
Proceedings of A. Razmadze
Mathematical Institute
Vol. 162 (2013), 25–35

STRONG HOMOLOGY GROUPS OF CONTINUOUS MAP

A. BERIDZE

Abstract. In this paper coherent morphisms of chain maps and ho-
mology groups of this type of morphisms are defined. Using the ob-
tained methods, the strong homology groups of continuous map of
compact metric spaces are constructed. It is proved that for each
continuous map f : X → Y there exists a long exact homological se-
quence. Besides, it is shown that for each inclusion i : A → X of com-
pact metric spaces there exists the isomorphism Hn (i) ≈ Hn (X, A).

îâäæñéâ. êŽöîëéöæ àŽêéŽîðâĲñèæŽ þŽüãñîæ ŽïŽýãâĲæï çëßâîâ-
êðñèæ éëîòæäéâĲæ áŽ Žé ðæìæï éëîòæäéâĲæï ßëéëèëàææï þàñ-
òâĲæ. øãâêï éæâî öâéñöŽãâĲñèæ éâåëáâĲæï àŽéëõâêâĲæå ŽàâĲñèæŽ
çëéìŽóðñî éâŽðîæçñè ïæãîùâåŽ ñûõãâðæ ŽïŽýãâĲæï úèæâîæ ßë-
éëèëàææï þàñòâĲæ. áŽéðçæùâĲñèæŽ, îëé õëãâèæ f : X → Y
ñûõãâðæ ŽïŽýãæïŽåãæï ŽîïâĲëĲï àîúâèæ äñïðæ ßëéëèëàæñîæ éæ-
éáâãîëĲŽ. àŽîáŽ ŽéæïŽ, êŽøãâêâĲæŽ, îëé éâðîæçñè çëéìŽóðñî ïæ-
ãîùââĲï öëîæï øŽáàéæï i : A → X ŽïŽýãâĲæïŽåãæï ŽîïâĲëĲï
Hn (i) ≈ Hn (X, A) æäëéëîòæäéæ.

Introduction

The idea of the expansion of a map into the inverse or direct system
consisting of “good” maps has been successfully used by various mathe-
maticians to solve various problems of general topology, geometric topology
and algebraic topology [1], [2], [4], [5], [10], [11]. Using this idea in the
papers [1], [2], [3] and [8], continuous maps are investigated from the point
of view of homology and homotopy theories. Applying (co)shape proper-
ties of continuous maps functors from the category of maps of topological
spaces to the category of long exact sequences of groups were constructed
by V. Baladze [6]. The main aim of our work is to construct and investi-
gate strong homology groups of a continuous map of compact metric spaces.
For this aim we use the methods developed in fiber shape theory ([2], [6])
and strong shape theory [11]. In particular, as is known there exists the
strong shape functor S : H (TopCM ) → SSh (TopCM ) . Thus, to construct
the homology functor on the category TopCM , it suffices to construct the
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homology functor on the category CH(pro−TopCM ). In the same way,
to define homology groups of a continuous map f : X → Y , it suffices to
define homology group of a coherent homotopy class of coherent mapping
[f ]:X → Y. On the other hand, with this end in view, we need to define
and study coherent morphism of chain maps and its homology groups.

Throughout the paper, the use is made of the following notation [10–11]:
TopCM is the category of compact metric spaces and continuous maps;
SSh(TopCM ) is the strong shape category of compact metric spaces;
S : H (TopCM ) → SSh (TopCM ) is the strong shape functor;
p:X → X is the polyhedral expansion of the space X;
f :X → Y is the coherent mapping of the inverse system;
F:X×I → Y is the coherent homotopy;
[f ]:X → Y is the coherent homotopy class of the coherent mapping;
C(·) is the the coherence operator;
C∗(f#) is the chain cone of the chain map f# : L∗ → M∗.
It should be noted that definition of chain cone of chain map is little dif-

fers from the usual case. In particular, in our case, C∗ (f#) =
{
Cn (f#) , ∂̃

}

is the chain complex, where Cn (f#) ≈ Ln−1 ⊕Mn, ∀ n ∈ N and ∂̃(l,m) =
(∂ (l) ,−∂ (m) + f# (l)) ∀ (l,m) ∈ Cn (f#).

