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SOLUTION OF A MIXED BOUNDARY VALUE PROBLEM
OF THE PLANE THEORY OF ELASTIC MIXTURE FOR A
MULTIPLY CONNECTED DOMAIN WITH A PARTIALLY

UNKNOWN BOUNDARY HAVING THE AXIS OF
SYMMETRY

K. SVANADZE

Abstract. In the present work we consider a mixed boundary value
problem of the plane theory of an elastic mixture for a multiply con-
nected domain, a square weakened by five holes with equally strong
unknown boundaries. Four of the holes are equal and symmetric with
respect to the segments connecting midpoints of opposite sides, while
the fifth one is symmetric with respect to these segments and to the
coordinate axes. The vertices of the square lie on the coordinate axes
and their neighborhoods are cut out by equal smooth arcs, symmetric
with respect to the coordinate axes. The linear portion of the bound-
ary is under the action of absolutely smooth rigid punches with recti-
linear bases which are acted on by forces of magnitude p = (p1, p2)T .
Unknown equally strong parts of the boundary are free from exter-
nal forces. Using the method of the theory of analytic functions, the
portions of equally strong boundaries as well as the stressed state of
the body are found.

îâäæñéâ. êŽöîëéöæ àŽéëçãèâñèæŽ áîâçŽá êŽîâãåŽ Ĳîðõâèæ åâ-
ëîææï öâîâñèæ ŽéëùŽêŽ ýñåæ ñùêëĲæ ýãîâèæå öâïñïðâĲñèæ çãŽá-
îŽðæïŽåãæï, îëéèæï ëåýæ ýãîâèæ ðëèæ áŽ ïæéâðîæñèæŽ éëìæ-
îáŽìæîâ àãâîáâĲæï öñŽ ûâîðæèâĲæï öâéŽâîåâĲâèæ éëêŽçãâåâĲæï
éæéŽîå. éâýñåâ ýãîâèæ öâæùŽãï àŽáŽçãâåæï ûâîðæèï áŽ ïæéâ-
ðîæñèæŽ Žé éëêŽçãâåâĲæïŽ áŽ çëëîáæêŽðåŽ ôâîúâĲæï éæéŽîå.
çãŽáîŽðæï ûãâîëâĲæ éáâĲŽîâëĲâê çëëîáæêŽðåŽ ôâîúâĲäâ áŽ éŽåæ
éæáŽéëâĲæ ŽéëüîæèæŽ çëëîáæêŽðåŽ ôâîúâĲæï ïæéâðîæñèæ ðëèæ
ïæáæáæï àèñãæ îçŽèâĲæå. ïŽäôãîæï ûîòæã éëêŽçãâåâĲäâ éëáâ-
ĲñèæŽ ŽĲïëèñðñîŽá àèñãæ éõŽîæ öðŽéìâĲæ ïûëîýŽäëãŽêæ òñ-
úââĲæå, îëéèâĲäâù éëáâĲñèæŽ úŽèŽ p = (p1, p2)

T . ïŽúæâĲâèæ
åŽêŽĲîŽáéðçæùâ ïŽäôãîæï êŽûæèâĲæ åŽãæïñòŽèæŽ àŽîâöâ äâéëóéâ-
áâĲæïŽàŽê. ŽêŽèæäñî òñêóùæŽåŽ åâëîææï éâåëáâĲæï àŽéëõâêâĲæå
àŽêæïŽäôãîâĲŽ ïŽäôãîæï åŽêŽĲîŽáéðçæùâ êŽûæèâĲæ áŽ ïýâñèæï
áŽúŽĲñèæ éáàëĲŽîâëĲŽ.
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The problems of the plane theory of elasticity for infinite domains weak-
ened by equally strong holes have been studied in [1], [9] and by many other
authors. The same problem for simply and doubly connected domains with
partially unknown boundaries are investigated in [2], [3], [4]. The mixed
boundary value problems of the plane theory of elasticity for domains with
partially unknown boundaries have been studied by R. Bantsuri [5]. Anal-
ogous problems in the case of the plane theory of elastic mixtures can be
found in [15].

In [14], using the method suggested by R. Bantsuri in [6], the author gives
a solution of the mixed problem of the plane theory of elasticity for a finite
multiply connected domain with a partially unknown boundary having the
axis of symmetry.

In the present work, in the case of the plane theory of elastic mixtures we
study the problem analogous to that solved in [14]. For the solution of the
problem the use will be made of the generalized Kolosov-Muskhelishvili’s
formula [15] and the method developed in [6] and [14].

