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A NOTE ON GENERALIZED CAUCHY SINGULAR
INTEGRALS IN WEIGHTED VARIABLE EXPONENT

LEBESGUE SPACES

V. KOKILASHVILI AND S. SAMKO

Abstract. We prove the boundedness of the Cauchy singular int-
geral operator SΓ and, as a corollary, the boundedness of the gen-
eralized singular integral operator, known in the theory of Vekua’s
generalized analytic functions, in weighted variable exponent spaces

L
p(·)
w (Γ) on Lyapunov curves or curves of bounded rotation without

cusps and Muckenhoupt Ap(·)-weights.

îâäæñéâ. êŽöîëéöæ áŽéðçæùâĲñèæŽ çëöæï ïæêàñèŽîñèæ æêðâ-
àîŽèñîæ ëìâîŽðëîæï öâéëïŽäôãîñèëĲŽ ùãèŽáéŽøãâêâĲèæŽê èâ-
Ĳâàæï ûëêæŽê ïæãîùââĲöæ. Žé öâáâàäâ áŽõîáêëĲæå áŽáàâêæèæŽ èæ-
Žìñêëãæï ûæîâĲäâ Žê ñçñóùâãæï ûâîðæèâĲæï àŽîâöâ ïŽïîñèæ Ĳîñ-
êãæï ûæîâĲäâ àŽêïŽäôãîñèæ (æ. ãâçñŽï Žäîæå) àŽêäëàŽáâĲñèæ ïæê-
àñèŽîñèæ æêðâàîŽèñîæ ëìâîŽðëîâĲæï öâéëïŽäôãîñèëĲŽ
ùãèŽáéŽøãâêâĲèæŽê èâĲâàæï ûëêæŽê ïæãîùââĲöæ éŽçâêßŽñìðæï ðæ-
ìæï Ap(·) çèŽïæï ûëêâĲæå.

1. Introduction

Let Γ be a rectifiable curve in the complex plane with length `, 0 < ` ≤ ∞
and L

p(·)
w (Γ) be the weighted variable exponent Lebesgue space with the

norm ‖f‖
L

p(·)
w (Γ)

= ‖wf‖Lp(·)(Γ), where

‖f‖Lp(·)(Γ) = inf

{
λ > 0 :

`∫

0

∣∣∣∣
f [t(s)]

λ

∣∣∣∣
p[t(s)]

ds ≤ 1

}
.

Everywhere in the sequel we assume that p(t) satisfies the log-condition
∣∣p(t)− p(τ)

∣∣ ≤ A

ln 2
|t−τ |

for all t, τ ∈ Γ with t− τ | ≤ 1,

and 1 < p− ≤ p+ < ∞, where p− = inft∈Γ p(t), p+ = supt∈Γ p(t).
Let

(SΓf)(t) =
1
πi

∫

Γ

f(τ)
τ − t

dτ
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be the Cauchy singular integral operator along a curve Γ.
In the paper [4] there was in fact proved the following result:

If the maximal operator on a Carleson curve Γ of infinite length is bounded
in the weighted space L

p(·)
w (Γ) for some weight w, then the Cauchy singular

operator SΓ is also bounded in the same weighted space.

Note that in formulations of statements in [4] one can see power weights,
but with respect to the weight all the proofs in [4] use only the fact that the
maximal operator is bounded with this weight; mentioning of powe weights
there is due only to the fact that the boundedness of the maximal operator
with such weights was known at that time.

Based on our previous results on the boundedness of the maximal oper-
ator on Carleson curves in the space L

p(·)
w (Γ) with power weights

w(t) = |t− t0|λ
n∏

j=1

|t− tj |λj , tj ∈ Γ, t0 /∈ Γ,

then in [4] we derived the boundedness of the operator SΓ in the space
L

p(·)
w (Γ) with such weights. The attention payed there to power weights

was also caused by the well known fact that the boundedness of the singular
operator namely with power weights plays a crucial role in boundary value
problems for analytic and harmonic functions, see e.g. [3].

Later in the paper [5] we proved the boundedness theorem on Carleson
curves for the generalized Cauchy singular integrals appeared in the theory
of generalized analytic functions in the sense of I. N. Vekua [7], in the case
of more general radial oscillating weights.

