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STRONG HOMOLOGY GROUPS OF CONTINUOUS MAP

A. BERIDZE

ABSTRACT. In this paper coherent morphisms of chain maps and ho-
mology groups of this type of morphisms are defined. Using the ob-
tained methods, the strong homology groups of continuous map of
compact metric spaces are constructed. It is proved that for each
continuous map f : X — Y there exists a long exact homological se-
quence. Besides, it is shown that for each inclusion 7 : A — X of com-
pact metric spaces there exists the isomorphism Hp, (i) ~ Hp (X, A).
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INTRODUCTION

The idea of the expansion of a map into the inverse or direct system
consisting of “good” maps has been successfully used by various mathe-
maticians to solve various problems of general topology, geometric topology
and algebraic topology [1], [2], [4], [5], [10], [11]. Using this idea in the
papers [1], [2], [3] and [8], continuous maps are investigated from the point
of view of homology and homotopy theories. Applying (co)shape proper-
ties of continuous maps functors from the category of maps of topological
spaces to the category of long exact sequences of groups were constructed
by V. Baladze [6]. The main aim of our work is to construct and investi-
gate strong homology groups of a continuous map of compact metric spaces.
For this aim we use the methods developed in fiber shape theory ([2], [6])
and strong shape theory [11]. In particular, as is known there exists the
strong shape functor S : H (Topg,,) — SSh(Tope,,) - Thus, to construct
the homology functor on the category Top.,,, it suffices to construct the
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homology functor on the category C'H(pro— Topes,,). In the same way,
to define homology groups of a continuous map f : X — Y, it suffices to
define homology group of a coherent homotopy class of coherent mapping
[f]:X — Y. On the other hand, with this end in view, we need to define
and study coherent morphism of chain maps and its homology groups.

Throughout the paper, the use is made of the following notation [10-11]:

Topey, is the category of compact metric spaces and continuous maps;

SSh(Tope,,) is the strong shape category of compact metric spaces;

S : H (Topops) — SSh(Topey,) is the strong shape functor;

p: X — X is the polyhedral expansion of the space X;

f:X — Y is the coherent mapping of the inverse system;

F:XxI — Y is the coherent homotopy;

[f]: X — Y is the coherent homotopy class of the coherent mapping;

C(-) is the the coherence operator;

C.(f4) is the chain cone of the chain map fg : L, — M,.

It should be noted that definition of chain cone of cham map is little dif-
fers from the usual case. In particular, in our case, Cy (fx) = {Cn (f#) 8}

is the chain complex, where C,, (f%) = Ly,—1 @ M,, ¥V n 6 N and 9(1,m) =
@), =0 (m) + f (1)) ¥ (I,m) & Cn(fs)-

1. COHERENT MORPHISM OF CHAIN MAPS

Let fu : L, — M, and g% : P. — @, be arbitrary chain maps. A
system ¢ = {(@1, @2) ,@1’2} is called coherent morphism of the chain maps
J4# and gy, if @' : L, — P, and ¢? : M, — Q. are the chain maps and
o2 L, — Q, is the chain homotopy of chain maps cpzf# and g#gol. In
this case, we will write ® : fu — gx.

Lemma 1.1. Fach coherent morphism ®: fu — g4 induces the chain
map

Do:Cs (f4) = Culgs),
which is defined by the formula

Dy (l,m) = (' (1), @ (m) + ©"2(1)) -
Proof. Let (I,m) € Cy,(f4), then
0Dy (1,m) =9 (¢ (1), o*(m) + @1’2(1)) =
= (@' 1), =0 (P*(m) +"2(D) + g4 (¢' () =
= (0(¢' () , —0¢*(m) — 8s01 ) + 959" (1)
D401, m) = Dy (1), —0(m) + fy (1) =
= (p'01), @ (=0(m) + f4 () + " (3(1))) =
= (¢'0(1), —p*a(m) + @ f4(1) + ¢1?0(1) ) .
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On the other hand, ¢! and ¢? are the chain maps and ¢'? is the chain
homotopy, and hence

dp' (1) = ' 0(1), 0¢*(m) = p*d(m),
=002 (1) + 940" (1) = @* f4 (1) + ©120(0).
Therefore,
8‘1’#([, m) = ‘I’#@(l, m),

which means that ® is the chain map. g

Let & = {(901,@2) ,501’2} and ¥ = {(wl,wz) ,1/)1’2} be coherent mor-
phisms of chain maps. A system D = {(Dl, D2) ,Dl’z} is called coherent
homotopy of coherent morphisms ® and U, if D! is a chain homotopy of ¢!