1. Some Auxiliary Formulas and Operators

The homogeneous equation of statics of the theory of elastic mixtures in
a complex form looks as follows [8]:

∂2U

∂z ∂z
+ K

∂2U

∂z 2 = 0, (1.1)

where z = x1 + ix2, z = x1− ix2, ∂
∂z = 1

2

(
∂

∂x1
− i ∂

∂x2

)
, ∂

∂z = 1
2

(
∂

∂x1
+ i ∂

∂x2

)
,

U = (u1 + iu2, u3 + iu4)T , u′ = (u1, u2)T and u′′ = (u3, u4)T are partial
displacements.

K = −1
2

`m−1, ` =
[
`4 `5
`5 `6

]
, m−1 =

1
∆0

[
m3 −m2

−m2 m1

]
,

∆0 =m1m3−m2
2, mk =`k+

1
2

`3+k, k=1, 2, 3, `1 =a2/d2, `2 =−c/d2,

`3 = a1/d2, d2 = a1a2 − c2, a1 = µ1 − λ5, a2 = µ2 − λ5, c = µ3 + λ5,

`1 + `4 = b/d1, `2 + `5 = −c0/d1, `3 + `6 = a/d1, a = a1 + b1,

b = a2 + b2, c0 = c + d, d1 = ab− c2
0, b1 = µ1 + λ1 + λ5 − α2ρ2/ρ,

b2 = µ2 + λ2 + λ5 + α2ρ1/ρ, α2 = λ3 − λ4, ρ = ρ1 + ρ2,

d = µ2 + λ3 − λ5 − α2ρ1/ρ ≡ µ3 + λ4 − λ5 + α2ρ2/ρ.

Here µ1, µ2, µ3, λρ, p = 1, 5 are elasticity modules characterizing mechanical
properties of a mixture, ρ1 and ρ2 are its particular densities. The elastic
constants µ1, µ2, µ3, λp, p = 1, 5 and particular densities ρ1 and ρ2 will be
assumed to satisfy the conditions of the inequality [13].
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In [7], M. O. Basheleishvili obtained the following representations:

U = (u1 + iu2, u3 + iu4)T = mϕ(z) +
1
2

ezϕ′(z) + ψ(z), (1.2)

TU =
(

(TU)2 − i(TU)1
(TU)4 − i(TU)3

)
=

=
∂

∂s(x)

[
(A− 2E)ϕ(z) + Bzϕ′(z) + 2µψ(z)

]
, (1.3)

where ϕ(z) = (ϕ1, ϕ2)T and ψ(z) = (ψ1, ψ2)T are arbitrary analytic vector-
functions;

A = 2µm, µ =
[
µ1 µ3

µ3 µ2

]
, B = µ`, m =

[
m1 m2

m2 m3

]
, E =

(
1 0
0 1

)
,

∂

∂s(x)
= −n2

∂

∂x1
+ n1

∂

∂x2
,

∂

∂n(x)
= n1

∂

∂x1
+ n2

∂

∂x2
, n = (n1, n2)T

are the unit vectors of the outer normal, (TU)p, p = 1, 4, the stress compo-
nents [7]

(TU)1 = r′11n1 + r′21n2, (TU)2 = r′12n1 + r′22n2,

(TU)3 = r′′11n1 + r′′21n2, (TU)4 = r′′12n1 + r′′22n2.

Consider the following vectors [15]:

(1)
τ =

(
r′11
r′′11

)
=

[
a c0

c0 b

](
θ′

θ′′

)
− 2

∂

∂x2
µ

(
u2

u4

)
,

(2)
τ =

(
r′22
r′′22

)
=

[
a c0

c0 b

](
θ′

θ′′

)
− 2

∂

∂x1
µ

(
u1

u3

)
,

(1.4)

(1)
η =

(
r′21
r′′21

)
= −

[
a1 c
c a2

](
ω′

ω′′

)
+ 2

∂

∂x1
µ

(
u2

u4

)
,

(2)
η =

(
r′12
r′′12

)
=

[
a1 c
c a2

](
ω′

ω′′

)
+ 2

∂

∂x2
µ

(
u1

u3

)
,

(1.5)

θ′ = div u′, θ′′ = div u′′, ω′ = rot u′, ω′′ = rot u′′.

Let (n,S) be the right rectangular system, where S and n are, re-
spectively, the tangent and the normal of the curve L at the point t =
t1 + it2. Assume that n = (n1, n2)T = (cosα, sin α)T and s = (−n2, n1)T =
(− sin α, cos α)T , where α is the angle of inclination of the normal n to the
ox1-axis.

