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Two topologies in “real life”

1. Real line/Unit interval (i.e. (—00,x) and (x, +00))
2. Lawson topology (D;||") = (D;op V Xp)

3. Priestley duality
spec: (D; A, V,1,0) = ([D — 2]; 4 V7_, <))

o, (x)={h: D— 2| h(x) =1}
& (x)=1{h: D— 2| h(x) =0}



Bitopological spaces
(X; 7, 7_) is a bitopological space (or bispace for
short) if (X; 7;) and (X; 7_) are topological spaces.
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short) if (X; 7;) and (X; 7_) are topological spaces.
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p(x) =x <3 0
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Bitopological spaces
(X; 7, 7_) is a bitopological space (or bispace for
short) if (X; 7;) and (X; 7_) are topological spaces.

Example

|
def o
p(x) =x <3 0 1 1



Two orders of 7, x7_
Let o = (¢4, 0-), ¥ = (4, 0-) € Ty xT-

Inf. order: p C Y iff o, C Y, and p_ CY_:

(pr Uy, o Up_) L =(0,0)
(0+ Ny, - NY_) T = (X, X)
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Two orders of 7, x7_
Let o = (¢4, 0-), ¥ = (4, 0-) € Ty xT-

Inf. order: p C Y iff o, C Y, and p_ CY_:

(04 Uthi,p- U ) L= (0,0)
(o4 Ny o-Np) T = (X, X)
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Logic order: © < v iff o, C 1, and p_ D Y_:

(o4 Ui, - Nep)  fFE(0,X)
(pr Ny, p_UY) t = (X,0)

a
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Lattices: (7o xX7_; AV, &t ff), (o x7_;1,U, T, 1)



D-frames (Jung & Moshier)

D-frame is a structure £ = (L, xL_; con, tot)
where
» L, and L_ are frames  (ie. \/.(aiAb)=(V;a)ADb)
» con C Ly xL_
» tot C L, xL_
(+ axioms, e.g. & T /3 € con implies o € con)
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D-frames (Jung & Moshier)

D-frame is a structure £ = (L, xL_; con, tot)
where
» L, and L_ are frames  (ie. \/.(aiAb)=(V;a)ADb)
» con C Ly xL_
» tot C L, xL_
(+ axioms, e.g. & T /3 € con implies o € con)

Example

___________




Stone duality for d-frames

» D-frame homomorphisms £ — M are
(th, hf): L+Xl_f — MJFXM,

h[cong] C conpy, h|tot] C tot
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Stone duality for d-frames

» D-frame homomorphisms £ — M are
(th, hf): L+Xl_f — MJFXM,

h[con,] C conpy, h|totr] C tot
» X4(L) = ([£ = 2x2]; OL[L], P_[L_]) where

b, (x) = {h: £ —2x2 | h(x) =1}
o_(y)=1{h: £ —2x2| h_(y) =1}
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Stone duality for d-frames

» D-frame homomorphisms £ — M are
(th, hf): LJFXI_f — MJFXM,

h[con,] C conpy, h|totr] C tot

» Y4(L) = ([£ — 2x2]; &, [L],P_[L_]) where
S, (x) =1{h: L —=>2x2 ]| hi(x)=1}
S_(y)=1{h: L—=2x2 | h_(y)=1}

» Qu(X; 74,7-) = (74 XT7_; cony, totx) where

(U,V) econx iff UNV =1
(U,V) etotxy iff UuV =X



Coalgebras

£ X = T(X)

Syntax of a type functor:

T:=Wd|A| T+ T | ixT | T8 |PT
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Coalgebraic logics (Kurz's framework)

Q
(St
S

and
0: LQ = QT

fSoQ=1d, QoS =Id and I is a natural iso,
it lifts to
Coalg(T)° = Alg(L)



Jonsson-Tarski duality

Clp
/\
\Y @oneOp BAO M
\_/
spec

» Coalg(V) = descriptive (general) frames
» Alg(M) = modal Boolean algebras
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M: A — BA(Oa,0a:ac A)/~ where = is
generated by

