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ON BOUNDEDNESS OF THE MULTIFUNCTIONAL
BERGMAN TYPE OPERATORS IN TUBE DOMAINS
OVER SYMMETRIC CONES

R. F. SHAMOYAN AND M. ARSENOVIC

ABSTRACT. We introduce and study new multifunctional Bergman
type integral operators in tube domains over symmetric cones. We
obtain a new sufficient condition for the continuity of the Bergman-
type projection in tube domains over symmetric cones using multy-
functional embeddings.
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1. INTRODUCTION AND STATEMENTS OF THE RESULTS

Let To = V + iQ be the tube domain over an irreducible symmetric
cone () in the complexification VC of an n-dimensional euclidean space V.
Following the notation of [6] we denote the rank of the cone Q by r and by
A the determinant function on V. Letting V' = R", we have as an example
of a symmetric cone on R™ the Lorentz cone A, which is a rank 2 cone
defined for n > 3 by

Ap={yeR":y} — — 92 >0,y >0}
The determinant function in this case is given by the Lorentz form
Aly) =yi =~y

Let us introduce some convenient notation regarding multi-indices.
If t = (t1,...,t.), then t* = (¢,,...,t1) and, for a € R, t + a = (t; +
a,...,tp+a). Also, if t,k € R™, then t < k means ¢t; < k; for all 1 < j <r.
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We are going to use the following multi-index,where d can be determined
from equation below via r,n,mentioned above.

no.
"

d d
go = <(j — 1)) , where (r—1)-=
2/ 1<j<r 2

For 1 < p,q < +o00 and v € R", we denote by AP%(Tq) the mixed-norm
Bergman space consisting of analytic functions f in T such that

1z = ( / ( V/ |F<w+z'y>pdx)q/pMy)A(ij)”q <o,

where A, is the generalized power function to be defined in the next section.
The space AL4(T,) is nontrivial if and only if v > go, see [5]. When p = ¢ we
write AP4(Tq) = AP(Tq); the classical Bergman space AP(2) corresponds
tov=(n/r,...,n/r).

The (weighted) Bergman projection P, is the orthogonal projection from
the Hilbert space L2(Tq) onto its closed subspace A2(Tq) and it is given by
the following integral formula

P,f(2) = d, / B, (2, w) f(w)dVy (w), (1)

Ta

where B, (z,w) = ¢, A="*+%)((2 —w) /i) is the Bergman reproducing kernel
for A2, see [6]. Here we used notation dV,(w) = AY~%(v)dudv, where
w=u+1w € Tq.

The problem of boundedness of the Bergman projection on tube domains
over symmetric cones has been considered by several authors (see [1], [4], [2],
[3] and references therein) and still remains open. The best known results
have been obtained in [7] in the setting of the light cone. Recently, an
equivalent condition for the boundedness of the Bergman projection in terms
of Hardy-type inequalities and duality was obtained in [3]. We introduce
here the operators Tz, 8 = (01,...,0m) which generalize the Bergman
projection and are defined by

m

m 1

x5
1,(F)(7) = | <J"1f](z>>A

m l(n N/ z2i—Z ATTL Ry ’
7 _IA;(#BJ)(JT) (32)

J

where 7 = (fiyeoerfn)y, Z = (21,---,2n), 2j € Tq and f; € Li (Tq) for
1 < j < m. Combining classical arguments with integrability properties
of the Bergman kernel and determinant function we obtain the following
sufficient condition for the boundedness of the operator T3 from the product
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space

H Lfnuk+(m—1)%(TQ) = Lfn,u1+(nl—1)%(TQ) X e X Lfnym-&-(m—l)%(TQ)
k=1

m
to the space LP((Tq)™, [I A¥*~*dV (z1)). The idea to consider such mul-
k=1

tifunctional operator is motivated by [8]. Some results of this paper are
analogous to results of [8] proven in the case of the unit ball in C". We note
here that almost all multifunctional results of this paper are well known in
the case m = 1. For example, the case m = 1 of the following theorem is
contained in [4].

Theorem 1. Let vy, e R,k =1,....m, m > 1,1 < p < oo and
B=(B1,...,0n). If the parameters satisfy the following conditions

1 — n
EZﬂj>;*1’ (2)
j=1
1<p<1+m(“m_1)7 3)
1 & n  m{.n
min 8; > — i ——+—(2- -1+ maxvy; |, 4
j bi m;ﬁj rp p(r j ]> )

then Ty is bounded from

m m
T Eo g2 (To) to LP((Ta)™, T A% aV ().
k=1 k=1
Among our applications of the above result, we obtain a sufficient condi-
tion for the boundedness of the Bergman projection in terms of the repro-
ducing formula, which is new in this setting. More precisely, we prove the
following theorem.