Introduce the vectors

Un =
(

u1n1 + u2n2

u3n1 + u4n2

)
, Us =

(
u2n1 − u1n2

u4n1 − u3n2

)
, (1.6)

σn =
(

(Tu)1n1 + (Tu)2n2

(Tu)3n1 + (Tu)4n2

)
, σs =

(
(Tu)2n1 − (Tu)1n2

(Tu)4n1 − (Tu)3n2

)
, (1.7)
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σt =

([
r′21n1 − r′11n2, r

′
22n1 − r′12n2

]T
s0

[
r′′21n1 − r′′11n2, r

′′
22n1 − r′′12n2

]T
s0

)
. (1.8)

After elementary calculations we obtain

σn =
(1)
τ cos2 α +

(2)
τ sin2 α + η sin α cos α,

σt =
(1)
τ sin2 α +

(2)
τ cos2 α− η sin α cos α,

σs =
1
2
((2)

τ − (1)
τ

)
sin 2α +

1
2
η cos 2α− 1

2
ε∗,

where η =
(1)
η +

(2)
η , ε∗ =

(1)
η − (2)

η .
Direct calculations allow us to check that on L [15]

σn + σt =
(1)
τ +

(2)
τ = 2(2E −A−B)Re ϕ′(t), (1.9)

σn − iσs = (2E −A)ϕ′(t)−Bϕ′(t) + e2iα
[
Btϕ′′(t) + 2µψ′(t)

]
, (1.10)

σn + 2µ

(
∂Us

∂s
+

Un

ρ0

)
+ i

[
σs − 2µ

(
∂Un

∂s
− Us

ρ0

)]
= 2ϕ′(t), (1.11)

[
(A− 2E)ϕ(t) + Btϕ′(t) + 2µψ(t)

]
L

= −
∫

L

eiα(σn + iσs)ds, (1.12)

where det(2E −A−B) > 0, 1
ρ0

is the curvature of L at the point t. Every-
where in the sequel it will be assumed that the components Un and Us are
bounded [8].

Formulas (1.2),(1.3) and (1.9)–(1.11) are analogous to those of Kolosov-
Muskhelishvili in the linear theory of elastic mixtures [12].

2. Statement of the Problem and the Method of its Solving

Let an isotropic elastic mixture occupy on the plane z = x1 + ix2 a
multiply connected domain D, a square weakened by five equally strong
holes with unknown boundaries.

Four of the holes are equal and symmetric with respect to the segments
connecting midpoints of the opposite sides, while the fifth one is symmetric
with respect to these segments and to the coordinate axes.

The vertices of the square lie on the coordinate axes and their neigh-
borhoods are cut out by equal smooth arcs, symmetric with respect to the
coordinate axes.

The side length of the square we denote by 2a0. The linear portion of
the boundary is under the action of absolutely smooth rigid punches having
rectilinear bases which are acted on by forces of magnitude p = (p1, p2)T .
An unknown part of the boundary is free from external forces.
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Figure 1.

Assume that the vector Un (see (16)1) takes on every segment a constant
value Un = U0 = const, and σs, i.e., the vector (1.7), is equal to zero along
the whole boundary of the domain D.

We formulate the following problem: Find a stressed state of the body
and an unknown part of the boundary of D under the condition that the
vector (18), i.e. σt, is constant, i.e., σt = K0, K0 = (K0

1 ,K0
2 )T = const.

Since the above-posed problem is axially symmetric, on the segments
[A1, A2], [A3, A4], [A5, A6], [A7, A8], Un = σs = 0.

To investigate the problem, we consider a curvilinear polygon
A1A2A3A4A5A6A7A8A9A10 and denote it by D0.

Introduce the notation Γj = [A2j−1, A2j ], j = 1, 4, Γ5 = [A8, A9], Γ6 =

[A10, A1], Γ =
6∪

j=1
Γj , γ1 =

^

A2A3, γ2 =
^

A4A5, γ3 =
^

A6A7, γ4 =
^

A9A10,

γ =
4∪

j=1
γj .

By q0 and q we denote
∫

Γ1

σnds = −1
2

q0 and
∫

Γ2

σnds = −1
2

q.

Since Γ1 ¤ Γ5 ¤ Γ2 and
∫
Γ5

σnds = − 1
2 p, because of equilibrium of the

body D0, we can write
∫

Γ1

σnds +
∫

Γ2

σnds =
∫

Γ5

σnds = −1
2

p, i.e., q0 + q = p.
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Owing to the symmetry of the domain D0, we have

∫

Γ2

σnds =
∫

Γ3

σnds = −1
2

q

∫

Γ1

σnds =
∫

Γ4

σnds = −1
2

q0.

The boundary conditions of the problem are of the form

Un(t) =

{
0, t ∈ Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,

U0, t ∈ Γ5 ∪ Γ6,
(2.1)

σs = 0, t ∈ Γ ∪ γ, (2.2)

σt = K0, t ∈ γ, (2.3)∫

Γ5

σnds =
∫

Γ6

σnds = −1
2

p. (2.4)

To simplify our writing, we denote the geometrical point Ak and its affix
by the same symbol.

