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ON APPROXIMATE SOLVING OF SOME DYNAMIC
PROBLEMS OF ELASTICITY THEORY

N. KOBLISHVILI, Z. SANIKIDZE AND M. ZAKRADZE

ABSTRACT. An algorithm for the determination of elastico-dynamic
state of homogeneous isotropic elastic body with a free surface over
finite interval of time is given. In the present paper we consider the
case,when the mentioned state of the elastic body is caused by the
action of a simple concentrated force applied to a fixed point of the
body, with the force varying in time by a non-periodical law. The
realization of the algorithm is based on the method of fundamental
solutions. The effectiveness of the proposed algorithm in comparison
with the methods of integral transformation and Green’s function is
shown. For illustration of efficiency, an example has been discussed.

63%0':]33- 3(")0:]3‘:]’200 (7)0301)‘:](8-)Q0 %JQOSO&OL 3:1(")6:] 360’)6306(‘)—
3060 Qo n%m@)ém&ngo QéJJOQQ 1)1‘):]'3;2‘\)01) Q\)ngoao&'ﬂén 35;)2“')3063-
(")601) E,\)ELQ%QB“O’[) .)Qam@omao Q@("}O’l) 1)01)6‘3[2 05(8):]63\)@%3. B\)‘a—
&eddo E)OEBOQUQO\) {3380)153:]30, 6(‘)(3\) Qé:]&‘)Qo LBJ'UQOL \)QBO{HBDQO

306(8)030 ‘aaﬂ'ﬂébﬂgo d\)mol) amjaagaaom ombméomaoh t‘/)J\)g"\‘)OQDO(Boo

QO({;"JJBJE)‘UQOO (B"JEQOaJB(B)‘Z]é \)3(')1‘)1)60000 3:]0)(")@%3. BOB:}JBJE)OO ‘3330')—
U).)3.)QDJE)':]QO .)5;)6(')600)801) J‘Z}Jj@ﬂémb‘) 05(53660;;1':]60 E)OGQ\)jaBOL
{20 660601) (B"JE‘"]GOO’[) aﬂmegamOE 93@063600). :](ng(ﬂ)-:]@mbol) 1)00{:2‘:]—

L@éogomg 6OEBOQUQOQ 3060Q0m0 .

1. INTRODUCTION

It is well-known that a mathematical description of dynamic physical pro-
cess is much more complicated than a statistical one. Because of mentioned
complicacy the three-dimensional problems of dynamic elasticity theory are
not so well studied as problems of statistics. For analytical representation
of classical solution of three-dimensional problems of dynamics there are
mainly two well-known methods: 1) the Laplace integral [1]; 2) the Green’s
function [1,2].
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Complicacy which is connected with application of the first method for
numerical realization is in detail described in Section 3. Mentioned com-
plicacy makes this method ineffective from the point of view of numerical
realization.

The use of the second method for numerical solution means first of all
construction of Green’s function, which in turn is connected with finding
solution of a concrete three-dimensional boundary problem of dynamics in
analytical form. Even if Green’s function is known, during numerical real-
ization the situation is the same as in the first case. Namely, approximat-
ing computation of improper integral by approximate quadrature formula,
which, for its part, needs counting of volume and surface integrals for each
node of quadrature formula.

Because of this we have chosen essentially other algorithm (which is based
on the method of fundamental solutions (MFS)) for approximate solution
of stated problem. Our choice is conditioned by its simplicity for numerical
realization, and by the experience and results, which have been received
while solving analogous problem by the MFS, where the time function was
exponential-periodic or harmonic [3,4,5]. In these cases passing to auxiliary
static problems are done, therefore in the indicated papers the algorithm of
approximate solution of the stated problems is easier than the one, given in
the present paper for a general case.

2. STATEMENT OF PROBLEM

Consider a homogeneous isotropic and elastic body D with a boundary
S in Euclidean space E3. We assume, that D is convex and the surface S
is smooth.

Suppose that in some fixed point xo(zd,z3,23) € D , at the moment
t = 0" a known simple concentrated force ®(zg,t) = ®(x0)f(¢), is applied.
This means that the function f(t)(describing a change of a concentrated
force with respect to time) and the vector ®(xg) = (C1, C2,C3) are given.
Moreover, we assume, that the surface S is free (i.e., on the surface S
the stress vector F(y,t) is equal to zero at all moments) and a value of
a deformation (caused by action of the force ®(z,t) is in the limits of a
infinitesimal deformation theory, i.e., in the limits of the Hook’s law.

