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THE PROBLEM OF FINDING EQUISTRONG HOLES IN
AN ELASTIC SQUARE

L. GOGOLAURI

Abstract. An elastic square weakened by four unknown equal holes
whose boundaries are free from external forces and the sides of the
square are under the action of absolutely rigid punches of rectilinear
base, is considered. Concentrated forces P are applied to the middle
points of the punches.

Unknown boundaries of the holes are found under the condition
that tangential normal stress takes on them one and the same constant
value.

îâäæñéâ. àŽêýæèñèæŽ ëåýæ ñùêëĲæ ðëèæ ïæáæáæï ýãîâèæå öâ-
ïñïðâĲñèæ áîâçŽáæ çãŽáîŽðæ, îëáâïŽù ýãîâèâĲæï ïŽäôãŽîæ åŽ-
ãæïñòŽèæŽ àŽîâ áŽðãæîåãæïŽàŽê, ýëèë çãŽáîŽðæï àãâîáâĲäâ éë-
óéâáâĲï ïûëîòñúæŽêæ ŽĲïëèñðñîŽá ýæïðæ öðŽéìâĲæ. öðŽéìâĲæï
öñŽ ûâîðæèâĲäâ éëáâĲñèæŽ P ïæáæáæï ðëèæ öâõñîïñèæ úŽèâĲæ.

éëúâĲêæèæŽ ýãîâèâĲæï ñùêëĲæ ïŽäôãŽîæ æé ìæîëĲæå, îëé éŽï-
äâ ðŽêàâêùæŽèñîæ êëîéŽèñîæ úŽĲãŽ ôâĲñèëĲáâï âîåæ áŽ æàæãâ
éñáéæã éêæöãêâèëĲŽï.

We consider the problem of elastic equilibrium of an elastic square weak-
ened by four unknown holes which are intersected by the square diagonals
and are symmetric both with respect to these diagonals and to the straight
lines connecting middle points of the opposite square sides. The boundaries
of the holes are assumed to be free from external loads, the square sides
are under the action of absolutely rigid punches of rectilinear base, and
concentrated forces P are applied to the middle points of the punches.

Since the problem is axially symmetric (the symmetry axes are the square
diagonals and the straight lines connecting middle points of opposite square
sides), we consider a curvilinear pentagon A1A2A3A4A5 (Figure 1).

Introduce the notation: AkAk+1 = Γk (k = 1, 2, 3), Γ4 = A5A1, Γ =
4∪

k=1
Γk, the arc A4A5 we denote by Γ5 and the domain occupied by the

curvilinear pentagon by S.
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Figure 1

The surfaces of the bodies are assumed to be absolutely smooth, and
hence the frictional force will be neglected.

The problem is formulated as follows: Find unknown holes and stressed
state of the square under the condition that the tangential normal stress σs

at the hole boundaries takes constant value, i.e., σs = k = const, on the
square sides the tangential stress τns = 0, while on the unknown part of the
square boundary σn = τns = 0.

Using the Kolosov-Muskhelishvili’s [1] formulas, the boundary conditions
of the problem can be written in the form

Re e−iα(t)
(
κϕ(t)− t ϕ′(t)− ψ(t)

)
= 2µvn, t ∈ Γ, (1)

Re e−iα(t)
(
ϕ(t) + t ϕ′(t) + ψ(t)

)
= b(t), t ∈ Γ, (2)

ϕ(t) + t ϕ′(t) + ψ(t) = c0, t ∈ Γ5, (3)

Re ϕ′(t) = σn + σs =
k

4
, t ∈ Γ5, (4)

where µ and κ are the elastic constants, α(t) is the size of the angle made
by the normal and the OX-axis,

b(t) =

t∫

A1

σn(t0) sin(α(t)− α(t0))ds0, t ∈ Γ.

For the function b(t) we obtain the following relations:

b(t) =

t∫

A1

σn(t0) sin(α(t)− α(t0))ds0 =

t∫

A1

σn(t0) sin 0 ds0 = 0, t ∈ A1A2,
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b(t) =

t∫

A1

σn(t0) sin(α(t)− α(t0))ds0 =

A2∫

A1

σn(t0) sin
(3π

4
− π

4

)
ds0+

+

t∫

A2

σn(t0) sin
(3π

4
− 3π

4

)
ds0 =

A2∫

A1

σn(t0) sin
π

2
= −p

2
, t ∈ A2A3,

b(t) =

t∫

A1

σn(t0) sin(α(t)− α(t0))ds0 =

A2∫

A1

σn(t0) sin
(3π

2
− π

4

)
ds0+

+

A3∫

A2

σn(t0) sin
(3π

2
− 3π

4

)
ds0 +

t∫

A3

σn(t0) sin
(3π

2
− 3π

2

)
ds0 =

= −p

2

(
−
√

2
2

)
− p

√
2

4
= 0, t ∈ A3A4,

analogously,
b(t) = 0, for t ∈ A5A1.

