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LOCALIZED BOUNDARY-DOMAIN INTEGRAL
EQUATIONS APPROACH FOR ROBIN TYPE PROBLEM
FOR SECOND ORDER STRONGLY ELLIPTIC SYSTEMS

WITH VARIABLE COEFFICIENTS

O. CHKADUA, S. E. MIKHAILOV AND D. NATROSHVILI

ABSTRACT. The paper deals with the three-dimensional Robin type
boundary-value problem (BVP) for a second order strongly elliptic
system of partial differential equations in the divergence form with
variable coefficients and develops the generalized potential method
based on the localized parametrix method. Using Green’s third rep-
resentation formula and properties of the localized layer and volume
potentials we reduce the Robin type BVP to the localized boundary-
domain integral equations (LBDIE) system. The equivalence between
the Robin type boundary value problem and the LBDIE system is
studied. It is established that the localized boundary-domain inte-
gral operator obtained belongs to the Boutet de Monvel algebra and
with the help of the Wiener-Hopf factorization method, we investi-
gate corresponding Fredholm properties and prove invertibility of the
localized operator in appropriate function spaces.
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1. INTRODUCTION

We consider the Robin type boundary-value problem (BVP) for second
order strongly elliptic systems of partial differential equations in the diver-
gence form with wvariable coefficients and develop the generalized potential
method based on the localized parametriz method.

The BVP treated in the paper is well investigated in the scientific liter-
ature by the variational and also by the usual classical potential methods
when the corresponding fundamental solution is available in explicit form,
e.g. in the case of constant coefficients (see, e.g., [18], [22], [24]).

Our goal here is to show that solutions of the problem can be represented
by localized potentials and that the corresponding localized boundary-domain
integral operator (LBDIO) is invertible, which seems very important from
the point of view of numerical analysis, since they lead to very convenient
numerical schemes in applications (for details see [25], [29], [30], [32], [33]).

The LBDIE approach for the Dirichlet type BVP for the second order
strongly elliptic systems of partial differential equations is analyzed in [14].

Using Green’s representation formula and properties of the localized layer
and volume potentials we reduce the Robin type BVP to the localized
boundary-domain integral equations (LBDIE) system. First we establish
the equivalence between the original boundary value problem and the cor-
responding LBDIE system which proved to be a quite nontrivial problem
and plays a crucial role in our analysis. Afterwards we establish that the lo-
calized boundary domain integral operator obtained belongs to the Boutet
de Monvel algebra of pseudo-differential operators and with the help of
the Vishik-Eskin theory, based on the factorization method (Wiener-Hopf
method), we investigate corresponding Fredholm properties and prove in-
vertibility of the localized operator in appropriate function spaces. This
paper develops methods and results of [6]-[15], [26].

2. REpucTIiON TO LBDIE SYSTEM AND THE EQUIVALENCE THEOREMS

2.1. Formulation of the boundary value problem and Green’s third
formula. Consider a self-adjoint uniformly strongly elliptic second order
matrix partial differential operator

Aw.00) = [ 00] 0 = |5 (B0 )| - 2)

3x3

where 0, = (01,0,05), 0; = 0o, = 0/0x;, af} = a¥} = ab? € C>,
jyk,p,q = 1,2,3. Here and in what follows by repeated indices summa-
tion from 1 to 3 is meant if not otherwise stated.

We assume that the coefficients ai? are real and the quadratic from
ayd () Mkj 1pq is uniformly positive definite with respect to symmetric vari-

ables n,; = 01 € R, which implies that the principal homogeneous symbol
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of the operator A(x,d,) with opposite sign, A(z,&) = [a5(7)&k &jl3xs is
uniformly positive definite, i.e. there are positive constants ¢; and co such
that

e [EPICPP < (A, €)¢, () <ea |EPIC?, VaeR?, VEER?, V(eC?, (2.2)

where (-, -) denotes the usual scalar product in C3.

Further, let Q1 be a bounded domain in R? with a simply connected
boundary 90t = § € C*, OF = Qt U S. Throughout the paper n =
(n1,n2,n3) denotes the unit normal vector to S directed outward the domain
QF. Set O~ :=R3\ Q.

By H"(2) = H5(Q2) and H"(S) = H3(S), r € R, we denote the Bessel
potential spaces on a domain 2 and on a closed manifold S without bound-
ary, while D(R?) stands for O functions in R with compact support and
S(R3) denotes the Schwartz space of rapidly decreasing functions in R3.
Recall that H°(Q2) = Lo(Q) is a space of square integrable functions in Q.