Theorem 2. Letv > " —1 and 1 < p < oo. If for any f € LY (Tq) the
following representation formula holds

P, f(2)AP=% (S
Pofz)Rf(z) :CB/ Aé(?-{(gi)(zlf%)Aé(:‘Jr(;)zzw)
To i ‘

K2

V(z) ()

for some sufficiently large B and all z1, zo in Tq, then the Bergman projec-
tion P, is bounded on LE(Tg).

In this theorem the weights v and (§ are taken real, but the result gen-
eralizes directly to the vector weight case. The condition ”( is sufficiently
large” is related to the boundedness conditions for the Bergman kernal and
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determinant function. For example, a necessary condition for the bounded-
ness of the Bergman projection Pz on LP(Tgq) is that the related Bergman
kernel belongs to L2 (Tq), where 1/p+1/p' =1, 1/q+1/¢’ =1, and this
can only happen for large values of 3 for p,q and v fixed, see [9].

Finally as usual, throughout this paper C' or ¢ denote positive constants,
not necessarily the same at different occurences; dependence on parameters
is indicated by subscripts. As usual given two various quantities A and B,
the notation A < B means that there is an absolute constant C such that
A < CB. When both A < B and B < A hold we write A ~ B.

2. PRELIMINARIES AND AUXILIARY RESULTS

For reader’s convenience, we collect in this section some definitions and
results that are used in this paper, they are essentially contained in [6].

2.1. Symmetric cones and the generalized determinant function.
Let © be an irreducible open cone of rank r in an n-dimensional vector
space V' endowed with an inner product (-/-) for which Q is self-dual. Let
G(9Q) be the group of transformations of Q and G its identity component.
It is well known that there is a subgroup H of G acting simply transitively
on €, i.e. for every y € () there is a unique g € H such that y = ge, where
e is a fixed element in €.

We recall that €2 induces in V' a structure of Euclidean Jordan algebra
with identity e such that

Q={2?:2€V}

We can identify (since (2 is irreducible) the inner product (-/-) with the one
given by the trace on V:

(e/y) = tr (ay), @,y € V.
Let {c1,...,¢} be a fixed Jordan frame in V and
V = @i<i<j<rViyj

be its associated Pierce decomposition of V. We denote by A;(x), ..., Aq(z)
the principal minors of x € V with respect to the fixed Jordan frame
{e1,...,¢:}. More precisely, Ag(x) is the determinant of the projection
Prx of x in the Jordan subalgebra V) = Di<i<j<kVij. We have A = A,
and Ag(z) > 0,1 <k <r, when z € . The generalized power function on
Q is defined as

Ag(x) = AT T2 () AP % (x) - Adr(z), z€Q, seC.
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Next, we recall the definition of generalized gamma function associated
to Q:

rﬂ(s):/e—<e/5>As(g)A—n/r(5)d§, 5= (s1,...,8) € C".
Q

This integral converges if and only if Rs; > (j — 1)%:1 =(j—1)4 for all
1 < j <r. In that case we have a formula:

Ta(s) = (%)TEF (55~ G-03).

see Chapter VII of [6] for details. We have the following result on the Laplace
transform of the generalized power function (see Proposition VII.1.2 and
Proposition VIL.1.6 in [6]).

Lemma 1. Let s = (s1,...,s,) € C" with Rs; > (j—l)%, ji=1,...,r.
Then, for all y € Q we have

/ e WON(AT(€)dE = Ta(s)Ay(y™") = Ta(s)[AL ()] 7

Q
Here, y = he if and only ify~! = h*~le with h € H and A7, j=1,...,7are
the principal minors with respect to the rotated Jordan frame {ci,...,c.}.

2.2. Bergman spaces and integrability of the Bergman kernel func-
tion. In this section we formulate and prove main results of this note.

Let us recall some estimates for the functions in the Bergman space or
the projections of the functions in L24(Tg). We begin with a pointwise
estimate of elements in AP9(T,). The following lemma follows from the
invariance of the Bergman spaces with respect to the transformation group

G(Q) (see [5]).
Lemma 2. Let 1 <p,g< oo andv € R", v > go. Then
1F(2) S Az (S2)[[fllape, 2 € Ta. (6)

aq

We also need a pointwise estimate for the Bergman projection of func-
tions in LP9(Tq), defined by integral formula (1), when this projection
makes sense. Let us first recall the following integrability properties for the
determinant function.