and ', D? is also a chain homotopy of ©? and 9?2, and D2 : L, — Q, is
a chain map of degree two, which satisfies the condition

8D1,2 _ D1,28 — g#Dl _ D2f# _ ¢1,2 4 ()01,2
In this case, we write D : =W,

Lemma 1.2. Fach coherent homotopy D of coherent morphisms ® and
U induces the chain homotopy

Cs (f#) — Cilgy),
of chain maps
Py, Uiy : Cu (fz) — Cu(g%) -
Proof. Let for each n € N, Dy : Cy (fg) — Crnyi1(gx) be defined by the
formula
Dy(l,m) = (D'(1),—D*(m) + D"*(1)) .
In this case, for each (I,m) € Cp,(fz), we have
(0Dy + D4d)(I,m) = dDy(l,m) + Dpd(l,m) =
=9 (D'(1),~D*(m) + D"*( )) + Dy (9(1),~0(m) + f4 (1)) =
= (0D (1),0D*(m) — 9D (1) + gz D' (1)) +
+ (Do(1), D*9(m) — D2f#( 1)+ D"?0(1))
= (0D*(1) + D*a(1), (0D*(m) + D*d(m)) —

— (8D172<l> — D2o(l ) - g#D )+ D2f# D)) =

= (v'( (l (v*(m m)) — (" Z/J”(l))):
(wl P (D), (v*(m m)) + (12 () — ")) =
(wll +w”<)) ( ), 2(m) 1’2<l>)=

#( m, )—‘I)#(m,l). u
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2. HomoLoGY GROUP OF COHERENT MAPPING

Let X = (X;,pii+1,N) be an inverse sequence of topological spaces.
Let for each i € N, S.(X;) = (Sn(X;),0} be a singular chain complex of
the topological space X; and pfi+1 ¢ Sy(Xit1) — S«(X;) be a chain map
induced by the projection p; ;41 : X;+1 — X; of the inverse sequence X.
Thus we obtain the inverse sequence S.(X) = (S, (Xi),pfiH,N) of chain
complexes. Let for each n € N

K, (X) = H Sn(X)

and 0, : Ku(X) — K, —1(X) be given by the formula
O (") = O {c'} = {0n(ci)}, V " € Kn (X).
It is clear that K, (X) ={K (X), 0} is a chain complex. Consider the map
p# : K, (X) — K. (X) defined by
Py (") =Py e} = {plis () =l } . ¥ " € Kn(X).

Lemma 2.1. For each inverse sequence X = (X;, p;i+1, IN) of topological
spaces the map pyx : K (X) — K. (X) is the chain map.
Proof. Let ¢ € Ky, (X), then

Onps (") = oy e} = 0 {pls (clin) — '} =

= {oupfis () = Onle) } = {pFi10, (l1) = Oulel)} =
=P# {0n(c})} = PyOn (). 0
Lemma 2.2. Each coherent mapping f:{fio, il,i—i-l} : X =Y of inverse

sequences induces coherent morphism Fz{ (fg£7 f;), f;&} i p# — gy of chain
maps.

Proof. By Lemma 3.3 in [10], we can assume that
X, =Y, VieN
flin: XiaxI =Y, VieN
are the maps which satisfy the following properties:
fliv(@,0) = (fpiiy1) (), Ve X, (1)
friv(@,1) = (Gi,i01f4) (), V@ € Xiy, (2)
(fil,i+1 (Pit1,iv2 X Zd)) * (Qi,i+1fi1+1,i+2) = fil,i+2 (rel{0,1}). (3)

Let fi# : S.(X;) — S«(Y;) be the chain map induced by the map f? :
X; — Y; and fiﬁﬂ 0 Se(Xiy1) — S«(Y;) be the chain map of degree one
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induced by fl;,; : Xjp1 x I — Yi. By (1), (2) and (3), it is the clear

that fiﬁ‘+1 is chain homotopy of chain maps (fiopi’i+1)#, (qi,i+1f?+1)# :
S*(Xi_;,_l) — S*(i/z) Let

f; KL (X) = K. (Y),
fy  K.(X) = K.(Y)
be the maps defined by the formulas
£ (") =2 {cf} = {fF ()}, Ve eKu(X),
f:‘,& (c") = f;}& {c?+1} = {ffl‘-;-l( C;Zrl)}v V' e K, (X).
In this case, f9 is the chain map and f} is the chain homotopy of chain

maps £ py and q#fo# and, therefore, the system F={(f2,f%),f}} is the
coherent morphism of chain maps px and qx. Indeed, let ¢” € K, (X), then