In these conditions consider the following problem for the domain D:

Find the elastico-dynamic state of the elastic body D, which is caused
by the action of the concentrated time-dependent force ®(xq,t) in the time
interval [a, b].

It should be noted that if D = FEj3, then under action of the force
®(xp,t) only two types of spreading fronts of elastic oscillations are pos-
sible: longitudinal and transverse. In this case the displacement of a point



ON APPROXIMATE SOLVING OF SOME DYNAMIC PROBLEMS 61

x € Es (x # xy) caused by the force ®(zo,t) has the form [1,2]
3
U'()(SC7 t) = Z Cj\I/'j (.’E, Zo, t) 5
j=1

where ®7(x,xz0,t) is j-th column (row) of the matrix ¥(xz,zo,t) of funda-
mental solutions (for the function f(¢)) of the operator A(a%, t)),

U(z,x0,t) = (U1, 0%, 0%) = || Wy (2, 20,1) || 5,50 Vij = Vi,
\Ilj(xvx()at) = (\IjljquijkIISJ) (kaj = 17273)

In notation Wy;(z, zo, t) the index k denotes a component of displacement
vector of the point z. The index j indicates the cause of displacement,
namely indicates on the unit concentrated force E’(xq,t), directed along
the axis Oz7(j = 1,2,3). x denotes a moving point, and zo denotes the
point in which a point force is applied.

In a bounded body with reflecting boundary a number of displaced fronts
increases with time, and the stress state of a body is a result of superposition
of incident and reflected waves. In comparison with the static state or steady
oscillation in this case new mathematical difficulties arise, which correspond
to a complicated physical picture of the dynamic state.

It is known [1,6] that in the indicated conditions the elastico-dynamic
state of the body D is defined by solution of the direct dynamic problem of
the elasticity theory.

A(Q,t)U(x,t) + B(zo) f()d(x —20) = O, zED, te[0,00), (2.1)

ox
T(2 n)U(y )=©, yeS, telab (2.2)
ay7 ) ) ) ) )
oU (x,t _
Ulz,t)],_, = ©. %L:O -0, z€D, (2.3)

where A(a%v t) and T' (8%7 n) are the matrix differential operators [1]:

A((%,t) — HAkj(aax,t) o (ki=123) (2.4)
Ay (rt) = 0 A () = ] + 3+ )52
7(55m) = [ (5| (2.5)

0 0 0 0
Tkj (@,n) = )\’nk@ + Mnjaiyk + /J(Skj% N

U(x,t) is a displacement vector of a point x at the moment ¢; § is the
Dirac function (delta-function); © = (0,0,0) is zero vector; a = %17 Ry =
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min |y — x|, y € S; ¢1 is a velocity of a longitudinal wave in the body D; A
is the Laplace operator; d; is the Kronecker symbol; A and p are the Lame
elastic constants; p is the density of the body D.

In the stress operator T(a%,n) the term n(y) = (n1(y), n2(y), ns3(y)) is

3 =
the outward unit normal vector; 8% = 21 nj(y)a%j. Let F(")(y,t) be a

stress vector which acts on the surface element of S at point y along the
normal n(y). Then the stress vector F(™)(y,t) is expressed by the displace-
ment vector U(z,t) = (Ur, Uz, Us) using the formula [1]

F™(y,t) = lim T(aé,n(x))U(x,t) = T(a%m(y))U(y,t) )

D>z—y T

where the operator T'(22,n(z)) has the form (2.5).
Taking into account, that j — th column (row) W/ (z,z0,t) =
(U1, ¥a;, ¥s;) (j =1,2,3) of the matrix ¥(z, o, t) satisfies the equation

9 ,
A(%t)qﬂ(x,xo,t)jt(aﬂ,5j2,5j3)f(t)5(x—xo):@, w€ By, te(—o0,00)

and the initial conditions (2.3), the solution of the problem (2.1),(2.2),(2.3)
can be presented in the form :

3
U(z,t) =Y CyU (z,20,t) + V(a,1), (2.6)

Jj=1

where V(z,t) is the solution of the following dynamic problem:

)
A(%,t)V(x,t) —0, zeD, tel0,0), (2.7)
9 1
(5, )V =6'w0), yes, teab] (2.8)
B oV (z,t) B —
V(m’t)|t:0 = @, T‘t;o = @7 T € .D7 (29)

9 3 ' 3 _
1 _ _
g (y,t) = fT(—ay,n) ]221 C;V (y, zo,t) = 7;:1 C; ¥V (y, zo, n, t).

