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A NOTE ON THE STRONG CONVERGENCE OF
TWO-DIMENSIONAL WALSH-FOURIER SERIES

G. TEPHNADZE

ABSTRACT. Goginava and Gogoladze proved that the following result

is true
o0

5 Brrfliey oy

— - ) o, a2y

o’ nlog? (n + 1) Hi(G®)

where f € Hy (GQ) and c is absolute constant. The main aim of this
paper is to prove that the rate of the deviant behavior of the L1 (G?)
norm of (n,n)-th partial sum is exactly [nlogZ(n + 1)]%° ;.
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Let N denote the set of positive integers, N := N, U {0}. Denote by
Z5 the discrete cyclic group of order 2, that is Zs = {0, 1}, where the group
operation is the modulo 2 addition and every subset is open. The Haar mea-
sure on Zs is given such that the measure of a singleton is 1/2. Let G be
the complete direct product of the countable infinite copies of the compact
group Zs. The elements of G are of the form = = (z¢, z1,...,2k,...) with
x € {0,1} (k € N) . The group operation on G is the coordinate-wise addi-
tion, the measure (denote by p) and the topology are the product measure
and topology. The compact Abelian group G is called the Walsh group. A
base for the neighborhoods of G can be given in the following way:

IO (I) = G7
I, (z) == In (20, .., Tn—1) ={y€G:y=(Toy- -, Tn—1,Yn,Yn+1s---)},
where x € G and n € N. Denote I, :== I,, (0), for n € N.
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5.5 .
If n € N, then n = Y n;2", where n; € {0,1} (i€ N), i e nis
i=0
expressed in the number system of base 2. Denote |n| := max{j € N : n; #
0}, that is, 2"l < n < 2I7+1,
Define the variation of an n € N with binary coefficients (ng, k € N) by

V (n) :n0+2|nk7nk_1|.

For k € N and = € G let us denote by
ri(z) = (-1)" (z €@, keN)

the k-th Rademacher function.
The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions:

- n "2\:*1 NkgTr
= H (1% (2))"™" = 7)) (w) (=1) =0 (reG, neNy).
The Walsh-Dirichlet kernel is defined by
n—1
= wi(x)
k=0

Recall that (see [9, p. 7])

_Jo2r xel,,
Do () = { 0, ¢l S
and
Dyyiot (2) = Dor () 4 war () Dy, (), when m < 28, (2)

Denote by L, (Gz) , (0 < p < o00) the two-dimensional Lebesgue space,
with corresponding norm ||-|[, .
The number || D, ||, is called n-th Lebesgue constant. Then (see [9])

1
SV ) < IDally <V (). 3)
The rectangular partial sums of the two-dimensional Walsh-Fourier series
of a function f € I, (Gz) are defined as follows:

M—-1N-1

Sun f (2,9) F i g) wi (@) w; (),
=0 7=0

where the numbers f i,7) = [qo f (@, y) wi () w; (y) dp (z,y) is said to be
the (i, j)-th Walsh-Fourier coefﬁment of the function f.



STRONG CONVERGENCE 95

Let f e Ly (GQ). Then the dyadic maximal function is given by

* = su !

[ rGndus|

In(I)XIn(y)

The dyadic Hardy space H,(G?) (0 < p < 00) consists of all functions for
which

11l e, = [1F7]], < oo
If f € Ly (G?), then (see [14])

s, = (4)

It is known [8, p. 125] that the Walsh-Paley system is not a Schauder
basis in L; (G). Moreover, there exists a function in the dyadic Hardy space
H, (G), the partial sums of which are not bounded in L; (G). However,
Simon ([10] and [11]) proved that there is an absolute constant c,, depending
only on p, such that

1 &Skf

log[p] n = k2-p

< lIf I, (5)

for all f € Hy (G), where 0 < p < 1, Sy f denotes the k-th partial sum of the
Walsh-Fourier series of f and [p| denotes integer part of p. (For the Vilenkin
system when p = 1 see in Gat [2]). When 0 < p < 1 and f € Hy (G) the
author [13] proved that sequence {1/ k2_p}211 in (5) can not be improved.

For the two-dimensional Walsh-Fourier series some strong convergence
theorems are proved in [12] and [15]. Convergence of quadratic partial sums
was investigated in details in [3, 7]. Goginava and Gogoladze [6] proved that
the following result is true:

Theorem G. Let f € H; (Gz). Then there exists absolute constant c,
such that

5~ Sl
> o ey <Ml 0

The main aim of this paper is to prove that sequence {1/n log? (n41) }20:1
in (6) is essential too. In particular, the following is true:

Theorem 1. Let ® : N — [1, c0) be any nondecreasing function,
satisfying the condition lim,,_,, ® (n) = +o0o0. Then

Zusnnful N

HfHHl = nlog® (n+1)
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Proof. Let

frn (x,y) = (Dans1 (x) = Dan (2) ) (Danta (y) — Dan (y)).
It is easy to show that

— L () e{on..., 2t 1),
fn,n(l,]) —{ 0, if (i, ) ¢ {2n7...) 2n+1_1}2. (7)

Applying (1) and (4) we have

1 fonllr, =

Sup ’SQkafn,n’ = anyn”l =1 (8)
keN 1

Let 2" < k <27t Combining (2) and (7) we get

k—1 k-1

Skafun E0) = 3 3 wi () w; (0) =

= (D, (x) = Dan (2) ) (D, (y) = Dan (y) ) =
= wan () wan (y) Di—2n () Dy—2n (y) -

Using (3) we have

| Sk frm (,9) ||, = / | Di—2n (2) Di—an (y) |dp () >
G2
> V2 (k—2"). (9)

Let @ (n) be any nondecreasing, nonnegative function, satisfying condi-
tion lim,, oo ® (n) = co. Since (see Fine [1])

n

1 1
V(k)=— 1
nlogn ; (k) 4log?2 +o(l),

using (8) and (9) and Cauchy-Schwarz inequality we obtain

p SISl ) NS [Sefunly O 8)

||an1 Vi klog? (k+1) — | 47, Klog® (k+1)
(b 27L ontl (b (2%) 2m
¢ 2 n C 2
- n22” Z |4 ) > n2on ZV (k) >
n=2"+1 k=1
on 2
> c®(27) LZV(IC) >c®(2") - 00 as n— o0
a n2n Pt - ’

which completes the proof of Theorem 1. O
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