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SOME EMBEDDINGS INTO THE MORREY SPACES ON
THE LAGUERRE HYPERGROUP

E. V. GULIYEV AND M. N. OMAROVA

Abstract. Let K = [0,∞)×R be the Laguerre hypergroup which is
the fundamental manifold of the radial function space for the Heisen-
berg group. In this paper we obtain some embeddings into the Morrey
space Lp,λ(K). As applications we prove that the fractional maximal
operator Mβ is bounded from the Morrey space Lp,λ(K) to L∞(K)

for 0 ≤ λ < 2α + 4, 0 ≤ β < 2α + 4− λ and p = 2α+4−λ
β

.

îâäæñéâ. ãåóãŽå, K = [0,∞) × R Žîæï ßâæäâêĲâîàæï þàñòâĲäâ
îŽáæŽèñîæ òñêóùæâĲæï ïæãîùæï òñêáŽéâêðñîæ éîŽãŽèêŽæîëĲŽ-
èŽàâîæï ßæìâîþàñòæ. ïðŽðæŽöæ áŽáàâêæèæŽ éëîæï Lp,λ(K) ïæãî-
ùâöæ øŽîåãâĲæ. Žé öâáâàäâ áŽõîáêëĲæå áŽéðçæùâĲñèæŽ ûæèŽáñ-
îæ éŽóïæéŽèñîæ Mβ òñêóùææï öâéëïŽäôãîñèëĲŽ äâéëå Žôêæöêñ-
èæ ïæãîùæáŽê L∞ ïæãîùâöæ, îëùŽ 0 ≤ λ < 2α + 4, 0 ≤ β <

2α + 4− λ áŽ p = 2α+4−λ
β

.

Introduction

In this paper, we define the Morrey space and fractional maximal function
using harmonic analysis on Laguerre hypergroups which can be seen as a
deformation of the hypergroup of radial functions on the Heisenberg group
(see, for example [2], [7], [8], [13]–[16]). We study some embeddings into the
Morrey space on the Laguerre hypergroup. As applications we obtain the
boundedness of the fractional maximal operator in the Morrey space on the
Laguerre hypergroup.

In the study of local properties of solutions to of partial differential equa-
tions, together with weighted Lebesgue spaces, Morrey spaces introduced
by C. Morrey [12] in 1938 play an important role, see [4], [11].

The paper is organized as follows. In Section 2, we present some defi-
nitions and auxiliary results. In section 3, we give some embeddings into
the Morrey space on the Laguerre hypergroup. In section 4, we prove the
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boundedness of the fractional maximal operator Mβ from the spaces Lp,λ(K)
to L∞(K) for p = 2α+4−λ

β .

1. Preliminaries

Consider the following partial differential operators system:



D1 = ∂
∂t ,

D2 = ∂2

∂x2 + 2α+1
x

∂
∂x + x2 ∂2

∂t2 ,
(x, t) ∈]0,∞[×R and α ∈ [0,∞[.

For α = n − 1, n ∈ N \{0}, the operator D2 is the radial part of the
sub-Laplacian on the Heisenberg group Hn.

For (λ, m) ∈ R× N, the initial problem



D1u = iλu,
D2u = −4|λ| (m + α+1

2

)
u;

u(0, 0) = 1, ∂u
∂x (0, t) = 0 for all t ∈ R,

has a unique solution ϕλ,m given by

ϕλ,m(x, t) = eiλtL(α)
m

(|λ|x2
)
, (x, t) ∈ K,

where L(α)
m is the Laguerre functions defined on R+ by

L(α)
m (x) = e−x/2L(α)

m (x)/L(α)
m (0)

and L
(α)
m is the Laguerre polynomial of degree m and order α (see [2]).

Let α ≥ 0 be a fixed number, K = [0,∞) × R and mα be the weighted
Lebesgue measure on K, given by

dmα(x, t) =
x2α+1dxdt

πΓ(α + 1)
, α ≥ 0.

For every 1 ≤ p ≤ ∞, we denote by Lp(K) the spaces of complex-valued
functions f , measurable on K such that

‖f‖Lp
=

( ∫

K

|f(x, t)|p dmα(x, t)
)1/p

< ∞ if p ∈ [1,∞),

and
‖f‖L∞ = ess sup

(x,t)∈K
|f(x, t)| if p = ∞.

For 1 ≤ p < ∞ we denote by WLp(K), the weak Lp(K) spaces defined
as the set of locally integrable functions f(x, t), (x, t) ∈ K with the finite
norm

‖f‖WLp
= sup

r>0
r (mα {(x, t) ∈ K : |f(x, t)| > r})1/p

.

