−(y) = 1}

I Ωd(X ; τ+, τ−) = (τ+×τ−; conX , totX ) where

(U ,V ) ∈ conX iff U ∩ V = ∅
(U ,V ) ∈ totX iff U ∪ V = X
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Coalgebras

ξ : X → T (X )

Syntax of a type functor:

T ::= Id | A | T1 + T2 | T1 × T2 | TB | P T
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Coalgebraic logics (Kurz’s framework)

Xop A

Q

S

T L

and

δ : LQ =⇒ QT

If S ◦ Q ∼= Id, Q ◦ S ∼= Id and δ is a natural iso,
it lifts to

Coalg(T )op ∼= Alg(L)
7 / 20



Jónsson-Tarski duality

Stoneop BA

Clp

spec

V M

I Coalg(V) ∼= descriptive (general) frames

I Alg(M) ∼= modal Boolean algebras
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M : A 7→ BA〈�a,♦a : a ∈ A 〉/≈ where ≈ is
generated by

�a ∧�b ≈ �(a ∧ b) �1 ≈ 1

♦a ∨ ♦b ≈ ♦(a ∨ b) ♦0 ≈ 0

�a ∧ ♦b � ♦(a ∧ b) �(a ∨ b) � �a ∨ ♦b

V : (X , τ) 7→ (KX ,Vτ) where
I KX = closed subsets of X
I Vτ is generated by ×�U and +♦U , ∀U ∈ τ :

K ∈ ×�U
def≡ K ⊆ U and K ∈ +♦U

def≡ K∩U 6= ∅

δX : M ◦ Clp(X )→ Clp ◦ V(X ), �U 7→ {K ∈ KX | K ⊆ U}
♦U 7→ {K ∈ KX | K ∩ U 6= ∅}
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Stoneop StoneFrm

Ω

Σ

V Mf

KRegTopop KRegFrm

Ω

Σ

V Mf
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Johnstone’s powerlocale

Mf : L 7−→ Fr〈�a,♦a : a ∈ L 〉/≈
where ≈ is generated by

�a ∧�b ≈ �(a ∧ b) �1 ≈ 1

♦a ∨ ♦b ≈ ♦(a ∨ b) ♦0 ≈ 0

�a ∧ ♦b � ♦(a ∧ b) �(a ∨ b) � �a ∨ ♦b∨
↑ �ai ≈ �(

∨
↑ ai)

∨
↑ ♦ai ≈ ♦(

∨
↑ ai)
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4-valued coalgebraic logic?

We need:

I X ⊆ biSpace

I A ⊆ d-Frame
such that Ωd : X op ∼= A

I W : X → X
I Md : A → A

such that there is a δ : Md ◦ Ωd
∼= Ωd ◦W

12 / 20



biKRegop d-KReg

Ωd

Σd

W? Md?

W : (X ; τ+, τ−) 7→ (KX ; Vτ+,Vτ−) where

1. KX = compact convex subsets of X
(Note: (≤τ+) = (≥τ−))

2. Vτ+ is generated by ×�U+ and +♦U+, ∀U+ ∈ τ+

3. Vτ− is generated by ×�U− and +♦U−, ∀U− ∈ τ−
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Free d-frame construction

For (B+×B−; con1, tot1) where

1. B+ ⊆ L+ and 〈B+〉 = L+

2. similarly for B−
3. con1, tot1 ⊆ B+×B−

set

TOT 〈tot1〉
def≡ ↑DL∨,∧ 〈tot1〉

CON 〈con1〉
def≡ DCPO⊔↑ 〈↓DL∨,∧ 〈con1〉〉

Then, (L+×L−; CON 〈con1〉 , TOT 〈tot1〉) is a
pre-d-frame.

14 / 20
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(con-tot) α ∈ con, β ∈ tot and
α+ = β+ or α− = β− =⇒ α v β

Lemma
If B+ and B− are meet-semilattices and

γ ∈ tot∧, (αi , β) ∈ ↓DL∨,∧ 〈con1〉 , β ∈ B−

γ+ ≤
∨↑

i αi =⇒ β ≤ γi

(+ symmetrical rule),

then (L+×L−; CON 〈con1〉 , TOT 〈tot1〉) is a d-frame,
i.e. satisfies (con-tot).