Lemma 3. Let « € C" and y € Q2.

1) The integral
Jao(y) = / ’A_a (a: t w) ‘ dx
R"L

converges if and only if Ra > g5+ In that case Jo(y) = Col A_ain/r(Y)|-
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2) For any multi-indices s and B and t € Q the function y — Ag(y +
t)As(y) belongs to L(Q ) if and only if Rs > go and R(s+ 5) < ¢5.
In that case we have

dy
/Aﬁ A”/T( ) CB,SAs-i-ﬁ(y)'

) An/r

We refer to Corollary 2.18 and Corollary 2.19 of [5] for the proof of
the above lemma. Let 7 denotes the set of all triples (p,q,v) such that
1 <p,q < o0, > goand the function B,(-,ie) belongs to L2 4 (Ty,). We
have the following pointwise estimate.

Lemma 4. Suppose (p,q,v) € 7. Then

[P f(2)] < Ay (S2)[| fll e (7)
Proof. This is an easy consequence of the above lemma and Holder’s in-
equality. O

3. BERGMAN-TYPE OPERATORS AND MULTIFUNCTIONAL EMBEDDINGS

We denote by 00 = A(L ; ax) the partial differential operator of order r on
R™ defined by ‘ '
O[] = A(€)e’@l®] ¢ e R™. (8)

3.1. Multifunctional Bergman-type operators. Now we investigate bo-
undedness of T from H meﬁ(m 1z (Tq) to LP((To)™, H A= EdV(z)).

We apply the obtalned result to multifunctional embeddlngs for functions
in the Bergman spaces AP(Tq) where v > —1 and 1 < p < co. We begin
with the following result, which is known in the case m = 1, see [4].

Theorem 3. Let v = (v1,...,Vm) € R, m > 1 and 1 < p < oo,
B=(B1,...,0m) € R™. If the parameters satisfy the following conditions
1 — n
DD b (9)
j=1
1§p<1+m<njfrquj—1>7 (10)
T
and
1 & n m{{.n
min 3; > — i—— 4+ —(2— -1+ maxv; |, 11
jﬁ] m;ﬂj rp p(r j ]> (11)

then Ty is bounded from

HLmuk-‘r(m 1)"(TQ) to Lp((TQ)m’ HAVk_ZdV(Zk))'

k=1
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The idea of proof is taken from [8] where similar arguments can be found
in higher dimensional case.

Proof. Using Holder inequality we obtain

m p
m FpNCY
(._1fj(z>> At (S2) o
‘Tﬂ(f(zla"wzm”p = / ]7m — AE (Cf) S
p [ A% (3+8) (2 " (S2)
Q ]:1 7
< IxJ,
where .
m w Bj
2P )A = (Sz
- (fmer)a = e
B =% A7 (S2)
i eSS (32)
j=1
w g Bj o
J¥'/p 7/ A=Y (S2) dV(2)
m Z2j—Z ’ A% R3 ’
2 T AEE)ps 8752
j=1
and )
n
O‘jJF’Yj:E(;Jrﬂj) (12)

m
Let us choose «; such that v; > mip, <71L > Bj+2% —1|. Then we esti-
j=1

mate the integral J using Holder’s inequality and Lemma 4:

p'/p  _ . Z—Z2
e = s (2)
To J=1
i zj —Z —mp' iiﬁr%(\ 1/m
c1l / a2 ATET T @navz)) =

j=1 To

m
—Pitnr X Bitn
- of[a"E
j=1

—p/’)’j % f 5,_%
AT T(S2)dV(z) <

IN

%Zj).

Hence we obtained:

m
Pt Ey B ity
=

J<c]]a e (Sz)). (13)
j=1
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Using the estimate (13) and Lemma 4 we finally obtain

[ [T o) PA @)V (1) -V () <
Ta Ta k=1
~ P v ()
<o [{TIEF ) s0a”™ =" 0 £k
To J=1
where
k
m 21 —Z\ | TPk V= E PVt h X Bt
g(z)—/w/H(‘A(k_ ) A (%zk)>
1
To To k=1

Note that (11) implies pax > vy —pye+ 5 p E Br+ Tf;:; +2% —1. Thus, if

we finally choose a; and -y; such that (12) hOldb and, for every j = 1,...,m,

we have

1 1 & n
—N B+t 1| <y <
my mj;5]+ , Vi
1 m
| LS
. 1 n min; v; — % + 1 mjgl T
<min{ —(—+ 3;), + - ,
m-r p mp

then an application of Lemma 4 gives estimate

m
p 'n.