(98} +£40) (") =08} (1) +£40 (1) =0 { o () } 85 40 (cF) } =
= {me (i) } + {ffmé (i) } = {affm (cf) +£7520 (cta) } =
= {(afi,#i-&-l + f719) (C?H)} = {(qfiﬂfﬁl — il (C?H)}-
On the other hand,
(anfy — £4p4) (") = (fpay) (") — Pty (") =
=y {fiﬁl (C?H)} - fa?ﬁ{f’iﬂﬂ (ciha) = C?} =
= {qfiﬂfﬁl (C?-‘rl) - fi# (C?)} - {fz#pz‘,wl (C?-‘rl) - fi# (C?)} =
= {(qfﬂrlfﬁl - fz#p?,éi+1) (Cﬁl)}- O

By Lemma 1.1, the coherent morphism F : px — q induced by the co-
herent mapping f:X — Y induces the chain map Fy : C, (px) — Cx (ax).
On the other hand, Fy : C, (pg) — C. (qy) induces the homomorphism

F.: Hy (Ci (p#)) — Hn (Ci (ag))-
Let C, (Fx) be the chain cone of the chain map F and

0:C,(qy) = C(Fy), 0:C.(Fyu)— C.(px)

be the maps, which for each n € N, 0 : C, (qg) — C,, (F4) and 0 :
C,, (Fx) — C,_1 (px) are defined by

o(m) =(0,m), Vme Cyp(qu),
ol,m)=1, V(,m)eC,(Fg).
In this case, there exists the short exact sequence

0= C. (ap) -C. (Fy) —5C. (py) — 0. (4)
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On the other hand, (4) induces the long exact homological sequence
o O
- — Huy1 (Ci (q#)) —>Hus (Cx (Fy)) —Ha (Cs (P#))

LoH, (Cy (qg)) — - - (5)

It is known that the homomorphism E : H, (C, (p%)) —H. (Ci (qg)) in
the sequence (5) coincides with the homomorphism F, : H, (C, (p%)) —
H, (C« (g#)) [9]. Our aim is to show that the given sequence does not
depend on the type of the coherent homotopy of the coherent mapping
f:X — Y. On the other hand, towards this end we need the following

Lemma 2.3. Fach coherent homotopy H : XxXI — Y of coherent map-
pings f= {fio, ¢1,¢+1}a f':{fzr O,f;’iﬁrl} : X — Y of inverse sequences in-
duces coherent homotopy D= {(Dl,Dl) 7Dl’z} F~F of coherent mor-
phisms F:{(f;,fg),f#}, F/:{(f%fg),f#} : Py — qp of chain maps.
Proof. To prove the lemma, we will need several facts from the singular
homology theory. For each topological space X and each integer n € N,

consider the homomorphism Sy : S, (X) — Sp41(X x I) defined by the

formula
n

S#(U):Z(—l)”si (0), VoeS,(X),

i=0

where s;(0) : A"t — X x [ is the singular simplex defined by
} N ) (o(e),0), if j<i,
sﬂdwﬂ_{(ﬂqun,ifj>¢
Let iog, t1¢ : Sp(X) — Spy1(X x I) be the chain maps induced by the
inclusions 49,41 : X — X x I. It is known that in this case Sy : S.(X) —
S, (X x I) is the chain homotopy of the chain maps ig4 and i14. Therefore,
for the maps
io#,il# : Sn(X) — Sn(X X I),

we have

85# =114 — lo# — 5#8. (6)
This fact implies that if H : X x I — Y is homotopy of the continuous maps
fo,f1: X =Y, then D = HyS4:5,(X) — S.(Y) is the chain homotopy of
the chain maps fog, figz @ Sn(X) — Sp(Y), where Hyu:S, (X x I) — S.(Y)
is the chain map induced by H. Thus,

0D + DO = fl# — fo#. (7)
Let jo,j1 : X x I — X x I x I be inclusions defined by

gilz,t) = (z,t,1), jo(z,t) = (x,t,0), V(x,t)e X x1.