1. Coherent Morphism of Chain Maps

Let f# : L∗ → M∗ and g# : P∗ → Q∗ be arbitrary chain maps. A
system Φ =

{(
ϕ1, ϕ2

)
, ϕ1,2

}
is called coherent morphism of the chain maps

f# and g#, if ϕ1 : L∗ → P∗ and ϕ2 : M∗ → Q∗ are the chain maps and
ϕ1,2 : L∗ → Q∗ is the chain homotopy of chain maps ϕ2f# and g#ϕ1. In
this case, we will write Φ : f# → g#.

Lemma 1.1. Each coherent morphism Φ: f# → g# induces the chain
map

Φ#:C∗ (f#) → C∗(g#),
which is defined by the formula

Φ#(l, m) =
(
ϕ1(l), ϕ2(m) + ϕ1,2(l)

)
.

Proof. Let (l, m) ∈ Cn(f#), then

∂̃Φ#(l, m) = ∂̃
(
ϕ1(l), ϕ2(m) + ϕ1,2(l)

)
=

=
(
∂

(
ϕ1(l)

)
,−∂

(
ϕ2(m) + ϕ1,2(l)

)
+ g#

(
ϕ1(l)

))
=

=
(
∂

(
ϕ1(l)

)
,−∂ϕ2(m)− ∂ϕ1,2(l) + g#ϕ1(l)

)
,

Φ#∂̃(l, m) = Φ# (∂(l),−∂(m) + f#(l)) =

=
(
ϕ1∂(l), ϕ2 (−∂(m) + f#(l)) + ϕ1,2 (∂(l))

)
=

=
(
ϕ1∂(l),−ϕ2∂(m) + ϕ2f#(l) + ϕ1,2∂(l)

)
.
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On the other hand, ϕ1 and ϕ2 are the chain maps and ϕ1,2 is the chain
homotopy, and hence

∂ϕ1(l) = ϕ1∂(l), ∂ϕ2(m) = ϕ2∂(m),

−∂ϕ1,2(l) + g#ϕ1(l) = ϕ2f#(l) + ϕ1,2∂(l).

Therefore,
∂̃Φ#(l, m) = Φ#∂̃(l, m),

which means that Φ# is the chain map. ¤

Let Φ =
{(

ϕ1, ϕ2
)
, ϕ1,2

}
and Ψ =

{(
ψ1, ψ2

)
, ψ1,2

}
be coherent mor-

phisms of chain maps. A system D =
{(

D1, D2
)
, D1,2

}
is called coherent

homotopy of coherent morphisms Φ and Ψ, if D1 is a chain homotopy of ϕ1

and ψ1, D2 is also a chain homotopy of ϕ2 and ψ2, and D1,2 : L∗ → Q∗ is
a chain map of degree two, which satisfies the condition

∂D1,2 −D1,2∂ = g#D1 −D2f# − ψ1,2 + ϕ1,2.

In this case, we write D : Φ≈Ψ.

Lemma 1.2. Each coherent homotopy D of coherent morphisms Φ and
Ψ induces the chain homotopy

D# : C∗ (f#) → C∗(g#),

of chain maps
Φ#, Ψ# : C∗ (f#) → C∗ (g#) .

Proof. Let for each n ∈ N, D# : Cn (f#) → Cn+1(g#) be defined by the
formula

D#(l, m) =
(
D1(l),−D2(m) + D1,2(l)

)
.

In this case, for each (l,m) ∈ Cn(f#), we have
(
∂̃D# + D#∂̃

)
(l, m) = ∂̃D#(l, m) + D#∂̃(l, m) =

= ∂̃
(
D1(l),−D2(m) + D1,2(l)

)
+ D# (∂(l),−∂(m) + f#(l)) =

=
(
∂D1(l), ∂D2(m)− ∂D1,2(l) + g#D1(l)

)
+

+
(
D1∂(l), D2∂(m)−D2f#(l) + D1,2∂(l)

)
=

=
(
∂D1(l) + D1∂(l),

(
∂D2(m) + D2∂(m)

)−
− (

∂D1,2(l)−D1,2∂(l)− g#D1(l) + D2f#(l)
))

=

=
(
ψ1(l) + ϕ1(l),

(
ψ2(m)− ϕ2(m)

)− (
ϕ1,2(l)− ψ1,2(l)