> vitm —pz (ak+Bk)+ 527 2 B+
g(z) < CAE e : 7 (32).

Finally, using Holder’s inequality we obtain

//H |T5(7)(21,...,zm)|PAVk*%(§\yzk)dV(21)..~dV(Zm) <
=1

To
S veH(m-1) dV (2)
I | P Ak=1 Fz)——r~r~— <
Q
1/m

mpAmv,+(m e - ) 0
o (11 156 Fe gy | <

J= 1TQ
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An analogue of the following lemma in the setting of the unit ball in C”
is contained in [8]. Note also it is easy to see that the case m = 1 is obvious.

Lemma 5. Let vy > —1,k=1,...,m and 1 < p < oo. Then there is
a constant C' > 0 such that

m (mfl)%+§ Vi —
JTLinepa™ =" @aav () < OH 1Al . ()
T k=1
Proof. By embedding from [5] we have Ap m o (Tg)— AP w  (Ta).
I Z vk (m— 1)"+Z Vi

Thus, to prove the lemma, we only need to check that for f; E A ( Q)s
j=1,...,m, the product f1--- f,, is in Apl/ w  (Tq) with the appropriate

m Vk

=1
norm estimate. An application of Holder’s inequality

/ H\fk pa B G <
1:I ( / (2 PARE (S z>dv<z>)1/m

finishes the proof since the last expression is equal to H ||kap/m. O

A complete analogue of the following multifunctional result in the setting
of the unit ball in C™ can be found in [8].

Theorem 4. Let vy, > %forlgkgm,m>1, Let 1 < p < o0 and
suppose that B; are sufficiently large so that for any sequence (zj);”:l in To
the following representation holds for fi,..., fm € H(Tq)

S\H

Hfg()

(%Z)

dV (z)
Arr(QSz)

fi(z1) -+ fm(2m) = Crp (15)

7 ]‘[Al( +ﬂ7)(zJ Z)
Jj=

Assuming none of the functions fi is identically zero, the following state-
ments are equivalent.
1) There is a constant C' > 0 such that

J a5 @ gk <o s 0

2) fro € AL (Tq) forallk=1,...,m
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Proof. We have already seen that 2) = 1) independently of the representa-

tion formula (15). Let us prove implication 1) = 2) assuming (15). Since
the functions f; are not identically zero, condition

[ [ TTUR GO A @a)dv @)V (a) < oc
k=1

implies f, € AP (Tq) for all k£ = 1,...,m. Now, using the representation
(15) we obtain

K= / /H i) [PA 7 (S20))dV (21) -+ dV (2m) =

Tao Tao k=1

= [ [T (f[

Tao Tao

ﬂa

(Szg )dV(zl) < dV (zm),

where 7 = (f1,-.-, fm). The proof of Theorem 5 gives

K< C/ /H | fr(z)[[PAY 75 (S24)dV (21) -+ dV (2) <00, O

We write (v,p) € cifv € R, 1 <p <oo,v> 7" —1and A’(’”%)(Z%ie) €
LP (Tq). Let us define, for f; € L7 , the following operators:

w f Bj
. fi(2) HkPu7fj( z)A = (Qz) V()
Sou(F)(Z) = = —— o (D)
7 [T A%+ (22) " (32)
j=1
and .
Ss=>_ Spn- (18)
k=1

Theorem 5. Suppose (vi,p) € o fork =1,...,m. If the parameters sat-
isfy condz’tions (2), (3), and (4), then the operators Sg, and Sg are bounded

from H LY (Tq) to LP((Ta)™, H AVi=7 (S2;)dV (z5)).

Jj=1 Jj=1

Proof. Clearly we only need to prove the result for Sg, for fixed k. An
inspection of the proof of Theorem 5 and Lemma 5 give

/'/|56,k(7(7|”ﬁ”j’%(3Zj)dV(Z1)---dV(zm)S

To Ta
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<c [inep(TImsep)as " o) 2o
Ta J#k

<cTLlu, [1nGrant@aave) < T 15,
ik T ik

and the proof is complete. O

As a consequence we have the following result.