In this case, for the maps

Jogs Jig + Snp1 (X X I) — Sy (X x I x 1), (8)



STRONG HOMOLOGY GROUPS OF CONTINUOUS MAP 31

we have
054 = jiz — Jog — S30.
In this case, by virtue of (6) and (8), we obtain
0S4 Sy = (g — Jog — S40) Sy = japSy — JopSy — Sy0Sy =
= J1# Sy — Jou Sy — Sy (g —iog — S40) =
= J145% — Jou Sy — Suiix + Spiop + SxS540.
On the other hand, if g9, g1 : X x I — X x I x I are inclusions defined by
gi1(z,t) = (x,1,t), go(z,t) = (,0,t), V(x,t)€ X x1I,
then
G5y = Splig,  JopSy = Syloy
Therefore, for the maps
Gogts Grgs Joges Jig + Sn(X) — Spp1 (X x I x 1)
we have
055 Sy = ji#S% — JouSs — G1#5% + gou Su + SpS%0. 9)

On the other hand, (9) implies that each continuous map F: X x I x I —
Y induces the map D? = FzS;S4:S.(X) — S.(Y) which satisfies the
following condition

dD? — D%9 = Fl#S# — FQ#S# — F3#S# + F4#S#, (10)

where F1 = Fjl, F2 = Fjo, F3 = Fgl and F4 = Fgo.

Let H={H;, H;+1} : XxI — Y be coherent homotopy of coherent map-
pings f, £ : X — Y. In this case, H; : X;xI — Y; and H; ;41 : XyxIx] —
Y; are the continuous maps for which

Hi(2,0) = fi(z), H(z,1) = fi(z), (11)
Hii1(2,0,t) = fiiv1(2, 1), (12)
”+1(x 1 t) H—H( t) (13)
H;iy1(w,8,0) = Hi(piiv1 % id)(z, s), (14)
H;iv1(z,8,1) = q; iy1Hi(x, s). (15)

Let Hiy : Sy (XixI) — S.(Y;) be the chain map induced by the continuous
map H; : X;xI — Y;. Let the composition H;4S4 be defined by Dll. Then
owing to (7) and (11), it will be the chain homotopy of the chain maps
fz-#,fi’# 0 Su(X;) — S«(Y:) induced by the maps f;, f/ : X; — Y;. Let
D! = {D}}, £9={fix} and £2={f/,}, then DK, (X) — K.(Y) will be
the chain homotopy of the chain maps fg, f%?:K* (X) — K, (Y). Thus we
have
OD'+D'9 = £, — £9.
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In the same way, we can construct the chain map of degree two D2=
{D;’Q} : Kio(X) — K. (Y), where Dil’2 = H;;414545%. To prove the
theorem it remains to show that D= {(D*,D') ,D"2} is the coherent ho-
motopy of coherent morphisms F:{(fi,f;),f#}, F/:{(f;’j%?),f#} :
p# — qx. On the other hand, by (10), (12), (13), (14) and (15), we have
9D 20120 = o({ D)) ~({D}*})0 =
= O({Hii+1454S%} )~ ({Hii+14545%} )0 =
= {0 (Hiit14S4S4) — (Hiir14545%) 0} =
= {(Hiit151) 5S4} — {(Hiji+170) 5 5% } —
- {(Hi,i+lgl)#5#} + {(Hi,i+1go)#5#} =
= {(@ii41Hi) S } — {(Hi (pii1 % id)) , Sy }—
- {(fi/,i+1)#5#} + {(fi,i+1)#s#} =
=ay {HipSyy—pu {Hig Sy}t —{(fli11) , St +{(fiin) 4 Su} =
=ay {Di} —py DI} £} + T} =qyD'—pyD* £} +£}. O
Corollary 2.4. For each coherent homotopic coherent mappings £, f' :
X — Y of inverse sequences we have
F.=F.:H,(C. (P#)) — Ha (Ci (ay)),
H, (C* (F#)) ~ Hy (C* (F/#)) :

3. STRONG HoMoLOGY GROUPS OF CONTINUOUS MAP

Let X € Topcys be the compact metric space and X = (X, pii+1,N)
be the corresponding polyhedral expansion (inverse sequence of polyhedra).
The following theorem below characterizes the relation of homology group
Hy 41 (Cx (pg)) and the strong homology group Hy(X) (Steenrod homology,
total homology) of X [11], [12], [13]. In particular, we have

Theorem 3.1. For each compact metric space X € Topesy, the (n +
1)—dimensional homology group H,11 (Cyx (P)) of the chain cone Cy (p4)
of the chain map py : K.(X) — K, (X) is isomorphic to the n—dimensional
strong homology group Hy(X) of X.