Thus, the problem (2.1), (2.2), (2.3) is reduced to the problem (2.7), (2.8),
(2.9), in which the right-hand side of the equation (2.7) and the initial data
(2.9) are zero vectors, and the boundary function g!(y,t) is special. In
particular

Ry

g'(y,t)=© for yeS and t<c—, (2.10)
1

as the concentrated force (at the point xg) comes into action ¢ = 0 moment.
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The vector function g'(y,t) has partial derivatives(with respect to t) of
arbitrary order and on the basm of (2.10) for all integer numbers m (m > 0)

9"g*(y,t)

= 0. 2.11
otm t=0 © ( )

On the basis of (2.9) and (2.11) the compatibility conditions are automat-
ically fulfilled, which is necessary for existence of the classical solution of the
problem (2.7),(2.8),(2.9), i.e., V(z,t) € C{D x [0,00)} N C?{D x [0,00)}.
Besides, if the boundary S is sufficiently smooth (e.g., S € L7(0)), then the
solution is unique [1].

3. ON REPRESENTATION BY THE LAPLACE INTEGRAL

It should be noted that solution algorithms of the direct boundary prob-
lems for steady states are significantly less laborious than solution algo-
rithms for general dynamic problems. Actually, under calculation of steady
states, a elliptic boundary problem is solved for some characteristics of os-
cillation and in addition it is not necessary to care for satisfaction of the
initial conditions. This important and clear facilitating circumstance for
computing may generate a tendency that practical solution of dynamics
problems will be reduced to multiple solution of boundary problems for
steady states by some integral transformation [1,2]. We would like to no-
tify representatives of computational mathematics that application of the
method of integral transformation for approximate solving of the problem
(2.7),(2.8),(2.9) is a hopeless problem at present. Numerical experiments
have shown: in order to get by the method of integral transformation the
total dynamic picture of the elastico-dynamic state of the elastic body for
a force with a finite time interval of action catastrophically large time is
needed (e.g., some ten thousand times larger time than is needed for solu-
tion of a problem for the steady state [7]).

Indeed, with the help of the Laplace integral transformation

oo
/e TtU:ct
0

the solution of the problem (2.7), (2.8), (2.9) is represented by the Laplace
integral [1].
1 o+i00
U(z,t) = 5 / e U (z, 7)dr. (3.1)

T
o—100
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In (3.1): 7 = 0 +iw is a complex variable (¢ = const;o > 0); The func-
tion U(z,7) represents the solution of the boundary problem of a pseudo-
oscillation

A(gﬁ)ﬁ(a@m) =0, zeD,
N (3.2)
—_ [7 :~1

T(ay,n)U(y,T) g (y,7), yeS,

where the matric differential operator A(%7 7') is given by the formula

() = e ()
2

Apj (%,T) = Ok {MA<883;‘) - pTQ] + ()\ + u)%,

(k,j=1,2,3),

3x3

and
o
3 (y,7) = / g (g, 1)dt.
0

In [1] it is shown, that the solution of the problem (3.2) is expressed by
the series

Ux,m) =Y H(r)e®) (,7), z€D,
k=1

which for fixed 7 uniformly converges in the domain D, where Hy(7) and
@) (z, ) are expressed in quadratures with the help of the given functions.
In particular

Hy(r) = / o® (y, 1)F (9, 7)dy S,
S

and ¢®)(z, ) are some linear combinations of the vectors TW!(z, z;,n, 7),
TV*(x, zj,n,7), TV3(z,2;,n,7) (j = 1,2,..., k), where “auxiliary points”
z; are situated outside of the domain D.