Thus we have
b(t) = 0, t ∈ Γ1,

b(t) = −p

2
, t ∈ Γ2,

b(t) = 0, t ∈ Γ3,

b(t) = 0, t ∈ Γ4.

(5)

Obviously, the functions α(t) and b(t) in the problem under consideration
are piecewise continuous ones.

Summarizing the boundary conditions (1) and (2), differentiating with
respect to the arc abscissa and taking into account that the functions b(t)
and α(t) are piecewise constant, we obtain

Imϕ′(t) = 0, t ∈ Γ.

The above condition and the condition (4) are the Keldysh-Sedov’s prob-
lem [2] for the domain S:





Reϕ′(t) =
k

4
, t ∈ Γ5,

Imϕ′(t) = 0, t ∈ Γ,
(6)

which in our case has a unique solution

ϕ(z) =
k

4
z + `, (7)

where ` is an arbitrary constant.
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If we take into account the relations (2), (5) and (7), then we will get

Re e−iα(t)
(k

2
t + ` + ψ(t)

)
=

{
0, t ∈ Γ1 ∪ Γ3 ∪ Γ4,

−p

2
, t ∈ Γ2.

(8)

The condition (3) with regard for the formula (7) results in

k

2
t + ` + ψ(t) = C0, t ∈ Γ5. (9)

For any point t ∈ Γ, we can write

Re
(
e−iα(t) · t) = Re

(
e−iα(t)ρ eiβ

)
= Re

(
ρ e−i(α−β)

)
, (10)

where ρ is radius, α = β − π
2 .

In view of the formula (10), we obtain the following equalities:

Re
(
e−

π
4 i · t) =

d
√

2
2

, t ∈ Γ1,

Re
(
e−

3πi
4 · t) =

d
√

2
2

, t ∈ Γ2,

Re
(
e−

3πi
2 · t) = 0, t ∈ Γ3 ∪ Γ4,

(11)

where d is the square diagonal.
We rewrite the equalities (11) as follows:

Re
(
te−iα(t)

)
=





√
2

2
d, t ∈ Γ1,

√
2

2
d, t ∈ Γ2,

0, t ∈ Γ3 ∪ Γ4.

(12)

Writing the conditions for ψ(t), from the formula (8) we have

Re e−iα(t)

(
k

2
t+ψ(t)

)
=

{
−Re

(
` · e−iα(t)

)
, t ∈ Γ1 ∪ Γ3 ∪ Γ4,

−Re
(
` · e−iα(t)

)− p

2
, t ∈ Γ2,

(13)

whence

Re
(
e−iα(t) · ψ(t)

)
= −k

2
Re

(
e−iα(t) · t)− Re

(
` · e−iα(t)

)
. (14)

Taking into account equalities (12) and (14), the formula (13) yields

Re
(
e−iα(t) · ψ(t)

)
=





−kd
√

2
4

− Re
(
` · e−iα(t)

)
, t ∈ Γ1,

−kd
√

2
4

− Re
(
` · e−iα(t)

)− p

2
, t ∈ Γ2,

−Re
(
` · e−iα(t)

)
, t∈Γ3 ∪ Γ4.

(15)
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Using now the relations (9), (12) and (15), the boundary conditions for our
problem can be written in the form

k

2
t + ψ(t) = c0 − `, t ∈ Γ5, (16)

Re
(
t · e−iα(t)

)
=





d
√

2
2

, t ∈ Γ1,

d
√

2
2

, t ∈ Γ2,

0, t ∈ Γ3 ∪ Γ4,

(17)





Re
(
e−

πi
4 · ψ(t)

)
= −kd

√
2

4
− `

√
2

2
, t ∈ Γ1,

Re
(
e−

3πi
4 · ψ(t)

)
= −kd

√
2

4
− ` ·

(
−
√

2
2

)
− p

2
, t ∈ Γ2,

Re
(
e−

3πi
2 · ψ(t)

)
= 0, t ∈ Γ3 ∪ Γ4.