For a vector u = (uy,uz,u3) " the inclusion u = (uy,u2,u3) " € H" means
u; € H".

Let us denote u™ = {u}* = y*u, where y* and v~ are the trace oper-
ators on S from the interior and exterior of Q% respectively. We also need
the following subspace of H'(),

HY 2 (Q;A) = {u= (ur,ug,u3)’ € HY(Q) : A(x,0)u € H(Q)}. (23)
The co-normal derivative operator associated with the differential operator
A(z, 0;) reads as

T(x,0:) = [Tpq(w,02)] 4, 4 = [ai?(z) () Ox; |5, 5- (2.4)
For a smooth vector-function u, say u € H?(Q"), we have

[T%(2,0:) ul(@) ], = [{T(x,00) u(2)}* ], =

p
= ai?(x) nk(m) {afﬂjuq(x)}i7 YIS S7 p = 17 27 37 (25)

which is understood in the usual traces sense.

Note that due to the decomposition 9., = n;(x)9d,+D;, where x € S, 0,
is the normal derivative, and D; is the Stokes-Giinter tangential derivative
operator (see, e.g., [17]), we can represent the co-normal derivative operator
(2.4) as

T(x,0;) = [qu(x,(?a:)]gxg = [ai?(x) nk(m)nj(x)]gxg On+
+ [a%(m) ny(z) D;]|
In our analysis we need also the following boundary operator depending on
the parameter ¢ € [0, 1],

Ty(z,0,) = [ai?(m) ni(z) nj(z)] 3y3On 1 [az‘;. (z) ni(z) Dy] sz (2.7)

s (2.6)



48 O. CHKADUA, S. E. MIKHAILOV AND D. NATROSHVILI

Clearly, the matrix [agg

in particular,

(z) n (@) nj(z)] 3y3 = A(z,n(z)) is positive definite,

det [aij(z) ni(x)nj(x)]y, 4 >0, Voes. (2.8)

The co-normal derivative operator defined in (2.5) can be extended by
continuity to the space H>9(Q+; A) with the help of Green’s first identity,

T+, ghg = / Az, 0,) ulx) v(z) dot / E(u(z),v(@)dz,  (2.9)

Q+ Q+

where E(u(z),v(x)) = ap} () 0u,uq(w) 0pvp(2), g € H'?(S) is an arbi-
trary vector-function and v € H*(Q") is an arbitrary extension of g from
S onto the whole of Q7 i.e., v+ = g on S, while (-, -)g denotes the duality
between the adjoint spaces H~2(S) and H2(S) which extends the usual
bilinear Ly(S) inner product. The definition (2.9) does not depend on the
extension operator.

The Robin type boundary-value problem reads as follows:

Find a vector-function u = (u1,uz,u3)’ € H-O(Q, A) satisfying the dif-
ferential equation

A(x,0x)u=f in QF (2.10)
and the Robin type boundary condition
TYu+ put =1, on S, (2.11)

where ¢o = (%1 ) woza ¢03)T € Hil/z(s)v f = (.fh f27 fS)T € HO(Q+) and
B = [Bjk]sxs is a positive definite constant matrix.

Equation (2.10) is understood in the distributional sense, while the Robin
type boundary condition (2.11) is understood in the functional sense defined
in (2.9).

Remark 2.1. From the condition (2.2) it follows that the quadratic form
B(u(z), u(z)) =apj () eg;(x) epr(z)  with  eg;(z)=27"(9;uq(x)+0,u;(2))

is positive definite in the symmetric variables e4;. Therefore Green’s first
formula (2.9) along with the Lax-Milgram lemma imply that the above
formulated Robin type BVP is uniquely solvable in the space H':?(QF; A)
(see, e.g., [22], [18], [24]).

Let us define the following classes of cut-off functions (see [9]).

Definition 2.2. We say y € X* for integer k > 0 if x(z) = x(|z|),
X € W{(0,00) and oX(0) € L1(0,00). We say x € X% for integer k > 1 if
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x € X*, x(0) =1 and o, (w) > 0 for all w € R, where

Xsi“) >0 for weR\{0},
oy(w) == i (2.12)
/Q)Z (0)do for w=0,

0

and Ys(w) denotes the sine-transform of the function y

Xs(w) :== /)Z(g) sin(pw) do. (2.13)
0
We say x € Xﬂ for integer k > 1 if x € Xﬁ and
wxs(w) <1, VweR. (2.14)
Evidently, we have the following imbeddings: X* C X*2 and X_]f_l -
Xf, Xﬁ C ij_ for k1 > ko. The class X¥ is defined in terms of the
sine-transform. The following lemma provides an easily verifiable sufficient

condition for non-negative non-increasing functions to belong to this class
(for details see [9]).