On the basis of a definition of a improper integral for approximate cal-
culation of the function U(z,t) in the time interval ¢ > 0 for z € D we can
suppose that

o+iA
1 ~
Uz, t) =~ U*(z,t) = o / e U(z, 7)dr, (3.3)
o—iA

where A is a sufficiently large positive number [8].
Evidently, if A — oo then U*(x,t) — U(x,t). As concerns calculation of
the integral (3.3), it we can calculated by well-known methods.
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Thus, after application of a quadrature formula the approximate expres-
sion of the function U(z,t) has the form

N
1 -
Uz, t) ~ 5 E Are™ U (z, 1),
k=1

where Ay are the coefficients of the quadrature formula, 7, are its nodes,
and U(z, 1) is the solution of the boundary problem (3.2) for 7 = 7.

4. THE ALGORITHM BASED ON THE METHOD OF FUNDAMENTAL
SOLUTIONS

The basic idea of solution of the dynamic problem (2.7),(2.8),(2.9) by the
method of fundamental solutions does not differ from solution of a statical
boundary problem (see e.g.[1.9.10.11.12]), but calculating process of solution
is much more complicated because of addition the time variable ¢.

At approximate solution of the problem (2.7),(2.8),(2.9) by the method
of fundamental solutions the conditions (2.7) and (2.9) are fulfilled automat-
ically and it is necessary only to have an approximation of the boundary
function g'(y,t) by this method on the set S x [a, b].

For approximation of the boundary function g*(y,t) on the set S x [a, ]
we apply the following algorithm.

We approximate in successively the boundary function g'(y,t) at mo-
ments t; (I =1,2,...,m), (a =t < t2 < --- <ty = b) by the system of
functions

N;

0 i e N,
{T<8y’n)\y (Y, 21k, t — tl,k)}k=1 ={V'(y, 215, t — tl,k)}k;la (4.1)
y 6 S (?: = 1’2, 3)7

where 2, are the points of the auxiliary surface S; (S;S = @); tix =
tl—%k7 where r; , = minly—z1 k|, y € S; N; — the number of the auxiliary
points (sources) on the S;. In (4.1) the argument ¢ — ¢; , shows that the
auxiliary point forces

3
Pl,k = Z ai‘,k;Ei(Zl,ka t)7
i=1
where E'(z; k,t) = (814, 024, d3;) f(t), are the unit concentrated forces, which
are applied at the points 2, begin their action at the moment t = #; .
The boundary function g'(y,t) = (91,93, 93) for the moment ¢t = ¢; we
approximate by the sum
3 N
Z a%yk\lﬂ(y, 21k, Myt — t1k)- (4.2)
i=1 k=1
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In (4.2) the z j are uniformly situated on those parts of the surface Sy,
which lie outside the parts of the surface S where the wave (emitted from
the point z() reach at moment ¢ = ;. As concerns the real coefficients az{ >
for their definition we apply the collocation method, i.e., we solve the linear
algebraic equations system of order 3/Ny:
3 N
Z Z aik‘l’ri(yj, 210t — t1g) = o (Y5, 1)
i=1 k=1
(r=1,2,3; j7=12,...,Ny),

where y; € S are the collocation points. Consequently, the approximate
solution of the problem (2.7),(2.8),(2.9) for the moment ¢ = t; with a certain
accuracy will be
3 N
Vix,t) = Z Z a})k\lli(x, 21,5, t —t1k)-
i=1 k=1
We construct the approximate solution of problem (2.7),(2.8),(2.9) for
the time interval [t1,ts] in the form V?(z,t) = Vi(z,t) + W?(z,t), where
W?2(z,t) is the solution of problem (2.7),(2.8),(2.9) with boundary function

2 _ 1 0 1
9 t2) =9y 12) = T m)V (3 12)

for the moment t = ts.
By analogy with V!(z,t), the approximate expression of the function
W?2(z,t) will have the form

3 N,
W2(x,t) =D > a? Wi(a, 2ot —to). (4.3)
i=1 k=1

In (4.3) the points 23 j are uniformly situated on those parts of the surface
Sy, which lie outside parts of the surface S, where the wave (emitted from
the points zp and z1x (kK =1,2,..., Ny) reach at the moment ¢ = ¢5. From
the expression of W2(z,t) we have that W2(y,t;) = © (t; < t2), therefore

8 2 _ 1
T(aiyan)v (yatl)_g (yat1)7 yES

and 5
I 2 — 41
T<6y7n)v (yth) g (yatQ) , Y& S.