))
=

=
(
ψ1(l) + ϕ1(l),

(
ψ2(m)− ϕ2(m)

)
+

(
ψ1,2(l)− ϕ1,2(l)

))
=

=
(
ψ1(l), ψ2(m) + ψ1,2(l)

)− (
ϕ1(l), ϕ2(m) + ϕ1,2(l)

)
=

= Ψ#(m, l)− Φ#(m, l). ¤
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2. Homology Group of Coherent Mapping

Let X = (Xi, pi,i+1, N) be an inverse sequence of topological spaces.
Let for each i ∈ N, S∗(Xi) = (Sn(Xi), ∂} be a singular chain complex of
the topological space Xi and p#

i,i+1 : S∗(Xi+1) → S∗(Xi) be a chain map
induced by the projection pi,i+1 : Xi+1 → Xi of the inverse sequence X.
Thus we obtain the inverse sequence S∗(X) = (S∗(Xi), p

#
i,i+1, N) of chain

complexes. Let for each n ∈ N

Kn (X) =
∞∏

i=1

Sn(Xi)

and ∂n : Kn(X) → Kn−1(X) be given by the formula

∂n (cn) = ∂n {cn
i } = {∂n(cn

i )} , ∀ cn ∈ Kn (X) .

It is clear that K∗ (X) ={Kn (X) , ∂} is a chain complex. Consider the map
p# : K∗(X) → K∗(X) defined by

p# (cn) = p# {cn
i } =

{
p#

i,i+1

(
cn
i+1

)− cn
i

}
, ∀ cn ∈ Kn (X) .

Lemma 2.1. For each inverse sequence X = (Xi, pi,i+1, N) of topological
spaces the map p# : K∗(X) → K∗(X) is the chain map.

Proof. Let cn ∈ Kn (X), then

∂np# (cn) = ∂np# {cn
i } = ∂n

{
p#

i,i+1

(
cn
i+1

)− cn
i

}
=

=
{

∂np#
i,i+1

(
cn
i+1

)− ∂n(cn
i )

}
=

{
p#

i,i+1∂n

(
cn
i+1

)− ∂n(cn
i )

}
=

= p# {∂n(cn
i )} = p#∂n (cn) . ¤

Lemma 2.2. Each coherent mapping f=
{
f0

i , f1
i,i+1

}
: X → Y of inverse

sequences induces coherent morphism F=
{(

f0#, f0#
)
, f1#

}
: p# → q# of chain

maps.

Proof. By Lemma 3.3 in [10], we can assume that

f0
i : Xi → Yi, ∀ i ∈ N

f1
i,i+1 : Xi+1 × I → Yi, ∀ i ∈ N

are the maps which satisfy the following properties:

f1
i,i+1(x, 0) =

(
f0

i pi,i+1

)
(x), ∀ x ∈ Xi+1, (1)

f1
i,i+1(x, 1) =

(
qi,i+1f

0
i+1

)
(x), ∀ x ∈ Xi+1, (2)

(
f1

i,i+1 (pi+1,i+2 × id)
) ∗ (

qi,i+1f
1
i+1,i+2

)
= f1

i,i+2 (rel {0, 1}) . (3)

Let f#
i : S∗(Xi) → S∗(Yi) be the chain map induced by the map f0

i :
Xi → Yi and f#

i,i+1 : S∗(Xi+1) → S∗(Yi) be the chain map of degree one
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induced by f1
i,i+1 : Xi+1 × I → Yi. By (1), (2) and (3), it is the clear

that f#
i,i+1 is chain homotopy of chain maps

(
f0

i pi,i+1

)
#

,
(
qi,i+1f

0
i+1

)
#

:
S∗(Xi+1) → S∗(Yi). Let

f0# : K∗(X) → K∗(Y),

f1# : K∗(X) → K∗(Y)

be the maps defined by the formulas

f0# (cn) = f0# {cn
i } =

{
f#

i ( cn
i )

}
, ∀ cn ∈ K∗(X),

f1# (cn) = f1#
{
cn
i+1

}
=

{
f#

i,i+1( cn
i+1)

}
, ∀ cn ∈ K∗ (X) .