Relying on the analogous Kolosov-Muskhelishvili’s formulas (1.9), (1.1)
and (1.12), the above-posed problem is reduced to finding two analytic
vector-functions ϕ(z) and ψ(z) in D0 by the boundary conditions

Imϕ′(t) = 0, t ∈ Γ, (2.5)

Re ϕ′(t) = H, t ∈ γ, H =
1
2
(2E −A−B)−1K0, (2.6)

Re
[
e−α(t)(A− 2E)ϕ(t) + Btϕ′(t) + 2µψ(t)

]
= c(t), t ∈ Γ, (2.7)

(A− 2E)ϕ(t) + Btϕ′(t) + 2µψ(t) = B0(t), t ∈ γ, (2.8)

where α(t) is the angle made by the outer normal n and the ox1-axis. The
arc coordinate of the point t counting from the point A1 we denote by S.

α(t) = αk, t ∈ Γk, k = 1, 6, α1 = α2 =
π

4
,

α3 = α4 =
3
4

π, α5 =
5
4

π, α6 =
7
4

π,
(2.9)

C(t) = Re
(
e−iα(t)B0(t)

)
,

B0(t) = −i

t∫

A1

σn(t0)eiα(t0)ds0 − 1
2

pe
π
4 i.

(2.10)
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Taking into account (2.9) and (2.10), we obtain

B0(t) =




−1

2
iqe

π
4 i, t ∈ γ1,

0, t ∈ γ2,

B0(t) =




−1

2
qe

π
4 i, t ∈ γ3,

−1
2

(1 + i)pe
π
4 i, t ∈ γ4,

(2.11)

C(t) =





0, t ∈ Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,
1
2

p, t ∈ Γ5 ∪ Γ6.
(2.12)

Moreover, if t ∈ Γ, then we can write

Re e−iα(t)t = Re e−iα(t)A(t), (2.13)

where A(t) = Ak for t ∈ Γk, k = 1, 6.
Assume finally, that the vector-functions ϕ′(t) and ψ(z) are continuously

extendable on the boundary of D0, except possibly the points
A2, A3, A4, A5, A6, A7, A9, A10 in the neighborhood of which they admit the
estimate of the type

|ϕ′j(z)|, |ψj(z)| < M |z −Ak|−δk , j = 1, 2, (2.14)

where 0 ≤ δk < 1
2 , k = 2, 3, 4, 5, 6, 7, 9, 10, M = const > 0.

The equalities (2.5)–(2.6) are in fact the Keldysh-Sedov problem for the
domain D0,

Reϕ′(t) = H, t ∈ γ, Imϕ′(t) = 0, t ∈ Γ. (2.15)

By virtue of the condition (2.14), the problem (2.15) has a unique so-
lution ϕ′(z) = H [10]. Consequently, leaving out of account the constant
summand, we get

ϕ(z) = Hz =
1
2

(2E −A−B)−1K0z. (2.16)

Here K0 is to be defined in the course of solving the problem.
Substituting the values B0(t), C(t), ϕ′(t) defined by formulas (2.11), (2.12)

and (2.13) into the boundary conditions (2.7) and (2.8), we obtain

Re e−iα(t)
(1

2
K0t + 2µψ(t)

)
=





0, t ∈ Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4,
1
2

p, t ∈ Γ5 ∪ Γ6,
(2.17)
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e−
π
4 i

(1
2

K0t + 2µψ(t)
)

= B0(t) =





0, t ∈ γ2,

−1
2

iq, t ∈ γ1,

−1
2

q, t ∈ γ3,

−1
2

(1 + i)p, t ∈ γ4,

(2.18)

Re
(
te−iα(t)

)
=

{
0, t ∈ Γj , j = 1, 4,

−a0, t ∈ Γ5 ∪ Γ6.
(2.19)

On the basis of formula (2.9), it follows from the conditions (2.17)–(2.19)
that

Re
[1
2

K0te−
π
4 i + 2µe

π
4 iψ(t)

]
=





0, t ∈ Γ1 ∪ Γ2 ∪ γ1 ∪ γ2,

−1
2

p, t ∈ Γ5 ∪ γ4,

−1
2

q, t ∈ γ3,

(2.20)

Im
[1
2

K0te−
π
4 i − 2µe

π
4 iψ(t)

]
=





0, t ∈ Γ3 ∪ Γ4 ∪ γ2 ∪ γ3,

−1
2

p, t ∈ Γ6 ∪ γ4,

−1
2

q, t ∈ γ1,

(2.21)

Re
[
te−

π
4 i

]
=

{
0, t ∈ Γ1 ∪ Γ2,

−a0, t ∈ Γ5,
(2.22)

Im
[
te−

π
4 i

]
=

{
0, t ∈ Γ3 ∪ Γ4,

−a0, t ∈ Γ6.
(2.23)

Multiplying equalities (2.23) and (2.21) by, respectively, K0 and −1 and
then summing up, we find that