If the time interval [ty, to] is sufficiently small, then on the basis of the be-
havior of the function g!(y,t) on the interval [a,b] we can assume, that for
the constructed function V?2(z,t) the boundary condition (2.8) is fulfilled
on the interval [t;,t5]. Consequently, the function V2(z,t) will be the ap-
proximate solution of the problem (2.7), (2.8), (2.9) on the interval [t1, ts].
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If we continue successively this process, then for the moment ¢ = ¢, we
obtain
m
V™ (2, t) = V™ o, t) + W™ (2, t) = Vi, t) + Z W(x,t),
1=2

where W!(x,t) is the solution of the problem (2.7),(2.8),(2.9) with the
boundary function

0
l _ 1 Y ol ‘rlfl
g (y,tl) g (yatl) (ayan) (yatl)a ye S,

for the moment ¢ = ¢;. The approximate expression of the function W'(z,t)
will be

3 N
Wl($, t) = Z Z aﬁvk\IIi(x, 2,k t— tl,k);
i=1 k=1
where z;;, € S; are situated according to the same rule, as in the previous
cases.
On the basis of construction of the functions W(z,t) (I = 2,3,...,m),
it is evident that

T(%,n)Wl(y,tj) =0 for ¢; <y
and consequently
9 m
T (G, )V o) = 0 ).

Thus, using the considered algorithm we constructed the function V™ (x,t),
which satisfies the conditions (2.7) and (2.9), and for small time intervals
[tistiv1] (i =1,2,...,m — 1) is approximating the function g'(y,t) on the
set S x [a,b]. That is, with certain accuracy we can consider it as the
approximate solution of the problem (2.7), (2.8), (2.9). Consequently, on
the basis of (2.6) the approximate solution of the dynamic problem (2.1),
(2.2), (2.3) will be

3
U(z,t) = ZCj\I/j(x,xo,t) +V™(z,t) =
j=1
3 m N;
= Z Cy W (z,x0,t) + Z Z Z aj U (@, 2kt — k),
j=1 I=1 i=1 k=1

x €D, te€]a,b].

As was mentioned, during construction of the vector-function V™ (z,t),
for definition of the coefficients aak (i =123 k=12,....,N; | =



68 N. KOBLISHVILI, Z. SANIKIDZE AND M. ZAKRADZE

1,2,...,m) we solve the linear algebraic equations systems of order 3N;:

3 N
ZZ Ui (Yss 21k oty — tig) = gi(yjil) (4.4)
i=1 k=1

(r=1,2,3; j=1,2,...,Ny),

where an expression of the function g’ is defined during of approximation
process.

A determination and physical sense of the vector functions ¥'(z, 2,t) (i =
1,2,3) as well as successful selection of the auxiliary points z; give us a
possibility to define the coefficients ali’ .. Separately for the to each point z; .
Indeed, if we dispose the points z;, (I = 1,2,...,m; k = 1,2,...,]N;),
respectively, on the normals to the surface S, passing through the point yy,
then |y; — zi1| = ri for k = j and |y; — 26| > 711 for k # j, therefore
U, (ys, 21k, ty — ti k) = 0 for k # 5.

Consequently, from (4.4) for fixed & and [ we obtain the linear algebraic
equations system of order 3:

3
> al Ui (Y, 2o m t — k) = g (Yo 1) (4.5)
i=1

(r=1,2,3; k=1,2,...,N;; 1=1,2,...,m).

5. NUMERICAL EXAMPLE

During solution of the problem (2.1),(2.2),(2.3) by the described algo-
rithm, in numerical experiment the body D and surface S were taken as
a sphere with the radius R = 6400 km and with the center at the origin.
In the role of zy was taken the point o = (0,0,6390 km). The Lame
constants A, u and the density p of the body, respectively, were chosen as

A=20%10°0, pu=34%10°2, p=2.7295
The functions ®(z() and f(t) were taken as:
a?h
Y for t>0,
(ao) = (1,0,0), f()={ @+ (E—p7 (5.1)
0 for ¢t <0,

where § > 0, h > 0, and « is a real number.
The law of action (5.1) of the force ®(xo,t) is interesting for practice as
we often meet fields of displacements (seismic data), which are caused by
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point forces of the type (5.1). On the basis of the formula [2]

Ui(z, 2,t) = ! {Cskjf(t— L)—F

dmpes | v 2

t
it [ (-5l Dpe-ow} e
0

the matrix of fundamental solutions for the function (5.1) is constructed
and investigated in [13].