Theorem 6. Suppose (vi,p) € o for k =1,...,m. Suppose also that,
for B; large enough, the following representation

m
1

m )
Fo@) T P fi(2)87 5 (32)
Jj#k

HPkak(Zk?):Cm!ﬁ m 1/n 2i—Z
k=1 To HIAH(7+ﬁj)(]T)
=

holds for any sequence (z;)7y in Tq and any fi € LY (Ta), 1 < k < m.
Then P, fr € LY (Ta), 1 <k <m.

We also have the following corollary which gives a sufficient condition for
boundedness of the Bergman projection.

Corollary 1. Let (v,p) € o. If the following representation
P, f(z1)P, f(22) =

_ P (2) N
_Cﬁ/A%(’Hé’)(ai—z)Aé(%ﬁ)(@?)A (82)dV(z) (20)

T

holds for all z1, 29 € Tq and f € LE(Ty), where 8 is large enough, then P,
is bounded on LE(Tg).

Proof. Using Lemma 5 we clearly have

[1F@PIPsPa> @2V () <

<CIfIE, / FEPAYE (S2)dV(2) =
Ta

=C|IfI%.
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Now, following the proof of Theorem 7 we obtain

P flI7 =

B //'Pvf(21)|p|Puf(22)\pﬁuf%(%Zl)AW%(Szz)dv(zl)dv(?&) <

To To

<c / F PP f(2) PA> (S2)dV (2) <

< ClIfIT- 0

3.2. Multifunctional inequalities involving Bergman projection or
the box operator. Next we derive multifunctional inequalities involving
the Bergman projection or the box operator. As a preparation, we first
prove the following proposition.

Proposition 1. Let (v,p) € o. If P, is bounded on LP(Tq), then P, is

bounded from LE(Tq) to L:i—i—(k—Q)%(TQ) for any k € N.

Proof. Suppose P, is bounded on L2(Tq). Then using Lemma 5 we obtain,
for any f € Lb(Tq):

[P a2t @aav(e) -
Ta
= [(Ps@P AT @) PP AT H @2V () <
Ta
<CIFIE™ [ IPs@rar? (3dv(:) <
Ta
<clfin. =

Proposition 2. Let (vg,p) € o for 1 <k < m. Suppose P,, is bounded
on LY (Tq) for all k =1,...,m. Then for anyl € N we have

JTT1Paln a2 o) < T el

A%7 (Sz
T F=1 ( )
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Proof. Using the above proposition, Holder’s inequality and Lemma 5 we
obtain

v+ oy dV(Z)
/ 1:I Pl Al (92) S

IN

<c]limere, / IE[\PW\fk(Z)lpA””%(%Z)}m <
: Iy
m 1/m
<0H\|fk||<“ H( / By ()] AT 2R (32047 (2 >) <
k=1

< OH 17wl O

It is well-known that the operator [J satisfies the following boundedness
estimate

10flLaz, < CllFlLaz, (21)

see [4]. Tt follows, using Holder’s inequality, that for 1 < p < oo and ¢ < p

/\Df(Z)Iq\f(Z)I”_“A”“‘_%(%‘Z)dV(Z) < ClfIFg- (22)
T

Our goal is to obtain a multifunctional version of the above estimate. To
this end, we introduce the following operator, which we still denote by [J,
defined for pointwise products of holomorphic functions:

Zﬁ Si—1t @) fi e fme

We note that the O inside the sum is the usual [J as defined at the beginning
of this section. The next theorem generalizes (22), this idea probably for
the first time appeared in [8].

Theorem 7. Let v > % —1,1<qg<p<oo. Then there exists C > 0
such that

JAE: |qH|f Jpeaamor raggs) WE)_

To

< Cm? [Tl (23)

Jj=1
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Proof. Using Minkowski’s inequality, the pointwise estimate for functions
in AE(Tq) and the estimate (22) we obtain

7{|D(f1~. H|f =g AT+ )ATZ/E;)Z)<
(_ (ngfk 1005 (2)] 7
XH|fk JPraAm+E+e(g )g((;)ZOV‘Z)QS
SC(;(/(,ﬁj'f'f(@'%"”(%z))x

1/q\ ¢
< |0 (2) 75 ()P AY 2 (S 2)dV (2 >) ) <

o5 (fime)

=1 “k#j

<( [ n@msEr s >>1/q)q <

T

< om T il 0

k=1
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