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ON A STAGE OF A NUMERICAL ALGORITHM FOR A
TIMOSHENKO TYPE NONLINEAR EQUATION

G. PAPUKASHVILI, J. PERADZE AND Z. TSIKLAURI

Abstract. An initial boundary value problem for a differential equa-
tion describing the beam oscillation is considered.As a result of appli-
cation of the variational method and a difference scheme, a nonlinear
system of equations is obtained, which is solved by iteration. The con-
vergence conditions and the error estimate of the iteration method are
obtained.

îâäæñéâ. àŽêýæèñèæŽ ïŽûõæï-ïŽïŽäôãîë ŽéëùŽêŽ áæòâîâêùæŽèñ-
îæ àŽêðëèâĲæïŽåãæï, îëéâèæù Žôûâîï úâèæï îýâãŽï. ãŽîæŽùæ-
ñèæ éâåëáæïŽ áŽ ïýãŽëĲæŽêæ ïóâéæï àŽéëõâêâĲæï öâáâàŽá éææôâĲŽ
ŽîŽûîòæã àŽêðëèâĲŽåŽ ïæïðâéŽ, îëéâèæù æýïêâĲŽ æðâîŽùæñèŽá.
éæôâĲñèæŽ æðâîŽùæñèæ éâåëáæï çîâĲŽáëĲæï ìæîëĲâĲæ áŽ ùáë-
éæèâĲæï öâòŽïâĲŽ.

1. Statement of the problem

Let us consider the initial boundary value problem

utt(x, t) + δut(x, t) + γuxxxxt(x, t) + αuxxxx(x, t)−

−
(

β + ρ

∫ L

0

u2
x(x, t) dx

)
uxx(x, t)−

−σ

( ∫ L

0

ux(x, t)uxt(x, t) dx

)
uxx(x, t) = 0, 0 < x < L, 0 < t ≤ T, (1)

u(x, 0) = u0(x), ut(x, 0) = u1(x),

u(0, t) = u(L, t) = 0, uxx(0, t) = uxx(L, t) = 0,
(2)

where α, γ, ρ, σ, β and δ are the given constants, among which the first
four are positive numbers, while u0(x) ∈ W 2

2 (0, L) and u1(x) ∈ L2(0, L)
are given functions such that u0(0) = u1(0) = u0(L) = u1(L) = 0. In the
sequel it is assumed that the inequality |δ| < γ( π

L )4 is fulfilled when δ < 0,
and α( π

L )2 > |β| holds when β < 0. It will be assumed that there exists a
solution u(x, t) ∈ W 2

2 ((0, L)× (0, T )) of problem (1), (2).
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Equation (1) obtained by J. Ball [1] using the Timoshenko theory de-
scribes the vibration of the beam. Moreover, in [1], the existence of a global
solution for (1) is shown. The problem of construction of an approximate
solution for this equation is investigated in [2], [3], [4].

Here we consider a numerical solution algorithm for problem (1), (2).

2. Algorithm

a. Galerkin method. A solution of the problem (1), (2) will be sought in
the form of a finite sum

un(x, t) =
n∑

i=1

uni(t) sin
iπx

L
, (3)

where the coefficients uni(t) are defined by the Galerkin method from the
system of ordinary differential equations

u′′ni(t) +

(
δ + γ

(
iπ

L

)4
)

u′ni(t) +

[
α

(
iπ

L

)4

+

+
(

iπ

L

)2 (
β + ρ

L

2

n∑

j=1

(
jπ

L

)2

u2
nj(t)+

+ σ
L

2

n∑

j=1

(
jπ

L

)2

unj(t)u′nj(t)
)]

uni(t) = 0, i = 1, 2, . . . , n, (4)

with the initial conditions

uni(0) = a0
i , u′ni(0) = a1

i , i = 1, 2, . . . , n, (5)

where

ap
i =

2
L

∫ L

0

up(x) sin
iπx

L
dx, p = 0, 1, i = 1, 2, . . . , n.