Im
[1
2

K0te−
π
4 i + 2µe

π
4 iψ(t)

]
=





0, t ∈ Γ3 ∪ Γ4,
1
2

p− a0K
0, t ∈ Γ6,

(2.24)

Analogously, equalities (2.20) and (2.22) result in

Re
[1
2

K0te−
π
4 i − 2µe

π
4 iψ(t)

]
=





0, t ∈ Γ1 ∪ Γ2,
1
2

p− a0K
0, t ∈ Γ5,

(2.25)

Let the function z = ω(ζ), ζ = ξ1 + iξ2 map conformally the domain D0

onto the upper plane Im ζ > 0. By βj we denote the image of the point Aj ,
j = 1, 10. Assume that β9 = −1, β10 = 1 and, moreover, that the midpoint

of the arc γ2 =
^

A4A5 turns into ζ = ∞.
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Because of the fact that the domain D0 is symmetric with respect to the
axis ox2, we can suppose that β8 = −β1, β7 = −β2, β6 = −β3, β5 = −β4,.

Consider the vector-functions

Φ(ζ) =
1
2

K0ω(ζ)e−
π
4 i + 2µe

π
4 iψ(ω(ζ)), (2.26)

Ψ(ζ) =
1
2

K0ω(ζ)e−
π
4 i − 2µe

π
4 iψ(ω(ζ)). (2.27)

If we take into account (2.26) and (2.27), then the boundary conditions
(2.20), (2.21), (2.24) and (2.25) can be rewritten in the form

Φ(ξ1) + Φ(ξ1) =





0, ξ1 ∈ (−∞,−β4) ∪ (β1,∞),
−p, ξ1 ∈ (−β1, 1),
−q, ξ1 ∈ (−β3,−β2),

(2.28)

Φ(ξ1)− Φ(ξ1) =

{
0, ξ1 ∈ (−β4,−β3) ∪ (−β2,−β1),
(p− 2a0K

0)i, ξ1 ∈ (1, β1),
(2.29)

Ψ(ξ1) + Ψ(ξ1) =

{
0, ξ1 ∈ (β1, β2) ∪ (β3, β4),
p− 2a0K

0, ξ1 ∈ (−β1,−1),
(2.30)

Ψ(ξ1)−Ψ(ξ1) =





0, ξ1 ∈ (−∞,−β1) ∪ (β4,∞),
−ip, ξ1 ∈ (−1, β1),
−iq, ξ1 ∈ (β2, β3).

(2.31)

The above problems are the vector forms of the Keldysh-Sedov problems.
A solution of the problems (2.28)-(2.29) and (2.30)-(2.31) can be repre-

sented as follows [10]:

Φ(ζ) =− χ1(ζ)
2πi

[ −β2∫

−β3

qdξ1

χ1(ξ1)(ξ1 − ζ)
+

1∫

−β1

pdξ1

χ1(ξ1)(ξ1 − ζ)
−

−
β1∫

1

(p− 2a0K
0)idξ1

χ1(ξ1)(ξ1 − ζ)
+ C

]
, Im ζ > 0. (2.32)

Ψ(ζ) =
χ2(ζ)
2πi

[ 1∫

−β1

(p− 2a0K
0)idξ1

χ2(ξ1)(ξ1 − ζ)
−

β1∫

−1

pidξ1

χ2(ξ1)(ξ1 − ζ)
−

−
β1∫

β2

ip2dξ1

χ2(ξ1)(ξ1 − ζ)
+ Ci

]
, Im ζ > 0, (2.33)
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where

χ1(ζ) =

√
(ζ − 1)(ζ + β2)(ζ + β4)
(ζ − β1)(ζ + β1)(ζ + β3)

, Im ζ > 0, (2.34)

χ2(ζ) =

√
(ζ + 1)(ζ − β2)(ζ − β4)
(ζ + β1)(ζ − β1)(ζ − β3)

, Im ζ > 0, (2.35)

By χ1(ζ) and χ2(ζ) is meant a branch of the function which turns into
unity as ζ →∞ (Im ζ > 0)

χ1(∞) = χ2(∞) = 1.