In (5.2) constants ¢, c2 are velocities of longitudinal and transverse
waves in the elastic body D, respectively; ¢? = (XA + 2u)/p; ¢3 = u/p; © =

3
{3 (aF - z’“)z}l/2 is a distance between the points « and z; The function
k=1

7(a) is defined in the following form

(a) = 0 for a<0,
MUY= a for a>0.

The numerical experiment show that the accuracy of approximation of
boundary function (2.8) (or the accuracy of a solution of the problem (2.1),
(2.2),(2.3)) depends: 1). On a number and location of collocation points on
the surface S; 2). On a number and choice of discrete times in the interval
[a,b]. In numerical experiment the coefficients aé’ , we found from system
(4.5).

In the Table 1 (for illustration) the results of approximation of the bound-
ary function g'(y,t) are given in a near zone of an epicenter. In this ex-
periment the following values were taken: § = 0.02; o = 0.001; h = 10.
The discrete moments were taken (in seconds) at: a = t; = 1.658303;
ty = 1.658634; t5 = 1.659629; t, = 1.661284; t5 = 1.663601; ts = b =
1.666574. t¥ € (t;,tit1), (4 = 1,2,3,4,5) are arbitrary chosen moments.
y1 = (0,0,6400) is the collocation point, yo = (0.1,0.173205,6400) and
y3 = (0.166,0.364, 6400) are the intermediate points on the surface S.

For simplicity in the Table 1 the following notations are introduced:

0] 5
gl = (giagévg?{) = 7T(87y7n)\111(y7x07t)101d n/mza

7= 1.0, = 75, V0, 010° /.

It should be noted that despite the fact that we realized the offered
algorithm for a sphere it can be used for much more difficult bodies (for half-
space among them). In this case we need just the choosing of respectively
auxiliary points. In another words a concrete body requires the concrete
choice of auxiliary points, which is characteristic to the MFS itself.
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TABLE 1
t y g1 91 g2 93 g3 g3
y1 | —142.5514 | —142.5514 0 0 0 0
th = |y2|—141.5952 | —141.5954 | 0.5549938 | 0.5549947 | 40.65319 | 40.65309
1.658403 | y3 0 0 0 0 0 0
y1 | —147.1061 | —147.1063 0 0 0 0
t5 = |y2|—146.1065 | —146.1067 | 0.5762093 | 0.5762202 | 42.23503 | 42.23507
1.659542 | y3 | —140.7529 | —140.7528 | 2.380855 | 2.380846 | 139.7760 | 139.7764
y1 | —151.2278 | —151.2282 0 0 0.00027 0
th = |y2|—150.1962 | —150.1967 | 0.5956822 | 0.5956726 | 43.68618 | 43.38620
1.660034 | y3 | —144.6681 | —144.6682 | 2.460748 | 2.460848 | 144.5555 | 144.5555
y1 | —156.7342 | —156.7361 0 0 —0.00049 0
ty = |y2|—155.6516 | —155.6529 | 0.6218766 | 0.6210447 | 45.61742 | 45.64812
1.66251 |y3 | —149.8801 | —149.8803 | 2.568811 | 2.568840 | 151.0135 |151.0143
y1 | —163.7861 | —163.7860 0 0 0 0
tt = |y2|—162.6449 | —162.6466 | 0.6563141 | 0.6561398 | 48.20595 | 48.20596
1.664861 | y3 | —156.5589 | —156.5587 | 2.7009385 | 2.7009360 | 159.4287 | 159.4290

Finally, it should be noted that the stated problem in the paper actually
is the direct dynamic problem of theoretical seismology, when the seismic
source is pointwise. The results of the numerical experiment have shown
that the algorithm presented and consequently, the method of fundamen-
tal solutions must be accepted as quite adequate for approximate solution
of complex mathematical physics and geophysical problems because it has

6. CONCLUDING REMARKS

obvious physical and is readily realizable with the aid of a computer.

1. V. D. Kupradze, T. G. Gegelia, M. O. Basheleishvili, and T. V. Burchuladze, Three-
dimensional problems of the mathematical theory of elasticity and thermoelasticity.
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