In this case, f0# is the chain map and f1# is the chain homotopy of chain
maps f0#p# and q#f0# and, therefore, the system F=

{(
f0#, f0#

)
, f1#

}
is the

coherent morphism of chain maps p# and q#. Indeed, let cn ∈ Kn(X), then
(
∂f1

#+f1
#∂

)
(cn)=∂f1

# (cn)+f1
#∂ (cn)=∂

{
f#

i,i+1

(
cn
i+1

)}
+f1

#

{
∂

(
cn
i+1

)}
=

=
{

∂f#
i,i+1

(
cn
i+1

)}
+

{
f#

i,i+1∂
(
cn
i+1

)}
=

{
∂f#

i,i+1

(
cn
i+1

)
+f#

i,i+1∂
(
cn
i+1

)}
=

=
{(

∂f#
i,i+1 + f#

i,i+1∂
) (

cn
i+1

)}
=

{(
q#
i,i+1f

#
i+1 − f#

i p#
i,i+1

)(
cn
i+1

)}
.

On the other hand,
(
q#f0

# − f0
#p#

)
(cn) =

(
f0
#q#

)
(cn)− p#f0

# (cn) =

= q#

{
f#

i+1

(
cn
i+1

)}− f0
#

{
pi,i+1

(
cn
i+1

)− cn
i

}
=

=
{

q#
i,i+1f

#
i+1

(
cn
i+1

)− f#
i (cn

i )
}
−

{
f#

i pi,i+1

(
cn
i+1

)− f#
i (cn

i )
}

=

=
{(

q#
i,i+1f

#
i+1 − f#

i p#
i,i+1

) (
cn
i+1

)}
. ¤

By Lemma 1.1, the coherent morphism F : p# → q# induced by the co-
herent mapping f :X → Y induces the chain map F# : C∗ (p#) → C∗ (q#).
On the other hand, F# : C∗ (p#) → C∗ (q#) induces the homomorphism
F∗ : Hn (C∗ (p#)) → Hn (C∗ (q#)).

Let C∗ (F#) be the chain cone of the chain map F# and

σ : C∗ (q#) → C∗ (F#) , ∂ : C∗ (F#) → C∗ (p#)

be the maps, which for each n ∈ N , σ : Cn (q#) → Cn (F#) and ∂ :
Cn (F#) → Cn−1 (p#) are defined by

σ(m) = (0,m), ∀ m ∈ Cn (q#) ,

∂(l, m) = l, ∀ (l, m) ∈ Cn (F#) .

In this case, there exists the short exact sequence

0 → C∗ (q#) σ−→C∗ (F#) ∂−→C∗ (p#) → 0. (4)
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On the other hand, (4) induces the long exact homological sequence

· · · −→ Hn+1 (C∗ (q#)) σ∗−→Hn+1 (C∗ (F#)) ∂∗−→Hn (C∗ (p#))
E−→Hn (C∗ (q#)) −→ · · · . (5)

It is known that the homomorphism E : Hn (C∗ (p#)) →Hn (C∗ (q#)) in
the sequence (5) coincides with the homomorphism F∗ : Hn (C∗ (p#)) →
Hn (C∗ (q#)) [9]. Our aim is to show that the given sequence does not
depend on the type of the coherent homotopy of the coherent mapping
f :X → Y. On the other hand, towards this end we need the following

Lemma 2.3. Each coherent homotopy H : X×I → Y of coherent map-
pings f=

{
f0

i , f1
i,i+1

}
, f

′
=

{
f
′ 0
i , f

′ 1
i,i+1

}
: X → Y of inverse sequences in-

duces coherent homotopy D=
{(

D1,D1
)
,D1,2

}
:F ≈ F

′
of coherent mor-

phisms F=
{(

f0#, f0#
)
, f1#

}
, F

′
=

{(
f0#, f0#

)
, f1#

}
: p# → q# of chain maps.

Proof. To prove the lemma, we will need several facts from the singular
homology theory. For each topological space X and each integer n ∈ N,
consider the homomorphism S# : Sn(X) → Sn+1(X × I) defined by the
formula

S#(σ) =
n∑

i=0

(−1)n
si (σ), ∀ σ ∈ Sn(X),

where si(σ) : ∆n+1 → X × I is the singular simplex defined by

si (σ) (ej) =
{

(σ (ej) , 0) , if j ≤ i,
(σ (ej−1) , 1) , if j > i.