Lemma 2.3. Let k > 1. If x € X*, x(0) =1, x(0) > 0 for all o €
(0,00), and X is a non-increasing function on [0,+00), then x € X¥.

The following examples for x are presented in [9],

21"
1-= for |z| <e,
€

0 for |z| >,

X, (@) = (2.15)

|z

g <e,
X, () = eXpLxPs?] or |z <e (2.16)

for x| > ¢,
One can observe that x, € X_’f_, while x, € X$° due to Lemma 2.3.
Moreover, x, € Xf, for k =2 and k = 3, while x, ¢ X{, and x, & X%

(for details see [9]).
Define a localized matrix parametriz corresponding to the fundamental

solution Fy(z) := —[4m|z|]~! of the Laplace operator, A = 9? + 95 + 03,
x
P(z) = Py(z) == F\(2) I = x(z) Fi(z) I = —4"75 |i| I (2.17)
with  x(0) =1,

where [ is the identity 3 x 3 matrix and y is a localizing function

xeXt,, k>4 (2.18)
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Throughout the paper we assume that the condition (2.18) is satisfied and
x has a compact support if not otherwise stated.

Further we introduce the singular integral operator, in the sense of Cauchy
principal value,

Au(y) :==v.p. / [A(x,0:)P(x —y) ] u(z) da. (2.19)

If the domain of integration in (2.19) is the whole space R?, we employ the
notation Au = A u,

Au(y) = V.p./ [A(x,0)P(x — y) ] u(z) dx . (2.20)
R?’
For u € HY0(QF, A) the following representation formula holds
b(y) uy) + Au(y) = V(T u)(y) + W(u")(y) =
=P(A(z,0,)u)(y), yeQt, (2.21)

where A is a localized singular integral operator given by (2.19), while V|
W, and P are the localized single layer, double layer and Newtonian volume
potentials,

V(o)) = - / P(x — y) g(x) dS.. (2.22)
W(g)(y) = / [T(2,0,) Pl — )] g(x)dSs,  (2.23)

5
P(h)(y) = /P(w —y) h(z)dx. (2.24)

If the domain of integration in the Newtonian volume potential (2.24) is the
whole space R3, we employ the notation Ph = P h,

P(h)(y) == /P(m —y) h(z)dx. (2.25)
R3

Mapping properties of the above potentials are investigated in [9].
Denote by £y the extension operator by zero from QF onto Q. It is
evident that for a function u € H1(Q) we have

(Au)(y) = (Alou)(y) for ye Q.
Introduce the notation

(Kbou)(y) == (b(y) —I)u(y) + (Abou)(y) for yeQt,  (2.26)
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and rewrite Green’s third formula (2.21) in a more convenient form for our
further purposes

[T+ K] lou(y) — V(T u)(y) + W(uh)(y) =
= ’P(A(x,am)u) (v), yeQr, (2.27)

where I is the identity operator.
The principal homogeneous symbols of the singular integral operators K
and I + K read as

SK)(y,6) = ]2 Ay, §) — I, VyeQF, VEeR*\{0}, (2:28)
SI+K)(y.€) = [¢]2A(y,§), VyeQF, VEeR*\{0}.  (2:29)

It is evident that the symbol matrix (2.29) is positive definite due to (2.2),
(S(I+K)(y,6)¢¢) = 1€l7*(Ay,€) ¢ Q) = e [¢? (2.30)

VyeQFt, VEeR?\ {0}, V(eC? (2.31)

where c; is the same positive constant as in (2.2). If y € X* with integer
k> r+ 2, then
r Kby : H'(Q") - H(QF), r>0 (2.32)

is bounded, since the symbol (2.28) is rational (see, e.g., [2], [18, Theorem
8.6.1]). Here and throughout the paper r,, denotes the restriction operator
to Q.