OanObx~O(aAb) Ol =
QavOb~O(avb) O0~0

OanOb=<0(anb) O(aVvb)<OaVvob



M: A — BA(Oa,0a:ac A)/~ where = is
generated by

OanObx~O(aAb) Ol =
QavOb~O(avb) O0~0

OanOb=<0(anb) O(aVvb)<OaVvob
V: (X,7) — (KX,VT1) where

» ICX = closed subsets of X
» V7 is generated by XIU and $U, VYU € T:

KeEXU £ KCU and KedU = KNU#(
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M: A — BA(Oa,0a:ac A)/~ where = is
generated by
OanObx~O(aAb) Ol =
QavOb~O(avb) O0~0

OanOb=<0(anb) O(aVvb)<OaVvob
V: (X,7) — (KX,VT1) where

» ICX = closed subsets of X
» V7 is generated by XIU and $U, VYU € T:

KeEXU £ KCU and KedU = KNU#(

dx: Mo Clp(X) = Clpo V(X), OU— {K € KX | K C U}
OU s {K e KX | KNU 0}
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>
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Johnstone's powerlocale

M¢: L— Fr(0a,0a:acl)/~

where = is generated by

OanOb~0O(aAb) Ol=
QavOb~O(avb) O0~0

DanOb=<0(anb) O(aVvb)<OaVvoOb

\V'Qa~0O(\/ a) \/T0ai=0(\/a)
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4-valued coalgebraic logic?

We need:

» X C biSpace
» A C d-Frame
such that Q4: AP = A

» W X - X

» My: A— A
such that thereisa d: Mo Qs = Qg0 W
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W? | biKReg® d-KReg M,?
~__ -
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Qg
—
W? | biKReg® d-KReg M,?
~_
2

W (X; 7y, 7-) = (KX; V1, V7_) where
1. XX = compact convex subsets of X
(Note: (<-.) = (=+))
2. V1, is generated by XIU, and $U,, VU, € 1,
3. Vr_ is generated by XIU_ and $U_, VU_ € 7_
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Free d-frame construction

For (B xB_; cony, tot;) where
1. B, CLyand (By) =L,
2. similarly for B_

3. cony,tot; € B, xB_
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Free d-frame construction

For (B xB_; cony, tot;) where
1. B, CLyand (By) =L,
2. similarly for B_

3. cony,tot; € B, xB_
set

a
e,

@ @
=

TOT (tot;)
CON (cony)

T]D)]L\/,/\ <t0t]_>
DCPQOy + ( DLy (cony))

Then, (L. xL_;CON (con;),TOT (tot;)) is a
pre-d-frame.
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(con-tot) « € con, 3 € tot and
ay=prora_ =5 = aLf

15/20



(con-tot) « € con, 3 € tot and
ap=prora- =0 = alp

Lemma
If By and B_ are meet-semilattices and

v € totn, (e, ) € DLy (cony), B € B-
7 <Vha = B<y

(+ symmetrical rule),

then (L. xL_; CON (con;) ,TOT (tot1)) is a d-frame,
i.e. satisfies (con-tot).
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Vietoris functor for d-frames

My: (LyxL_; con,tot) —
(ML xMy¢L_; CON(con;),TOT (tot;))

where

tot; = {(0a, Ob), (0a,b) : (a, b) € tot}
con; = {(0a, Ob), (Oa,db) : (a, b) € con}

(from: DaAOb < O(anb) O(aVvb)<OaVob)
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Theorem
Let L be a compact regular d-frame. Then My4L is
also compact and regular.

Moreover, if L was zero-dimensional then ML
also is.

Theorem
L can be embedded in MyL (MyL — L).

(Proofs are similar to those by Johnstone.)

17 /20



Points of d-Vietoris construction

P, C Ly xL_ be such that a € P, iff
(P+) (o4 Vug,a ) €tot = (uy,a) € tot
(P—) (o4,a-Vu_)etot = (ay,u_) € tot
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Points of d-Vietoris construction
P, C Ly xL_ be such that a € P, iff
(P+) (a4 Vug,a ) €tot = (uy,a_) € tot
(P_) (04+704— V u_) € tot — (a+, u_) € tot

Lemma

The map (Uy, U_) — X\ (U, U U.) is a bijection
between Pq,(xy and KX.