Let i0#, i1# : Sn(X) → Sn+1(X × I) be the chain maps induced by the
inclusions i0, i1 : X → X × I. It is known that in this case S# : S∗(X) →
S∗(X× I) is the chain homotopy of the chain maps i0# and i1#. Therefore,
for the maps

i0#, i1# : Sn(X) → Sn(X × I),
we have

∂S# = i1# − i0# − S#∂. (6)
This fact implies that if H : X×I → Y is homotopy of the continuous maps
f0, f1 : X → Y , then D = H#S#:S∗(X) → S∗(Y) is the chain homotopy of
the chain maps f0#, f1# : Sn(X) → Sn(Y ), where H#:S∗(X× I) → S∗(Y)
is the chain map induced by H. Thus,

∂D + D∂ = f1# − f0#. (7)

Let j0, j1 : X × I → X × I × I be inclusions defined by

j1(x, t) = (x, t, 1), j0 (x, t) = (x, t, 0) , ∀ (x, t) ∈ X × I.

In this case, for the maps

j0#, j1# : Sn+1(X × I) → Sn+1(X × I × I), (8)
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we have
∂S# = j1# − j0# − S#∂.

In this case, by virtue of (6) and (8), we obtain

∂S#S# = (j1# − j0# − S#∂)S# = j1#S# − j0#S# − S#∂S# =

= j1#S# − j0#S# − S# (i1# − i0# − S#∂) =
= j1#S# − j0#S# − S#i1# + S#i0# + S#S#∂.

On the other hand, if g0, g1 : X × I → X × I × I are inclusions defined by

g1(x, t) = (x, 1, t), g0(x, t) = (x, 0, t), ∀ (x, t) ∈ X × I,

then
g1#S# = S#i1#, g0#S# = S#i0#.

Therefore, for the maps

g0#, g1#, j0#, j1# : Sn(X) → Sn+1(X × I × I)

we have

∂S#S# = j1#S# − j0#S# − g1#S# + g0#S# + S#S#∂. (9)

On the other hand, (9) implies that each continuous map F : X × I × I →
Y induces the map D2 = F#S#S#:S∗(X) → S∗(Y) which satisfies the
following condition

∂D2 −D2∂ = F1#S# − F2#S# − F3#S# + F4#S#, (10)

where F1 = Fj1, F2 = Fj0, F3 = Fg1 and F4 = Fg0.
Let H={Hi,Hi+1} : X×I → Y be coherent homotopy of coherent map-

pings f , f
′
: X → Y. In this case, Hi : Xi×I → Yi and Hi,i+1 : Xi×I×I →

Yi are the continuous maps for which

Hi(x, 0) = fi(x), Hi(x, 1) = f ′i(x), (11)

Hi,i+1(x, 0, t) = fi,i+1(x, t), (12)

Hi,i+1(x, 1, t) = f ′i,i+1(x, t), (13)

Hi,i+1(x, s, 0) = Hi(pi,i+1 × id)(x, s), (14)

Hi,i+1(x, s, 1) = qi,i+1Hi(x, s). (15)

Let Hi# : S∗ (Xi×I) → S∗(Yi) be the chain map induced by the continuous
map Hi : Xi×I → Yi. Let the composition Hi#S# be defined by D1

i . Then
owing to (7) and (11), it will be the chain homotopy of the chain maps
fi#, f ′i# : S∗(Xi) → S∗(Yi) induced by the maps fi, f

′
i : Xi → Yi. Let

D1 = {D1
i }, f0#={fi#} and f

′0
# ={f ′i#}, then D1:K∗(X) → K∗(Y) will be

the chain homotopy of the chain maps f0#, f
′0
# :K∗ (X) → K∗ (Y) . Thus we

have
∂D1+D1∂ = f

′0
# − f0#.
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In the same way, we can construct the chain map of degree two D1,2={
D1,2

i

}
: K∗(X) → K∗(Y), where D1,2

i = Hi,i+1#S#S#. To prove the
theorem it remains to show that D=

{(
D1,D1

)
,D1,2

}
is the coherent ho-

motopy of coherent morphisms F=
{(

f0#, f0#
)
, f1#

}
, F

′
=

{(
f
′0
# , f

′0
#

)
, f
′1
#

}
:

p# → q#. On the other hand, by (10), (12), (13), (14) and (15), we have

∂D1,2−D1,2∂ = ∂
({

D1,2
i

})−({
D1,2

i

})
∂ =

= ∂
( {Hi,i+1#S#S#}

)−( {Hi,i+1#S#S#}
)
∂ =

=
{
∂ (Hi,i+1#S#S#)− (Hi,i+1#S#S#) ∂

}
=

=
{
(Hi,i+1j1)#S#

}− {
(Hi,i+1j0)#S#

}−
− {

(Hi,i+1g1)#S#

}
+

{
(Hi,i+1g0)#S#

}
=

=
{
(qi,i+1Hi)#S#

}− {
(Hi (pi,i+1 × id))#S#

}−
− {(

f ′i,i+1

)
#

S#

}
+

{
(fi,i+1)#S#

}
=

=q# {Hi#S#}−p# {Hi#S#}−
{(

f ′i,i+1

)
#

S#

}
+

{
(fi,i+1)#S#

}
=

= q#

{
D1

i

}−p#

{
D1

i

}−f
′1
# + f1# =q#D1−p#D1−f

′1
# +f1#. ¤

Corollary 2.4. For each coherent homotopic coherent mappings f , f ′ :
X → Y of inverse sequences we have

F∗ = F′∗ : Hn (C∗ (p#)) → Hn (C∗ (q#)) ,

Hn (C∗ (F#)) ≈ Hn (C∗ (F′#)) .

3. Strong Homology Groups of Continuous Map

Let X ∈ TopCM be the compact metric space and X = (Xi, pi,i+1, N)
be the corresponding polyhedral expansion (inverse sequence of polyhedra).
The following theorem below characterizes the relation of homology group
Hn+1 (C∗ (p#)) and the strong homology group Hn(X) (Steenrod homology,
total homology) of X [11], [12], [13]. In particular, we have

Theorem 3.1. For each compact metric space X ∈ TopCM the (n +
1)−dimensional homology group Hn+1 (C∗ (p#)) of the chain cone C∗ (p#)
of the chain map p# : K∗(X) → K∗(X) is isomorphic to the n−dimensional
strong homology group Hn(X) of X.

Proof. As is known, for the compact metric space X the strong homol-
ogy group Hn(X) is the homology group of the chain complex T

∗
(X) =

{T ∗
(X), ∂}, which is constructed as follows [11]: let X = (Xi, pi,i+1, N) be

the given corresponding polyhedral expansion of X. Consider the tower of
the chain complexes S∗ (X) = (S∗(Xi), p

#
i,i+1, N} and let the symbol T

n
(X)

denote the set of functions cn defined on singleton i and on a pair (i, i + 1),
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i ∈ N , where cn(i) = cn
i ∈ Sn(Xi) and cn(i, i+1) = cn+1

i,i+1 ∈ Sn+1(Xi). The

boundary operator d : T
n
(X) → T

n−1
(X) is defined by the formula

(
dcn

)
i
= ∂ (cn

i ) ,
(
dcn

)
i,i+1

= ∂
(
cn+1
i,i+1

)
+ (−1)n

(
p#

i,i+1

(
cn
i+1

)− cn
i

)
.

Let the map hn : T
n
(X) → Cn+1(p#) be defined by the formula

hn (cn) =
(
(−1)n {cn

i } ,−{
cn+1
i,i+1

})
, ∀ cn ∈ T

n
.

It is easy to see that hn is an isomorphism. So, to complete the proof, it
suffices to show that the diagram

T
n
(X) d−→ T

n−1
(X)

↓ hn ↓ hn−1

Cn+1 (p#) ∂̃−→ Cn (p#)

is commutative.
Let cn ∈ T

n
(X), then

hn−1d(cn) = hn−1

({
d(cn)i

}
,
{
d(cn)i,i+1

})
=

=
(
(−1)n−1

{
d(cn)i

}
,−{

d(cn)i, i + 1
})

(
(−1)n−1

{
∂(cn

i )
}
,−{

∂
(
cn+1
i,i+1

)
+ (−1)n

(
p#

i,i+1

(
cn
i+1

)− cn
i

)})
=

= −
(
(−1)n

{
∂(cn

i )
}
,
{
∂
(
cn+1
i,i+1

)
+ (−1)n

(
p#

i,i+1

(
cn
i+1

)− cn
i

)})
=

= −
((− 1

)n
∂
{
cn
i

}
, ∂

{
cn+1
i,i+1

}
+

{(− 1
)n

p#

{
cn
i

}})
=

= −
(
∂
{(− 1

)n
cn
i

}
, ∂

{
cn+1
i,i+1

}
+ p#

{(− 1
)n{

cn
i

}})
=

= −∂̃
({

(−1)ncn
i

}
,−{

cn+1
i,i+1

})
= −∂̃hn(cn).