The convergence of the Galerkin method for equation (1) and an equation
with similar nonlinearity is studied in [6] and [7].

b. Difference scheme. Let us introduce the notation

yni(t) = u′ni(t), zni(t) =
iπ

L
uni(t), i = 1, 2, . . . , n, (6)
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and rewrite system (4), (5) in the new notation as follows

y′ni(t) +

(
δ + γ

(
iπ

L

)4
)

yni(t) +

[
α

(
iπ

L

)3

+
iπ

L

(
β + ρ

L

2

n∑

j=1

z2
nj(t)+

+σ
L

2

n∑

j=1

jπ

L
ynj(t)znj(t)

)]
zni(t) = 0, (7)

z′ni(t) =
iπ

L
yni(t), i = 1, 2, . . . , n,

yni(0) = a1
i , zni(0) =

iπ

L
a0

i , i = 1, 2, . . . , n.

(8)

Problem (7), (8) will be solved using the difference method. On the time
interval [0, T ] we introduce a net with step τ = T

M and nodes tm = mτ ,
m = 0, 1, . . . , M .

On the m-th layer, i.e. for t = tm, the approximate values of yni(t) and
zni(t) are denoted by ym

ni and zm
ni.

We use a Crank-Nicolson type scheme

ym
ni − ym−1

ni

τ
+

(
δ + γ

(
iπ

L

)4
)

ym
ni + ym−1

ni

2
+

+

[
α

(
iπ

L

)3

+
iπ

L

(
β + ρ

L

2

n∑

j=1

(zm
nj)

2 + (zm−1
nj )2

2
+

+σ
L

2

n∑

j=1

jπ

L

(ym
nj + ym−1

nj )(zm
nj + zm−1

nj )
4

)]
zm
ni + zm−1

ni

2
= 0,

zm
ni − zm−1

ni

τ
=

iπ

L

ym
ni + ym−1

ni

2
,

m = 1, 2, . . . ,M, i = 1, 2, . . . , n,

(9)

with the conditions

y0
ni = a1

i , z0
ni =

iπ

L
a0

i , i = 1, 2, . . . , n. (10)

c. Iteration method. System (9), (10) will be solved layer-by-layer. Assum-
ing that the solution has already been obtained on the (m− 1)-th layer, to
find it on the m-th layer we use the Jacobi iteration method. For the sake
of simplicity, the error of the final approximation iteration approximation
on the (m− 1)-th layer will be neglected. This means that for fixed m the
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counting will be carried out by the formulas

ym
ni,k+1 − ym−1

ni

τ
+

(
δ + γ

(
iπ

L

)4
)

ym
ni,k+1 + ym−1

ni

2
+

+

[
α

(
iπ

L

)3

+
iπ

L

(
β + ρ

L

2
(zm

ni,k+1)
2 + (zm−1

ni )2

2
+

+ρ
L

2

n∑

j=1
j 6=i

(zm
nj,k)2 + (zm−1

nj )2

2
+

+σ
L

2
iπ

L

(ym
ni,k+1 + ym−1

ni )(zm
ni,k+1 + zm−1

ni )
4

+

+σ
L

2

n∑

j=1
j 6=i

jπ

L

(ym
nj,k + ym−1

nj )(zm
nj,k + zm−1

nj )
4

)]
zm
ni,k+1 + zm−1

ni

2
= 0, (11)

zm
ni,k+1 − zm−1

ni

τ
=

iπ

L

ym
ni,k+1 + ym−1

ni

2
, (12)

m = 1, 2, . . . ,M, k = 0, 1, . . . , i = 1, 2, . . . , n,

where ym
ni,k+p and zm

ni,k+p denote the (k + p)-th iteration approximation for
ym

ni amd zm
ni, i = 1, 2, . . . , n, p = 0, 1, ym−1

ni and zm−1
ni are the known values,

i = 1, 2, . . . , n, and

y0
ni = a1

i , z0
ni =

iπ

L
a0

i , i = 1, 2, . . . , n.