Recently, in [1] a complete description of weights ensuring the the bound-
edness of the classical Hardy-Littlewood maximal function in the space
L

p(·)
w (Rn). We formulate it below in the form we need to apply.

Theorem A. The Hardy-Littlewwod operator is bounded in the space
L

p(·)(R)
w if and only if

sup
1
|I|

∥∥wχI

∥∥
Lp(·)

∥∥w−1χI

∥∥
Lp′(·) < ∞, (1)

where supremum is taken over all intervals I ⊂ R.

2. The Main Statements

Recall that a curve Γ = {t = t(s), 0 ≤ s ≤ `} is called a Lyapunov curve,
if t′(s) ∈ Lipγ for some γ ∈ (0, 1), and a curve of bounded rotation, if t′(s)
is a function of bounded variation.

In the sequel we use the notation

f̃(s) = f [t(s)], p̃(s) = p
[
t(s), w̃(s) = w[t(s)]

]
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for brevity.

Theorem 1. Let Γ be a closed Lyapunov curve or a curve of bounded
rotation without cusps. Then the singular integral operator SΓ is bounded
in the space L

p(·)
w (Γ), if the weight w[t(s)], 0 ≤ s ≤ ` < ∞, is a restriction

of a weight on R, satisfying the condition (1).

Proof. It is well known that for Lyapunov curves and curves of bounded
rotation without cusps we have (see [2], p.20)

∣∣t(s)− t(σ)
∣∣ ≈ |s− σ|. (2)

Let us first prove that the singular operator

(SΓf)(t) =
1
πi

∫

Γ

f(τ)
τ − t

dτ

is bounded in L
p(·)
w (Γ). It is known that

t′(σ)
t(σ)− t(s)

=
1

σ − s
+ O

(
1

|σ − s|1−γ

)

on Lyapunov curves. To derive the weighted boundedness of the singular
operator

(Hf̃)(s) =
1
πi

`∫

0

f̃(σ)
σ − s

dσ,

from the boundedness of the weighted maximal operator, we continue the
exponent p̃(s) beyond the interval [0, `] by a constant value p̃(0) = p̃(`).
Then te arguments follow the known scheme via the norm inequality

∥∥f̃
∥∥

L
p̃(·)
w̃

(R)
≤ c

∥∥M#f̃
∥∥

L
p̃(·)
w̃

(R)
(3)

and the pointwise estimate

M#
(∣∣Hf̃

∣∣r)(s) ≤ c
[
Mf(s)

]r
, 0 < r < 1, (4)

assuming that f̃(s) is extended by zero beyond [0, `], where M#f is the
sharp maximal function (see details e.g. in [4], the proof of Theorem A).

The term

T f̃(s) =

`∫

0

|f̃(σ)|
|σ − s|1−γ

dσ

with potential kernel, is also controlled by the maximal function:

l
∣∣(T f̃)(s)

∣∣ ≤ CMf̃(s). (5)
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Indeed, with f̃0(σ) = f̃(σ) for σ ∈ [0, `] and f̃0(σ) = 0 for σ /∈ [0, `] we have
`∫

0

|f̃(σ)|dσ

|σ − s|1−γ
=

2`∫

−`

|f̃0(σ)|dσ

|σ − s|1−γ
=

∞∑

j=0

∫

`

2j+1 <|σ−s|< `

2j

|f̃0(σ)dσ|
|σ − s|1−γ

≤

≤
∞∑

j=0

1(
`

2j+1

)1−γ

∫

|σ−s|< `

2j

|f̃0(σ)|dσ ≤ CMf̃0(s).

Then by (5) and Theorem A,
∥∥T f̃

∥∥
L

p̃(·)
w̃

(0.`)
≤ C

∥∥T f̃0

∥∥
L

p̃(·)
w̃

(0,`)
≤ C

∥∥Mf̃0

∥∥
L

p̃(·)
w̃

(0,`)
≤

≤ C
∥∥Mf̃0

∥∥
L

p̃(·)
w̃

(R)
≤ C

∥∥f̃0

∥∥
Lp̃(·)(0,`)

.

This competes the proof of the boundedness of the Cauchy singular operator
SΓ in the space L

p(·)
w (Γ) in the case of Lyapunov curves.