Assuming that u € H?(2%) and applying the differential operator T'(z, 9)
to Green’s formula (2.27) and using the properties of localized potentials
we arrive at the relation:

(TK) lou+(I — d)(THu) = W/(THu) + L(ut) =
=(TP)" (A(z,0;)u) on S, (2.33)
where the localized boundary integral operators W' and £ are defined as
follows

W'gly) =~ [ [T(0.0,) P~ 1) ]g(a)dS., yeS.
S
Lg(y) == [T(y,0,) Wy(y)]", yes,

while

(TK) lou = v T(Klou) := {T(K lyu) }* on S,
PHN =P ={P(NH}" on S,

d(y) = [dP(y)]sxs = =

pq
5 |

apd () k() nj(Y) 5y Y €S
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2.2. LBDIE formulation of the Robin type problem. Equivalence
theorem. Let u € H?(2%) be a solution to the Robin type BVP (2.10)-
(2.11) with ¢, € H2(S) and f € HO(Q2"). As we have derived above there
hold the relations (2.27) and (2.33), which now can be rewritten in the form

[T+ K]bu+W(p) +V(Be) =P(f)+V(¥,) in QF,  (2.34)
(TK) lou+ L(p) + (d—T) B+ W'Bp =
= (TP)*(f) + (d = D)o, + W'(sh,) on &, (2.35)

where ¢ == ut € H3(S).

One can consider these relations as a LBDIE system with respect to the
segregated unknown vector-functions u and ¢. Now we prove the following
equivalence theorem.

Theorem 2.4. Let x € X{,. The Robin type boundary value problem
(2.10)—(2.11) s equivalent to LBDIE system (2.34)—(2.35) in the following
sense:

(i) If a vector-function uw € H*(Q") solves the Robin type BVP (2.10)—
(2.11), then it is unique and the pair (u, @) € H2(QXH) x H2(S) with

p=u", (2.36)

solves the LBDIE system (2.34)—(2.35) and, vice versa.

(i) If a pair (u, o) € H2(QH) x H3 (S) solves the LBDIE system (2.34)~
(2.35), then it is unique and the vector-function u solves the Robin type
BVP (2.10)—(2.11). and relation (2.36) holds.

3. INVERTIBILITY OF THE LBDIO CORRESPONDING TO THE ROBIN
TYPE BVP

From Theorem 2.4 it follows that the LBDIE system (2.34)—(2.35), which
has a special right hand side, is uniquely solvable in the class H?(QF, A) x
H3/2(S). Here we investigate Fredholm properties of the localized boundary-
domain integral operator generated by the left hand side expressions in
(2.34)—(2.35) and show that it is invertible in appropriate functional spaces.

The LBDIE system (2.34)—(2.35) with an arbitrary right hand side vector-
functions from the space H2(Q+) x H'/2(S) can be written as

I+ K)lou + W(p) +V(Bp)=F, in QF, (3.1)
(TK) lou+ L(p) + (d—D)Bp+W'(Bp) = F, on S, (3.2)
where Fy € H*(QF) and F, € HY?(S).
Denote

B:=I1+K. (3.3)
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The principal homogeneous symbol matrix of the operator B reads as (see
(2.29))

6(B)(y,€) = €| *A(y,€) for yeQF, €eR’\{0}. (3.4)
The entries of the matrix &(B)(y, &) are even rational homogeneous func-
tions of order 0 in £&. Moreover, due to (2.2) the matrix &(B)(y, £) is positive
definite,

(6(B)(y,6)¢.¢) = arl¢]* forall yeQF, £eR*\{0} and(eC’.

Consequently, B is a strongly elliptic pseudodifferential operator of zero or-
der (i.e., a singular integral operator) and the partial indices of factorization
of the symbol (3.4) equal to zero (cf. [28], [3], [5]).

We need some auxiliary assertions in our further analysis. To formulate
them, let yg € QT be some fixed point and consider the frozen symbol
&(B)(y0, &) = 6(B)(€). Further, let B denote the pseudodifferential oper-
ator with the symbol

S(B)(¢',€3) = S(B)((1 +[¢ w,&)  with

’

_ &

€7
The principal homogeneous symbol matrix &(B)(&) of the operator B can
be factorized with respect to the variable &3,

f = (5/753)7 5, = (51762)'

w

6(B)(¢) = 67 (B)(§) 67 (B)(9), (3.5)
where
+ I S

AT (€ ,,fg) are the “plus” and “minus” polynomial matrix factors of the first

order in &3 of the positive definite polynomial symbol matrix A(£ ',53) =
A(y07§/7f3) (see [19]7 [20]7 [21])7 Le.