On expressing ym
ni,k+1 in (12) through ym−1

ni , zm−1
ni and zm

ni,k+1,

ym
ni,k+1 = −ym−1

ni + 2
L

iπ

zm
ni,k+1 − zm−1

ni

τ
, (13)

and substituting (13) into (11), we come to the expression

1
τ

(
−ym−1

ni + 2
L

iπ

zm
ni,k+1 − zm−1

ni

τ

)
− ym−1

ni

τ
+

+

(
δ + γ

(
iπ

L

)4
)

L

iπ

zm
ni,k+1 − zm−1

ni

τ
+

+

{
α

(
iπ

L

)3

+
iπ

L

[
β + ρ

L

2
(zm

ni,k+1)
2 + (zm−1

ni )2

2
+

+ρ
L

2

n∑

j=1
j 6=i

(zm
nj,k)2 + (zm−1

nj )2

2
+
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+σ
L

4
zm
ni,k+1 − zm−1

ni

τ
(zm

ni,k+1 + zm−1
ni )+

+σ
L

4

n∑

j=1
j 6=i

zm
nj,k − zm−1

nj

τ
(zm

nj,k + zm−1
nj )

]}
zm
ni,k+1 + zm−1

ni

2
= 0. (14)

Hence it follows that for each k the iteration process means the realization
of only one formula (14). On obtaining the final iteration approximation
zm
ni,k+1, we substitute this value into (13) to find an approximation for ym

ni,
i = 1, 2, . . . , n.

From expression (14) it follows that we have to solve a cubic equation
with respect to zm

ni,k+1 at the (k + 1)-th iteration step for each i.
Applying Cardano’s formula we get

zm
ni,k+1 = −zm−1

ni

3
+

2∑
p=1

(−1)p+1σi,p , (15)

k = 0, 1, . . . , i = 1, 2, . . . , n,

where

σi,p =

[
(−1)p si

2
+

(
s2

i

4
+

r3
i

27

) 1
2
] 1

3

, (16)

and

ri =
8

L(ρ + σ
τ )

[
2

(
L

iπ

)2 1
τ2

+

(
δ + γ

(
iπ

L

)4
) (

L

iπ

)2 1
τ

+
1
2

α

(
iπ

L

)2

+

+
1
2

β

]
+

n∑

j=1
j 6=i

(zm
nj,k)2 − 1

3
(zm−1

ni )2 +
ρ− σ

τ

ρ + σ
τ

n∑

j=1

(zm−1
nj )2, (17)

si =
2(zm−1

ni )3

27
− 16ym−1

ni

iπ(σ + τρ)
+

8zm−1
ni

3L(ρ + σ
τ )

[
− 8

(
L

iπ

)2 1
τ2
−

− 4

(
δ + γ

(
iπ

L

)4
) (

L

iπ

)2 1
τ

+ α

(
iπ

L

)2

+ β

]
+

+
2
3

zm−1
ni

(
n∑

j=1
j 6=i

(zm
nj,k)2 +

ρ− σ
τ

ρ + σ
τ

n∑

j=1

(zm−1
nj )2

)
. (18)

The considered algorithm of solution of problem (1), (2) should be under-
stood as counting by formula (15). Using zm

ni,k and taking (6) and (3) into
consideration, we construct the approximate value of the function u(x, t)
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for t = tm as the sum

um
n,k(x) =

n∑

i=1

L

iπ
zm
ni,k sin

iπx

L
. (19)

3. Estimate of the iteration method error

Our aim consists in finding convergence conditions and estimating the
accuracy of the iteration method (15).

Let us estimate the sums
n∑

i=1

(ym
ni)

2 and
n∑

i=1

( iπ
L )2p(zm

ni)
2, p = 0, 1. For this,

we multiply the first equation in (9) by 1
2 (ym

ni + ym−1
ni ), sum the obtained

relation over i = 1, 2, . . . , n and take into consideration the second equality
in (9). We obtain

1
2τ

n∑

i=1

(
(ym

ni)
2 − (ym−1

ni )2
)

+
1
4

n∑

i=1

(
δ + γ

(
iπ

L

)4
)

(ym
ni + ym−1

ni )2+

+ α
1
2τ

n∑

i=1

(
iπ

L

)2 (
(zm

ni)
2 − (zm−1

ni )2
)

+ β
1
2τ

n∑

i=1

(
(zm

ni)
2 − (zm−1

ni )2
)
+

+ ρL
1
8τ

n∑

i=1

(
(zm

ni)
2 + (zm−1

ni )2
) n∑

i=1

(
(zm

ni)
2 − (zm−1

ni )2
)
+

+ σ
L

32

(
n∑

i=1

iπ

L

(
ym

ni + ym−1
ni

) (
zm
ni + zm−1

ni

)
)2

= 0,

whence we have

n∑

i=1

(ym
ni)

2 + α

n∑

i=1

(
iπ

L

)2

(zm
ni)

2 + β

n∑

i=1

(zm
ni)

2 + ρ
L

4

( n∑

i=1

(zm
ni)

2

)2

≤

≤
n∑

i=1

(ym−1
ni )2 + α

n∑

i=1

(
iπ

L

)2

(zm−1
ni )2+

+ β

n∑

i=1

(zm−1
ni )2 + ρ

L

4

( n∑

i=1

(zm−1
ni )2

)2

.