Proof. As is known, for the compact metric space X the strong homol-
ogy group Hy(X) is the homology group of the chain complex T (X) =
{T"(X),d}, which is constructed as follows [11]: let X = (X;,pi.ir1, N) be
the given corresponding polyhedral expansion of X. Consider the tower of
the chain complexes S, (X) = (S*(Xi),pfiﬂ, N} and let the symbol T (X)
denote the set of functions ¢™ defined on singleton ¢ and on a pair (¢,7+ 1),
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i € N, where " (i) = ¢} € S,,(X;) and ¢"(i,i+1) = c?#l € Sp+1(X;). The

boundary operator d : T (X)) — Tnil(X) is defined by the formula
(Ec")i =0(c),
(Ecn)i,iﬂ =0 (C?:rll) + (*1)n(pfi+1 (cie) =)
Let the map h,, : T (X) — Cy11(p#) be defined by the formula
B () = (“1)" {1} — (L)), ¥ e T

It is easy to see that h, is an isomorphism. So, to complete the proof, it
suffices to show that the diagram

T'"X) S T
lhn _ lhn—l
Cot1 (P) 2 Cn(py)

is commutative.
Let ¢ € T"(X), then

hp—1d(c") = hny ({E(C")i}a {E(Cn)i,i-i-l}) =
= (=1 {den):}, ~{dce” “+1})
( 1 1{8 } O + () (i () — )} =
= — (0"} {O(erEh) + (D" (pfpa () =)} =
——((-1) a{c boferii +{(=1)"pe{er}}) =
=—(0{ (- 1"} of e} + el (- 1) (e} }) =
= —({ (-0}, ~{erth}) = =ha(e).
Thus, we find that the n—dimensional homology group of the chain complex

T (X) is isomorphic to the (n + 1)—dimensional homology group of the
chain cone C, (px). O

Let f : X — Y be the continuous map of compact metric spaces.
Consider the corresponding strong shape map F = S(f) : X — Y. So,
F ={p, q, [f]}, where p:X — X and q:Y — Y are the strong expansions
and [f]:X — Y is a coherent class of the coherent mapping for which

[f]C (p) = C(a)C(f),
where C (+) is the coherence operator [11]. According to Theorem 4.1 and

Corollary 3.4, we can denote the (n + 1)—dimensional homology group of
complexes C. (p#), Cs (ax) and C, (Fyx) by using the symbols H,(X),
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H,(Y) and H,(f), respectively. Consequently, the homomorphism F, :
Hot1 (Cx (P#)) — Hit1 (Ci (gg)) is denoted by fi : Ha(X) — Hua(Y) and
called an induced homomorphism of the continuous map f: X — Y.

Theorem 3.2. If f, f': X — Y are the homotopic continuous maps or
induce same strong shape morphism, then we have

fe= [ Hp(X) = Ha(Y), Hu(f) =~ Ha(f).
Proof. 1t is the consequence of: definitions of strong homology groups of

the map, definition of the induced homomorphism and Corollary 2.4. |

Theorem 3.3. For each continuous map f: X — Y of compact metric
spaces there exists the long exact homological sequence

T o« TT O« ¥7 « T
= Haa (V) 75 H g () 5 H (X) S5 Ha (V) — -
Proof follows from definitions and long exact sequence (5).

Theorem 3.4. For each inclusion i : A — X of compact metric spaces,
there exists the isomorphism

px:Hn (i) — ﬁn(Xv A),
for which the diagram
= o1 (V) Hna (i) Ha () Ha (V) — -
| id L o | id | id (16)
s g (V) 25 1 (X, A) -5 H (X) -5 H (V) — -
1s commutative.

Proof. It is known that if the chain map fx : L. — M, is monomorphic,
then the chain map ¢ : Cy(fx) — M./L., defined by the formula

@(mvl) =m+ f#(Ln)v v (m’l) € Cn(f#)v
induces the isomorphism ¢, : H, (Cy (fz)) — H, (M./L.) , and the dia-
gram
oo Hyy (M) Z5H,, (Cu( )2 1 (LYo —Hyg (M) =
| id L o id Lid
o+ = Hy (Lo (Mo /L) ~5Hy 1 (Lo} Hyy 1 (M) =
is commutative [9]. On the other hand, by Theorem 3.1, the strong homol-

ogy sequence of the pair (X, A) of compact metric spaces can be obtained
from the following short exact sequence:

0 — C. (pag) >Cu (py) HC. (pg) /C. (Pag) — 0,

where pa:A — A is the restriction of the polyhedral expansion p:X — X
and is itself the polyhedral expansion. Therefore, there exists the chain map



¥

STRONG HOMOLOGY GROUPS OF CONTINUOUS MAP 35

: Cu(Fy) — Cy (p#) /Cx (PA#), where F' : A — X is the strong shape

morphism induced by the inclusion A — X, which induces the isomorphism
v Hn(f) = Ha(X, A) and diagram (16) is commutative. O
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