Lemma (%)

The map p— (\/{x e Ly | p(Ox)=0},...) isa
bijection between [MyL — 2x2] and P.
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Points of d-Vietoris construction

P, C Ly xL_ be such that a € P, iff
(P+) (4 Vuy,a ) € tot = (uy,a_) € tot
(P—) (o4,a-Vu_)etot = (ay,u_) € tot
Lemma

The map (Uy, U_) — X\ (U, U U.) is a bijection
between Pq,(xy and KX.

Lemma (%)

The map p— (\/{x e Ly | p(Ox)=0},...) isa
bijection between [MyL — 2x2] and P.

It gives a natural iso: Z50My=Wod,
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{x €Ly | pr(Ox) =0}

1. Let (ay Vu,a) € totg
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{x €Ly | pr(Ox) =0}

1. Let (ay Vu,a ) € totg
2. (O(as V u), Oa_) € TOT (toty)
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Proof of Lemma (x)
p: Mgl —2x2,  ay = \/{x € Ly | p:(0x) = 0}
1. Let (ay Vu,a) € totg

2. (O(ayt V u),Oa) € TOT (toty)
3. p(0(ay V u), Q) € totaxa
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

Let (ay V u, ) € totg
(O(ay V u), Qo) € TOT (tot;)
p(O(ay V u), Oa_) € totaxa

p(Oay vV Ou, o) € totaxa
(from O(a4 V u) < ay vV Ou)

= w =
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

Let (ay V u, ) € totg
(O(ay V u), Qo) € TOT (tot;)
p(O(ay V u), Oa_) € totaxa

p(Oay vV Ou, o) € totaxa
(from O(a4 V u) < ay vV Ou)

5. p+(Ou) =1

= w =
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

= w =

o O

Let (ay V u, ) € totg
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

= w =

o O

Let (ay V u, ) € totg

(O(ay V u), Qo) € TOT (tot;)

p(O(ay V u), Oa_) € totaxa

p(Oay vV Ou, o) € totaxa

(from O(a4 V u) < ay vV Ou)

p+(Hu) =1

p+(0x) =1 forsome x Qu (e (ux*)€ tot)
(x,x*) € con and (Cx, O(x*)) € cony,z
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

= w =

N O O

Let (ay V u, ) € totg

(O(ay V u), Qo) € TOT (tot;)

p(O(ay V u), Oa_) € totaxa

p(Oay vV Ou, o) € totaxa

(from O(a4 V u) < ay vV Ou)

p+(Hu) =1

p+(0x) =1 forsome x Qu (e (ux*)€ tot)
(x,x*) € con and (Cx, O(x*)) € cony,z
p—(O(x*)) = 0 therefore x* < a_
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Proof of Lemma (x)
p: MyL — 2x2, oy = \/{X €Ly | pr(Ox) =0}

= w =

© 00N O o

Let (ay V u, ) € totg

(O(ay V u), Qo) € TOT (tot;)

p(O(ay V u), Oa_) € totaxa

p(Oay vV Ou, o) € totaxa

(from O(a4 V u) < ay vV Ou)

p+(Hu) =1

p+(0x) =1 forsome x Qu (e (ux*)€ tot)
(x,x*) € con and (Cx, O(x*)) € cony,z
p—(O(x*)) = 0 therefore x* < a_

(u,a_) € tot O
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Thank you!



Topological properties

frames d-frames
a: \{x|lxAna=0} \/{xel_|(ax) € con}
a < b: bva =1 (b,a*) € tot

Regularity: a = \/{x|x < a}
Zero-dimensionality: a = \/{x|x <x < a}

Compactness:
For all U C L:

\/U:l — JF Cq, U sit. \/F:1
Foralltd C Ly xL_:

|_|u € tot —> 3F Cq U sit. |_|J-"e tot
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