From this inequality and relations (10) and (5) follow the estimates

n∑

i=1

(ym
ni)

2 ≤ θ0,

n∑

i=1

(
iπ

L

)2p

(zm
ni)

2 ≤
(

1
α

)p

θ1−p, p = 0, 1, (20)
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where

θ0 =
2
L

∫ L

0

[(u1(x))2 + α(u0′′(x))2 + β(u0′(x))2] dx+

+
ρ

L

( ∫ L

0

(u0′(x))2dx

)2

,

θ1 =
1

2θ2
(−θ3 + (θ2

3 + 4θ0θ2)
1
2 ), θ2 = ρ

L

4
, θ3 = β + α

(π

L

)2

.

We will need these estimates later.
Note that under the conditions imposed on the coefficients of equation

(1) and functions u0(x) and u1(x) the inequality θ0 ≥ 0 holds.
Under the iteration method error we understand the difference between

(19) and the sum

um
n (x) =

n∑

i=1

L

iπ
zm
ni sin

iπx

L
,

which would give an approximate value of the function u(x, t) for t = tm if
the difference system (9), (10) were solved exactly. So, we mean here the
relation

um
n,k(x)− um

n (x) =
n∑

i=1

L

iπ
(zm

ni,k − zm
ni) sin

iπx

L
. (21)

To estimate (21), we represent system (15) as

zm
ni,k+1 = ϕi

(
zm
n1,k, zm

n2,k, . . . , zm
nn,k

)
(22)

and consider the Jacobi matrix

J =

(
∂ϕi

∂zm
nj,k

)n

i,j=1

. (23)

By virtue of (15)–(18) and (22) the diagonal elements of the matrix J are
equal to zero, while for the nondiagonal elements we have

∂ϕi

∂zm
nj,k

= −zm
nj,k

9

2∑
p=1

1
σ2

i,p

[
2zm−1

ni +

+ (−1)p
(
siz

m−1
ni +

1
3

r2
i

)(s2
i

4
+

r3
i

27

)− 1
2
]
. (24)

By (16)

σi,1σi,2 =
ri

3
, σ3

i,2 − σ3
i,1 = si,

(
s2

i

4
+

r3
i

27

) 1
2

=
σ3

i,1 + σ3
i,2

2
. (25)

Formulas (24) are obtained under the condition that σi,p 6= 0, p = 1, 2, for
the fulfilment of which it suffices to assume that |ri| > 0. As will be shown
below, this condition will be observed.
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From (24) and (25) follows

∂ϕi

∂zm
nj,k

= −4
9

zm
nj,kzm−1

ni

(
σ2

i,1 −
ri

3
+ σ2

i,2

)−1

+

+
2
3

zm
nj,ksi

(
σ4

i,1 +
r2
i

9
+ σ4

i,2

)−1

, i 6= j. (26)

Now to the obvious inequality σ2p
i,1 + σ2p

i,2 ≥ 2(σi,1σi,2)p, p = 1, 2, we apply
the first relation in (25). We have

σ2p
i,1 + σ2p

i,2 ≥ 2
(

ri

3

)p

.

By virtue of this inequality, from (26) follows
∣∣∣∣

∂ϕi

∂zm
nj,k

∣∣∣∣ ≤
(

4
3|ri| |z

m−1
ni |+ 2

r2
i

|si|
)
|zm

nj,k|. (27)

Let us estimate |ri| from below. From (17) and (20) we conclude that

|ri| ≥ µi +
n∑

j=1
j 6=i

(zm
nj,k)2 − µθ1,

where

µi =
8

L(ρ + σ
τ )

[
2
(

L

iπ

)2 1
τ2

+
(

δ + γ

(
iπ

L

)4)(
L

iπ

)2 1
τ

+

+
1
2

α

(
iπ

L

)2

+
1
2

β

]
,

µ = max

(
0,

1
3
− ρ− σ

τ

ρ + σ
τ

)
.