The boundedness of the maximal singular operator S∗Γ in L
p(·)
w (Γ) for

Lyapunov curves follows then from the known pointwise inequality

(S∗Γ)(t) ≤ CM(SΓf)(t) + C(Mf)(t). (6)

Let now Γ be a curve of bounded rotation and V be the total variation of
the function t′(s) on [0, `]. Then we have

∣∣∣∣∣
∫

|σ−s|>ε

f̃(σ) t′(σ)
t(σ)− t(s)

dσ

∣∣∣∣∣ ≤C

∣∣∣∣∣
∫

|σ−s|>ε

f̃(σ)
σ − s

dσ

∣∣∣∣∣+

+
∫

|σ−s|>ε

|f̃(σ)| · V (σ)− V (s)
σ − s

dσ, (7)

which follows from the relation

t′(σ)
t(σ)− t(s)

− 1
σ − s

=
1

t(σ)− t(s)

1∫

0

[
t′(σ)− t′(s + ξ(σ − s))

]
dξ,

in view of (2). From (7) we obtain the pointwise estimate

(S∗Γ)(t) ≤ c
[(

H∗f
)
(s) + V (s)

(
H∗|f̃ |)(s) +

(
H∗V |f̃ |)(s)

]
,

where

(H∗f̃)(s) = sup
ε>0

∫

|σ−s|>ε

f̃(σ)dσ

σ − s

is the maximal Hilbert singular operator on [0, `]. By the above obtained
boundedness of the maximal singular operator (see (6)), the operator H∗ is
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bounded in the space L
p̃(·)
w̃ (0, `). Consequently, the operator S∗Γ is bounded

in the space L
p(·)
w (Γ). ¤

The above proved theorem may be applied to obtain teh boundedness
of the generalized singular integral operator, widely used in the theory of
Vekua’s generalized analytic functions ([6]-[7]). Generalized analytic func-
tions in the sense of I. N. Vekua, are regular solutions of the equation

∂z̄Φ(z) + A(z)Φ(z) + B(z)Φ(z) = 0 (8)

where ∂z̄ = 1
2

(
∂
∂x + i ∂

∂y

)
and A,B ∈ Lr(G), r > 2. Recall that the integral

It is known that the integral

Φ(z) =
1

2πi

∫

Γ

Ω1(z, τ)f(τ) dτ − Ω2(z, τ)f(τ) dτ, f ∈ L1(Γ), (9)

where Ω1 and Ω2 are the so called basic normalized kernels, is a regular solu-
tion of (8), see details in [7], [6]. The integral in (9) is called the generalized
Cauchy type integral. The corresponding generalized singular integral is
introduced as

S̃Γf(t) = lim
ε→0

1
2πi

∫

Γε

Ω1(t, τ)f(τ) dτ − Ω2(t, τ)f(τ) dτ (10)

and the corresponding maximal singular operator is

(S∗Γf)(t) = sup
ε>0

1
2π

∣∣∣∣∣
∫

|τ−t|>ε

Ω1(t, τ)f(τ) dτ − Ω2(t, τ)f(τ) dτ

∣∣∣∣∣.

Theorem 2. Let Γ be a closed Lyapunov curve or a curve of bounded rota-
tion without cusps. Then the generalized maximal singular integral operator
S∗Γ is bounded in the space L

p(·)
w (Γ), if the weight w[t(s)], 0 ≤ s ≤ ` < ∞,

is a restriction of a weight on R, satisfying the condition (1).

Proof. To obtain the boundedness of the generalized Cauchy singular inte-
gral S∗, it suffices to use of the known representaions

Ω1(t, τ) =
1

τ − t
+ O

(
1

|τ − t|α
)

, Ω2(t, τ) = O

(
1

|τ − t|α
)

of the functions Ω1(t, τ) and Ω2(t, τ), where 0 < α < 1, see [7]. ¤

Open problem. Let Ap(·)(a, b) be the class of weights w satisfying the
condition (1) where sup is taken with respect to all intervals I ⊂ [a, b],
−∞ < a < b < ∞. Is every weight w ∈ Ap(·)(a, b) a restriction of a certain
weight in Ap(·)(R)?
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