It is not difficult to state that

χ1(ξ1) =





|χ1(ξ1)|, ξ1 ∈ (−∞,−β4) ∪ (−β3,−β2)∪
∪(−β1, 1) ∪ (β1,∞),

−i|χ1(ξ1)|, ξ1 ∈ (−β4,−β3) ∪ (−β2,−β1) ∪ (1, β1),
(2.36)

χ2(ξ1) =





|χ2(ξ1)|, ξ1 ∈ (−∞,−β1) ∪ (−1, β1)∪
∪(β2, β3) ∪ (β4,∞),

i|χ2(ξ1)|, ξ1 ∈ (−β1,−1) ∪ (β1, β2) ∪ (β3, β4),
(2.37)

|χ1(ξ1)| = |χ2(−ξ1)|. (2.38)

By virtue of (2.36) and (2.37), formulas (2.32) and (2.33) can be written
as

Φ(ζ) =− χ1(ζ)
2πi

[ −β2∫

−β3

qdξ1

|χ1(ξ1)|(ξ1 − ζ)
+

β1∫

−β1

pdξ1

|χ1(ξ1)|(ξ1 − ζ)
−

− 2a0K
0

β1∫

1

dξ1

|χ1(ξ1)|(ξ1 − ζ)
+ C

]
, Im ζ > 0, (2.39)

Ψ(ζ) =− χ2(ζ)
2π

[ β1∫

−β1

pdξ1

|χ2(ξ1)|(ξ1 − ζ)
+

β3∫

β2

pdξ1

|χ2(ξ1)|(ξ1 − ζ)
−

− 2a0K
0

−1∫

−β1

dξ1

|χ2(ξ1)|(ξ1 − ζ)
+ C

]
, Im ζ > 0. (2.40)

3. Investigation of a Solution of the Problem and
Construction of Charts for a Partially Unknown Boundary

Since the functions χ1(ξ1) and χ2(ξ1) (see (2.34) and (2.35)) at the points
ξ1 = ±β1 and ξ1 = ±β3 have singularities of order 1/2, therefore for the
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vector-functions Φ(ζ) and Ψ(ζ) to be bounded in the neighborhood of the
points ±β1 and ±β3, it is necessary and sufficient that the conditions

−β2∫

−β3

qdξ1

|χ1(ξ1)|(ξ1 + β1)
+

β1∫

−β1

pdξ1

|χ1(ξ1)|(ξ1 + β1)
−

−
β1∫

1

2a0K
0dξ1

|χ1(ξ1)|(ξ1 + β1)
+ C = 0,

−β2∫

−β3

qdξ1

|χ1(ξ1)|(ξ1 − β1)
+

β1∫

−β1

pdξ1

|χ1(ξ1)|(ξ1 − β1)
− (3.1)

−
β1∫

1

2a0K
0dξ1

|χ1(ξ1)|(ξ1 − β1)
+ C = 0,

−β2∫

−β3

qdξ1

|χ1(ξ1)|(ξ1 + β3)
+

β1∫

−β1

pdξ1

|χ1(ξ1)|(ξ1 + β3)
−

−
β1∫

1

2a0K
0dξ1

|χ1(ξ1)|(ξ1 + β3)
+ C = 0,

and
β1∫

−β1

pdξ1

|χ2(ξ1)|(ξ1 ∓ β1)
+

β3∫

β2

qdξ1

|χ2(ξ1)|(ξ1 ∓ β1)
−

− 2a0K
0

−1∫

−β1

dξ1

|χ2(ξ1)|(ξ1 ∓ β1)
− C = 0,

β1∫

−β1

pdξ1

|χ2(ξ1)|(ξ1 − β3)
+

β3∫

β2

qdξ1

|χ2(ξ1)|(ξ1 − β3)
−

− 2a0K
0

β1∫

1

dξ1

|χ2(ξ1)|(ξ1 − β1)
− C = 0.

(3.2)

are fulfilled.
If in (3.2) we replace ξ1 by −ξ1 and take into account (2.38), then we

will get the condition coinciding with (3.1).
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Note that the system of the above three equations involves β1, β2, β3,
C = (c1, c2)T , K0 = (k0

1, k
0
2)

T , q = (q1, q2)T as unknown parameters.
Having fixed β1, β2 and β3 and solving the system with respect to K0, C

and q, we find a solution of the unknown problem, obtain equations for
unknown parts of the boundary and hence the value ψ(ω(ζ)).

It follows from (2.26) and (2.27) that

K0ω(ζ) =
[
Φ(ζ) + Ψ(ζ)

]
e

π
4 i, Im ζ ≥ 0, (3.3)

ψ(ω(ζ)) =
1
4
µ−1

(
Φ(ζ)−Ψ(ζ)

)
e−

π
4 i, Im ζ ≥ 0. (3.4)

Passing in (2.32) and (2.33) to the limit as ζ → ξ0
1 ∈ G, where G =

(−β3,−β2) ∪ (−1, 1) ∪ (β2, β3) ∪ (−∞,−β4) ∪ (β4,∞), by the Sokhotskii-
Plemelj formulas [11] we obtain