15 / 20



(con-tot) α ∈ con, β ∈ tot and
α+ = β+ or α− = β− =⇒ α v β

Lemma
If B+ and B− are meet-semilattices and

γ ∈ tot∧, (αi , β) ∈ ↓DL∨,∧ 〈con1〉 , β ∈ B−

γ+ ≤
∨↑

i αi =⇒ β ≤ γi

(+ symmetrical rule),

then (L+×L−; CON 〈con1〉 , TOT 〈tot1〉) is a d-frame,
i.e. satisfies (con-tot).

15 / 20



Vietoris functor for d-frames

Md : (L+×L−; con, tot) 7→
(Mf L+×Mf L−; CON 〈con1〉 , TOT 〈tot1〉)

where

tot1 = {(�a,♦b), (♦a,�b) : (a, b) ∈ tot}
con1 = {(�a,♦b), (♦a,�b) : (a, b) ∈ con}

(from: �a ∧ ♦b ≤ ♦(a ∧ b) �(a ∨ b) ≤ �a ∨ ♦b)

16 / 20



Theorem
Let L be a compact regular d-frame. Then MdL is
also compact and regular.

Moreover, if L was zero-dimensional then MdL
also is.

Theorem
L can be embedded in MdL (MdL� L).

(Proofs are similar to those by Johnstone.)

17 / 20



Points of d-Vietoris construction
PL ⊆ L+×L− be such that α ∈ PL iff

(P+) (α+ ∨ u+, α−) ∈ tot =⇒ (u+, α−) ∈ tot

(P−) (α+, α− ∨ u−) ∈ tot =⇒ (α+, u−) ∈ tot

Lemma
The map (U+,U−) 7→ X \ (U+ ∪ U−) is a bijection
between PΩd(X ) and KX .

Lemma (?)
The map p 7→ (

∨
{x ∈ L+ | p+(♦x) = 0}, . . . ) is a

bijection between [MdL → 2×2] and PL.

It gives a natural iso: Σd ◦Md
∼= W ◦ Σd

18 / 20
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Proof of Lemma (?)
p : MdL → 2×2, α± =

∨
{x ∈ L± | p±(♦x) = 0}

1. Let (α+ ∨ u, α−) ∈ totL

2. (�(α+ ∨ u),♦α−) ∈ TOT 〈tot1〉
3. p(�(α+ ∨ u),♦α−) ∈ tot2×2
4. p(♦α+ ∨�u,♦α−) ∈ tot2×2

(from �(α+ ∨ u) ≤ ♦α+ ∨�u)

5. p+(�u) = 1

6. p+(�x) = 1 for some x C u (i.e. (u, x∗) ∈ tot)

7. (x , x∗) ∈ con and (�x ,♦(x∗)) ∈ conMdL
8. p−(♦(x∗)) = 0 therefore x∗ ≤ α−
9. (u, α−) ∈ tot

19 / 20
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(from �(α+ ∨ u) ≤ ♦α+ ∨�u)

5. p+(�u) = 1

6. p+(�x) = 1 for some x C u (i.e. (u, x∗) ∈ tot)

7. (x , x∗) ∈ con and (�x ,♦(x∗)) ∈ conMdL

8. p−(♦(x∗)) = 0 therefore x∗ ≤ α−
9. (u, α−) ∈ tot
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Thank you!
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Topological properties
frames d-frames

a∗ :
∨
{x |x ∧ a = 0}

∨
{x ∈ L−|(a, x) ∈ con}

a C b: b ∨ a∗ = 1 (b, a∗) ∈ tot

Regularity: a =
∨
{x |x C a}

Zero-dimensionality: a =
∨
{x |x C x ≤ a}

Compactness:
For all U ⊆ L:∨

U = 1 =⇒ ∃F ⊆fin U s.t.
∨

F = 1

For all U ⊆ L+×L−:⊔
U ∈ tot =⇒ ∃F ⊆fin U s.t.

⊔
F ∈ tot
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