Thus, we find that the n−dimensional homology group of the chain complex
T
∗
(X) is isomorphic to the (n + 1)−dimensional homology group of the

chain cone C∗ (p#). ¤

Let f : X → Y be the continuous map of compact metric spaces.
Consider the corresponding strong shape map F = S(f) : X → Y . So,
F = {p, q, [f ]}, where p:X → X and q:Y → Y are the strong expansions
and [f ] :X → Y is a coherent class of the coherent mapping for which

[f ] C (p) = C (q)C(f),

where C (·) is the coherence operator [11]. According to Theorem 4.1 and
Corollary 3.4, we can denote the (n + 1)−dimensional homology group of
complexes C∗ (p#) , C∗ (q#) and C∗ (F#) by using the symbols Hn(X),
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Hn(Y ) and Hn(f), respectively. Consequently, the homomorphism F∗ :
Hn+1 (C∗ (p#)) → Hn+1 (C∗ (q#)) is denoted by f∗ : Hn(X) → Hn(Y ) and
called an induced homomorphism of the continuous map f : X → Y .

Theorem 3.2. If f, f ′ : X → Y are the homotopic continuous maps or
induce same strong shape morphism, then we have

f∗ = f ′∗ : Hn(X) → Hn(Y ), Hn(f) ≈ Hn(f ′).

Proof. It is the consequence of: definitions of strong homology groups of
the map, definition of the induced homomorphism and Corollary 2.4. ¤

Theorem 3.3. For each continuous map f : X → Y of compact metric
spaces there exists the long exact homological sequence

· · · → Hn+1(Y ) σ∗−→Hn+1(f) ∂∗−→Hn(X)
f∗−→Hn(Y ) → · · · .

Proof follows from definitions and long exact sequence (5).

Theorem 3.4. For each inclusion i : A → X of compact metric spaces,
there exists the isomorphism

ϕ∗:Hn(i) → Hn(X, A),

for which the diagram

· · · → Hn+1(Y ) σ∗−→Hn+1(i) ∂∗−→Hn(X) i∗−→Hn(Y ) → · · ·
↓ id ↓ ϕ∗ ↓ id ↓ id

· · · → Hn+1(Y )
j∗−→Hn+1(X, A) ∂−→Hn(X) i∗−→Hn(Y ) → · · ·

(16)

is commutative.

Proof. It is known that if the chain map f# : L∗ → M∗ is monomorphic,
then the chain map ϕ : C∗(f#) → M∗/L∗, defined by the formula

ϕ(m, l) = m + f#(Ln), ∀ (m, l) ∈ Cn(f#),

induces the isomorphism ϕ∗ : Hn (C∗ (f#)) → Hn (M∗/L∗) , and the dia-
gram

· · ·→Hn(M∗)
σ∗−→Hn (C∗(f#)) ∂∗−→Hn−1(L∗)i∗ −→Hn−1(M∗)→· · ·

↓ id ↓ ϕ∗ ↓ id ↓ id

· · · → Hn(L∗)
j∗−→Hn (M∗/L∗)

∂−→Hn−1(L∗)
i∗−→Hn−1(M∗)→· · ·

is commutative [9]. On the other hand, by Theorem 3.1, the strong homol-
ogy sequence of the pair (X,A) of compact metric spaces can be obtained
from the following short exact sequence:

0 → C∗ (pA#) i→C∗ (p#)
j→C∗ (p#) /C∗ (pA#) → 0,

where pA:A → A is the restriction of the polyhedral expansion p:X → X
and is itself the polyhedral expansion. Therefore, there exists the chain map
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ϕ : C∗(F#) → C∗ (p#) /C∗ (pA#), where F : A → X is the strong shape
morphism induced by the inclusion A → X, which induces the isomorphism
ϕ∗:Hn(f) → Hn(X, A) and diagram (16) is commutative. ¤
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