Φ(ξ0
1) = iΦ0(ξ0

1)− 1
2

p, Ψ(ξ0
1) = Ψ0(ξ0

1)− 1
2

pi, ξ0
1 ∈ (−1, 1),

Φ(ξ0
1) = iΦ0(ξ0

1), Ψ(ξ0
1) = Ψ0(ξ0

1)− 1
2

qi, ξ0
1 ∈ (β2, β3),

Φ(ξ0
1) = iΦ0(ξ0

1)− 1
2

q, Ψ(ξ0
1) = Ψ0(ξ0

1), ξ0
1 ∈ (−β3,−β2),

Φ(ξ0
1) = iΦ0(ξ0

1), Ψ(ξ0
1) = Ψ0(ξ0

1), ξ0
1 ∈ (−∞,−β4) ∪ (β4,∞),

(3.5)

where Φ0 = (Φ0
1, Φ

0
2)

T , Ψ0 = (Ψ0
1, Ψ

0
2)

T ,

Φ0(ξ0
1) =

χ1(ξ0
1)

2π

[ −β2∫

−β3

q dξ1

|χ1(ξ1)|(ξ1 − ξ0
1)

+

β1∫

−β1

p dξ1

|χ1(ξ1)|(ξ1 − ξ0
1)
−

− 2a0K
0

β1∫

1

dξ1

|χ1(ξ1)|(ξ1 − ξ0
1)

+ C

]
, ξ0

1 ∈ G, (3.6)

Ψ0(ξ0
1) = −χ2(ξ0

1)
2π

[ β1∫

−β1

p dξ1

|χ2(ξ1)|(ξ1 − ξ0
1)

+

β3∫

β2

q dξ1

|χ2(ξ1)|(ξ1 − ξ0
1)
−

− 2a0K
0

β1∫

1

dξ1

|χ2(ξ1)|(ξ1 − ξ0
1)
− C

]
, ξ0

1 ∈ G. (3.7)

The both integrals
1∫

−1

p dξ1

|χj(ξ1)|(ξ1 − ξ0
1)

and

−β2∫

−β3

q dξ1

|χj(ξ1)|(ξ1 − ξ0
1)

, j = 1, 2,

exist in the sense of the Cauchy principal value.
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In (3.6), we replace ξ1 and ξ0
1 , respectively, by −ξ1 and −ξ0

1 and hence
by virtue of (2.36)-(2.38) we get

Ψ0(ξ0
1) = Φ0(−ξ0

1), ξ0
1 ∈ G. (3.8)

Equality (3.3) allows us to find equations for the arc γj , j = 1, 4:

t = ω(ξ0
1) =

Φ1(ξ0
1) + Ψ1(ξ0

1)
k0
1

e
π
4 i =

Φ2(ξ0
1) + Ψ2(ξ0

1)
k0
2

e
π
4 i, ξ0

1 ∈ G. (3.9)

Substituting in (3.9) the values γ2 and γ4 defined by formulas (3.5) and
taking into account equalities (3.8), we find that the equation for the arc
ox2 is given by the formula

t = ω(ξ0
1) =

Φ0
1(−ξ0

1)− Φ0
1(ξ

0
1) + 0, 5q1√

2k0
1

+ i
Φ0

1(ξ
0
1) + Φ0

1(−ξ0
1)− 0, 5q1√

2k0
1

=

=
Φ0

2(−ξ0
1)−Φ0

2(ξ
0
1)+0, 5q2√

2k0
2

+i
Φ0

2(ξ
0
1)+Φ0

2(−ξ0
1)−0, 5q2√

2k0
2

, (3.10)

ξ0
1 ∈ (β2, β3), t ∈ γ1,

t = ω(ξ0
1) =

Φ0
1(−ξ0

1)− Φ0
1(ξ

0
1)√

2k0
1

+ i
Φ0

1(ξ
0
1) + Φ0

1(−ξ0
1)√

2k0
1

=

=
Φ0

2(−ξ0
1)− Φ0

2(ξ
0
1)√

2k0
2

+ i
Φ0

2(ξ
0
1) + Φ0

2(−ξ0
1)√

2k0
2

, (3.11)

ξ0
1 ∈ (−∞,−β4) ∪ (β4,∞), t ∈ γ2,

t = ω(ξ0
1) =

Φ0
1(−ξ0

1)− Φ0
1(ξ

0
1)− 0, 5q1√

2k0
1

+ i
Φ1(ξ0

1) + Φ1(−ξ0
1)− 0, 5q1√

2k0
1

=

=
Φ0

2(−ξ0
1)−Φ0

2(ξ
0
1)−0, 5q2√

2k0
2

+i
Φ2(ξ0

1)+Φ2(−ξ0
1)−0, 5q2√

2k0
2

, (3.12)

ξ0
1 ∈ (−β3,−β2), t ∈ γ3,

t = ω(ξ0
1) =

Φ0
1(−ξ0

1)− Φ0
1(ξ

0
1)√

2k0
1

+ i
Φ1(ξ0

1) + Φ1(−ξ0
1)√

2k0
1

=

=
Φ0

2(−ξ0
1)− Φ0

2(ξ
0
1)√

2k0
2

+ i
Φ2(ξ0

1) + Φ2(−ξ0
1)− p√

2k0
2

, (3.13)