(18)

Thus we have reduced our problem to the boundary problem (16), (17),
(18).

Let the function
z = ω(ζ) (19)

map conformally the domain S onto the semi-circle |ζ| < 1, Im ζ > 0, of
unit radius. In addition, we may assume that the arc A4A5 is mapped onto
the diameter (−1, 1); the mappings of the points Ak (k = 1, 2, 3, 4, 5) at
the plane ζ we denote, respectively, by ak (k = 1, 2, 3, 4, 5). The points
a4 = −1, a5 = 1, a2 = i may be assumed to be fixed and the points a1 and
a3 to be unknown ones (Figure 2).

Figure 2

By means of the transformation (19) we can rewrite the relations (16),
(17) and (18) as follows:

k

2
ω(σ) + ψ0(σ) = c0 − `, σ ∈ (−1, 1), (20)

Re
(
ω(σ) e−

πi
4

)
=

d
√

2
2

, σ ∈ γ1, (21)
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Re
(
ω(σ) e−

3πi
4

)
=

d
√

2
2

, σ ∈ γ2, (22)

Re
(
ω(σ) e−

3πi
2

)
= 0, σ ∈ γ3 ∪ γ4, (23)

Re
(
e−

πi
4 · ψ0(σ)

)
= −kd

√
2

4
− `

√
2

2
, σ ∈ γ1, (24)

Re
(
e−

3πi
4 · ψ0(σ)

)
= −kd

√
2

4
+ `

√
2

2
− p

2
, σ ∈ γ2, (25)

Re
(
e−

3πi
2 · ψ0(σ)

)
= 0, σ ∈ γ3 ∪ γ4, (26)

where ψ0(ζ) = ψ(ω(ζ)), γ1, γ2, γ3, γ4 are, respectively, the mappings of the
segments Γ1,Γ2,Γ3,Γ4 onto the semi-circle of unit radius. We denote γ =
4∪

k=1
γk and introduce the function

W (ζ) =





k

2
ω(ζ), Im ζ > 0,

−ψ0(ζ) + c0 − `, Im ζ < 0.
(27)

Taking into account the relation (20), for the function W (ζ) we get

W+(ξ)−W−(ξ) =
k

2
ω(ξ) + ψ0(ξ)− c0 + ` = 0,

that is,
W+(ξ) = W−(ξ), ξ ∈ (−1, 1).

Thus the function W (ζ) defind by the formula (27) is analytic in the
circle |ζ| < 1.

Using the formula (27), from the relations (21), (22), (23), (24), (25) and
(26) we obtain

Re
(
e−iα(σ) W (σ)

)
= f(σ), σ ∈ γ, (28)

Re
(
e−iα(σ) W (σ)

)
= f∗(σ), σ ∈ γ∗, (29)

where the function f(σ) is the right-hand side of the relations (21), (22) and
(23), while the function f∗(σ) is that of the relations (24), (25) and (26);
γ∗ is the mirror mapping of γ with respect to the OX-axis.

Using the formulas (28) and (29), we find the relation

W (σ) + e2iα(σ)W (σ) =

{
eiα(σ) · f(σ), σ ∈ γ,

eiα(σ) · f∗(σ), σ ∈ γ∗,
(30)

The above relation is the Riemann-Hilbert problem for the circle of unit
radius whose solution is represented in the form [3]

W (ζ) =
X(ζ)
4πi

∫

γ∪γ∗

ζ + σ

σ − ζ

f1(σ) eiα(σ)dσ

X(σ) σ
, (31)
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where

f1(σ) =

{
f(σ), for σ ∈ γ,

f∗(σ), for σ ∈ γ∗,
(32)

X(ζ) =
1

4πi

∫
ζ + σ

σ − ζ
· 2α(σ) i

σ
dσ, |ζ| < 1. (33)

Taking into account the relations (21)–(26), after appropriate calcula-
tions, for the function X(ζ) from the formula (33) we obtain

X(ζ)= 4

√
ζ−a2

ζ−a1
·
(

ζ−a3

ζ−a2

)3

·
(

ζ−a3

ζ−a3

)2(
ζ−a2

ζ−a3

)3
ζ−a1

ζ−a2
·
(

ζ−a1

ζ−a1

)2

×

× e−
1

2πi

∫
γ∪γ∗

α(σ)dσ
σ ,

X(σ) =
∣∣X(σ)

∣∣ eiα(σ).
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