(28)

Let us choose an arbitrary number ε from the interval (0, 1) and require
that the inequality

|ri| ≥ (1− ε)

(
µi +

n∑

j=1
j 6=i

(zm
nj,k)2 +

5
9

θ1

)
(29)

be fulfilled. For this it suffices to assume that the step τ is so small that
the inequality µi > 1

εθ1(µ + 5
9 (1− ε)) is fulfilled. On replacing in the latter

inequality µi by 8
L(σ+τρ) [ω + 2( L

nπ )2 1
τ + 1

2 τ(α( π
L )2 + β)], where ω = 2

√
δγ

for δ > 0 and ω = (δ +γ( π
L )4)( L

nπ )2 for δ < 0, we obtain a simpler but more
rigid condition of the fulfillment of relation (29).
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Further, (18) and (20) imply

|si| ≤ 16|ym−1
ni |

iπ(σ + τρ)
+

8|zm−1
ni |

3L(ρ + σ
τ )

[
8
(

L

iπ

)2 1
τ2

+

+4
(

δ + γ

(
iπ

L

)4)(
L

iπ

)2 1
τ

+ α

(
iπ

L

)2

+ β

]
+

+

(
2
3

n∑

j=1
j 6=i

(zm
nj,k)2 +

20
27

θ1

)
|zm−1

ni |. (30)

Using (27)–(30), we obtain
∣∣∣∣

∂ϕi

∂zm
nj,k

∣∣∣∣ ≤
1

1− ε
τ(σ + τρ)

(
iπ

L

)2

L

{
1
12
|zm−1

ni |+

+
1

8(1− ε)

[
τ

iπ

L
|ym−1

ni |+ 4
3
|zm−1

ni |
]}
|zm

nj,k|. (31)

We need the vector norm equal to ‖v‖ =
n∑

i=1

|vi| and the corresponding

norm for the matrix ‖K‖ = max
1≤j≤n

∑n
i=1 |kij |, where v = (vi)n

i=1 and K =

(kij)n
i,j=1. By (23), (31) and (20) we get

‖J‖ ≤ (aτ3 + bτ2 + cτ) max
1≤j≤n

|zm
nj,k|, (32)

where the following notation is used

a =
ρL

8(1− ε)2

(
π

L

)3( n∑

i=1

i6
) 1

2 √
θ0, b = a

σ

ρ
+ c

ρ

σ
,

c =
1

6(1− ε)
σL

(
1
2

+
1

1− ε

)
π

L

( n∑

i=1

i2
) 1

2
√

θ0

α
.

By virtue of Banach’s construction principle [5], it can be assumed that
the condition ‖J‖ ≤ q is fulfilled for 0 < q < 1 and zm

n,k = (zm
ni,k)n

i=1,
k = 0, 1, . . . , belongs to the domain

{
w ∈ Rn : ‖w − zm

n,0‖ ≤
1

1− q
‖zm

n,1 − zm
n,0‖

}
. (33)

According to (32), for this it suffices that the restriction

aτ3 + bτ2 + cτ ≤ q

(
‖zm

n,0‖+
1

1− q
‖zm

n,1 − zm
n,0‖

)−1

(34)

be fulfilled for the step τ .
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If this restriction is fulfilled, then system (9), (10) has a unique solu-
tion ym

ni, zm
ni, i = 1, 2, . . . , n, in (33), the iteration process (15) converges,

lim
k→∞

zm
ni,k = zm

ni, i = 1, 2, . . . , n, and the convergence rate is determined by

the vector inequality

‖zm
n,k − zm

n ‖ ≤
qk

1− q
‖zm

n,1 − zm
n,0‖,

where zm
n = (zm

ni)
n
i=1.

Applying this relation to (21), we come to a conclusion that if condition
(34) is fulfilled, then the estimate

∥∥∥∥
dp

dxp
(um

n,k(x)− um
n (x))

∥∥∥∥
L2(0,L)

≤
(

L

π

)1−p
√

L

2
qk

1− q
‖zm

n,1 − zm
n,0‖,

p = 0, 1, m = 1, 2, . . . , M, k = 1, 2, . . . ,

holds for the L2(0, L)-norm of the iteration method error.
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