ξ0
1 ∈ (−1, 1), t ∈ γ4,

Clearly, the arcs γ2 and γ4 are symmetric with respect to the ox2-axis.
Let us consider a particular case when the square is weakened by only

one central hole, i.e., β2 = β3.
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In this case we have (see (2.39) and (2.40))

Φ(ζ) =− χ0
1(ζ)
2πi

[ β1∫

−β1

pdξ1

|χ0
1(ξ1)|(ξ1 − ζ)

−

− 2a0K
0

β1∫

1

dξ1

|χ0
1(ξ1)|(ξ1 − ζ)

+ C

]
, Im ζ > 0, (3.14)

Ψ(ζ) =− χ0
2(ζ)
2π

[ β1∫

−β1

pdξ1

|χ0
2(ξ1)|(ξ1 − ζ)

−

− 2a0K
0

−1∫

−β1

dξ1

|χ0
2(ξ1)|(ξ1 − ζ)

− C

]
, Im ζ > 0, (3.15)

where

χ0
1(ζ) =

√
(ζ − 1)(ζ + β4)

ζ2 − β2
1

, χ0
2(ζ) =

√
(ζ + 1)(ζ − β4)

ζ2 − β2
1

, Im ζ > 0.

Finally, we notice that if the square is weakened by only one central hole,
then a solution of the problem is represented by means of formulas (3.14)
and (3.15) (see (3.3) and (3.4)).

Since the functions χ1(ζ) and χ2(ζ) at the points ∓β1 have singularities
of order 1/2, therefore for the vector-functions Φ(ζ) and Ψ(ζ) to be bounded
in the neighborhood of the points β1 and −β2, it is necessary and sufficient
that the conditions

p

β1∫

−β1

dξ1

|χ0
1(ξ1)|(ξ1 − β1)

− 2a0K
0

β1∫

1

dξ1

|χ0
1(ξ1)|(ξ1 − β1)

+ C = 0,

p

β1∫

−β1

dξ1

|χ0
1(ξ1)|(ξ1 + β1)

− 2a0K
0

β1∫

1

dξ1

|χ0
1(ξ1)|(ξ1 + β1)

+ C = 0.

are fulfilled.
Note that the system of the above two equations involves β1, β4, C and

K0 as unknown parameters.
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Solving these systems with respect to K0 and C, we obtain

K0 =
p

2a0

β1∫

−β1

dξ1

|χ0
1(ξ1)|(ξ2

1 − β2
1)

β1∫

1

dξ1

|χ0
1(ξ1)|(ξ2

1 − β2
1)

, K0
j pj > 0, j = 1, 2,

C =2a0K
0

β1∫

1

dξ1

|χ0
1(ξ1)|(ξ1 + β1)

− p

β1∫

−β1

dξ1

|χ0
1(ξ1)|(ξ1 + β1)

.

In this case to draw the charts for the arcs γ2 and γ4, we use formulas
(3.11) and (3.13), where

Φj(ξ0
1) =

χ0
1(ξ

0
1)

2π

[ β1∫

−β1

pjdξ1

|χ0
1(ξ1)|(ξ1 − ξ0

1)
−

β1∫

1

2a0K
0
j dξ1

|χ0
1(ξ1)|(ξ1 − ξ0

1)
+ Cj

]
, j =1, 2.

To construct the diagrams, we have the Mathcad method used.
Finally, to construct the charts for the rest parts of the arcs γ2 and γ4,

we have, owing to the cyclic symmetry of the problem, to turn the chart for
the function t ∈ ω(ξ0

1) by the angle π
2 .

In Figures 2–6 we can see the charts of the arcs γ2 and γ4 for the given
values a0 and p and for different values β1 and β4. As is seen, γ2 and γ4

are of the same form and, moreover, the size of the central hole, i.e., the
value of the contour of γ2, decreases as the length of the segment [−β1, β1]
increases.

Figure 2.

p1 = −10, a0 = 1, β1 = 9, β4 = 24,
K0

1 = −11, 289, C1 = 16, 802.
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Figure 3.

p1 = −10, a0 = 1, β1 = 19, β4 = 104,
K0

1 = −10, 499, C1 = 10, 949.

Figure 4.

p1 = −10, a0 = 1, β1 = 3, β4 = 124,
K0

1 = −10, 914, C1 = 4, 007.

Figure 5.

p1 = −10, a0 = 1, β1 = 79, β4 = 104,
K0

1 = −12, 754, C1 = 29, 642.
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Figure 6.

p1 = −10, a0 = 1, β1 = 10, β4 = 44,
K0

1 = 10, 85, C1 = −16, 85.
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