A€ &) = A7(€,6) AT(€ &) (3.6)
with det AT(¢',7) #0 for Im7 >0 and det A=(¢/,7) #0 for Im T < 0.
Moreover, the entries of the matrices A% (¢ ' ,&€3) are homogeneous functions
in & = (¢,&) of order 1.

Denote, by a™ (¢/) the coefficients at £3 in the determinants det A* (&', &3).
Evidently,

a” (&) at(¢) =det A(0,0,1) >0 for ¢ #0. (3.7)

It is easy to see that the factor-matrices A*(¢’,£3) have the following
structure
1

/ -1
[Ai@ )] = det AT (€65

[P (€, 63) Jaxa, (3.8)
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where [pi?(f' ,&€3) ]sx3 are the matrix of co-factors corresponding to the ma-
trix A*(¢',¢&3). They can be written in the form

po(E,&) =L (€)E+b(E) &+ d (). (3.9)

Here cif, bf and dif,, 1,7 = 1,2, 3, are homogeneous functions in & of order
0, 1, and 2, respectively.
Denote by IT* the Cauchy type integral operator

+oo

i f(&n3) dns
I (f)(¢) = By tLH& G til—n feSR?), (3.10)

— 0o

where g = (51,53)3 5/ = (élaEQ)'
The following lemmata hold (see [14]).

Lemma 3.1. Let x € X{“Jr with integer k > s + 2 and let ¢y be the
extension operator by zero from Ri onto the half-space R3 . The operator

ra Blo H*(R3) — H*(RY)

is invertible for all s > 0, where r_, is the restriction operator to the half-
+

space R3..
Moreover, for f € H® (R‘i) with s > 0, the unique solution of the equation

ey Blyu = |, (3.11)

can be represented in the following form
us = bou = FH{[EF B (S B)TFE) ) (312)
where (f € H*(R3) is an arbitrary extension of f onto the whole space R3.

Lemma 3.2. Let the factor matriz AT (&', 7) be as in (3.6), and a™ and
c'*; be as in (3.7) and (3.9) respectively. Then the following equality holds

! RE 1 ,
5 | (AT )] = . (e (E) s (3.13)
ke
and
det [cj(fl) ]3><3 7& 0 fOT’ 5/ 7é 0. (314)

Here v~ is a contour in the lower complex half-plane enclosing all the roots
of the polynomial det A™ (&', 7) with respect to T.
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It is well known that the differential operator T'(z, ;) covers the operator
A(z,0,) on the boundary S (see, e.g., [1], [4], [27], [31]), i. e., the problem

A(g’,z'%) o(€ 1) =0, 0<t< oo, (3.15)
d
T(g’,za) v’ 8| _ =0 (3.16)

has only the trivial solution in the Schwartz space S(Ry) of infinitely
smooth, rapidly decreasing vector-functions at infinity. Here A(£’,&3) :=
A(yo, &', &3) and T(€',&3) := T(yo,&’,&3) correspond respectively to the
“frozen” differential and co-normal operators at the point yo € 9QT.

The above covering condition and Lemma 3.2 implies the following as-
sertion.

Lemma 3.3. Let v~ be the same as in Lemma 3.2. The matrix

/T(g',f) (AT, )] dr (3.17)

¥
1s non-degenerated for all £’ # 0.

Now, with the above auxiliary results in hand, we can investigate the
invertibility of the localized boundary-domain integral operator generated
by the left hand side expressions in the system (3.1)-(3.2). Denote this
operator by R,

.. Blo -, W+r, V3
(TK) 4y L+@-T)+W'B |°
Applying the local principal technique (cf., e.g. [16], §19 and §22) we inves-

tigate Fredholm properties of the operator R and prove the following basic
theorem.

R =

Theorem 3.4. Let a cut-off function x € X753, r > 1, and the following
condition be satisfied

det T (&', —i [€')) = det T(t &', —i|€']) # 0 (3.18)
forall € #0 and forall tel0,1],
where the matriz Ty is defined in (2.7). Then the operator
R HHH Q) x HTY2(8) — H™TH(QF) x H™V/2(S) (3.19)
1s invertible.

Corollary 3.5. Let a cut-off function x € X{, and the condition (3.18)
be fulfilled. Then the operator

R H2(QF) x H¥2(S) — H*(QF) x H'/?(9)

is invertible.
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