Note that

Lp(K) ⊂ WLp(K) and ‖f‖WLp
≤ ‖f‖Lp

for all f ∈ Lp(K).
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Let |(x, t)|K = (x4 + 4t2)1/4 be the homogeneous norm of (x, t) ∈ K.
For r > 0 we will denote by δr(x, t) = (rx, r2t) the dilation of (x, t) ∈ K,
and by Br(x, t) the ball centered at (x, t) with radius r, i.e., the set of
Br(x, t) = {(y, s) ∈ K : |(x− y, t− s)|K < r}, and by Br the ball Br(0, 0).

We denote by
fr(x, t) = r−(2α+4)f

(
δ 1

r
(x, t)

)

the dilated of the function f defined on K preserving the mean of f with
respect to the measure dmα, in the sense that∫

K

fr(x, t)dmα(x, t) =
∫

K

f(x, t)dmα(x, t), ∀r > 0 and f ∈ L1(K).

For (x, t), (y, s) ∈ K and θ ∈ [0, 2π[, r ∈ [0, 1] let

((x, t), (y, s))θ,r =
((

x2 + y2 + 2xyr cos θ
)1/2

, t + s + xyr sin θ
)

.

Let Σ = Σ2 be the unit sphere in K. We denote by ω2 the surface area
of Σ and by Ω2 the volume of the unit ball in K.

Lemma 1 ([6, 7]). The following equalities are valid

ω2 =
Γ(α+1

2 )
2
√

πΓ(α + 1)Γ(α
2 + 1)

and Ω2 =
Γ(α+1

2 )
4
√

π(α + 2)Γ(α + 1)Γ(α
2 + 1)

.

Note that for any x ∈ K and r > 0, the area of the sphere Sr(x, t) is
r2α+3ω2 and its volume is r2α+4Ω2 = r2α+4 ω2

2α+4 .
For f ∈ L1(K) the Fourier-Laguerre transform F is defined by

F(f)(λ,m) =
∫

K

ϕ−λ,m(x, t)f(x, t)dmα(x, t)

such that
‖F(f)‖L∞ ≤ ‖f‖L1

(see [2, 14]).
The generalized translation operators T

(α)
(x,t) on the Laguerre hypergroup

are given for a suitable function f by

T
(α)
(x,t)f(y, s)=

{
1
2π

∫ 2π

0
f (((x, t), (y, s))θ,1) dθ, if α=0,

α
π

∫ 1

0

(∫ 2π

0
f (((x, t), (y, s))θ,r) dθ

)
r(1−r2)α−1dr, if α>0.

The generalized translation operators T
(α)
(x,t) on the Laguerre hypergroup

satisfies the following properties (see [2, 14])

T
(α)
(x,t)f(y, s) = T

(α)
(y,s)f(x, t), T

(α)
(0,0)f(y, s) = f(y, s),

‖T (α)
(x,t)f‖Lp(K) ≤ ‖f‖Lp(K) for all f ∈ Lp(K), 1 ≤ p ≤ ∞, (1)
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F(
T

(α)
(x,t)f

)
(λ,m) = F(f)(λ,m) ϕλ,m(x, t).

The translation operator T
(α)
(x,t) is defined by

T
(α)
(x,t)f(y, s) =

∫

K

f(z, v)Wα((x, t), (y, s), (z, v))z2α+1dzdv,

where dzdv is the Lebesgue measure on K, and Wα is an appropriate kernel
satisfying ∫

K

Wα((x, t), (y, s), (z, v))z2α+1dzdv = 1

(see [13]).
For all (λ,m) ∈ R × N, the function ϕλ,m(x, t) satisfies the following

product formula

ϕλ,m(x, t) ϕλ,m(y, s) = T
(α)
(x,t)ϕλ,m(y, s).

By using the generalized translation operators T
(α)
(x,t), (x, t) ∈ K, we define

a generalized convolution product ∗ on K by
(
δ(x,t) ∗ δ(y,s)

)
(f) = T

(α)
(x,t)f(y, s),

where δ(x,t) is the Dirac measure at (x, t).
We define the convolution product on the space Mb(K) of bounded Radon

measures on K by

(µ ∗ ν)(f) =
∫

K×K

T
(α)
(x,t)f(y, s) dµ(x, t) dν(y, s).

If µ = h ·mα and ν = g ·mα, then we have

µ ∗ ν = (h ∗ ǧ) ·mα, with ǧ(y, s) = g(y,−s),

where h and g belong to the space L1(K) of the integrable functions on K
with respect to the measure dmα(x, t), and h ∗ g is the convolution product
defined by

(h ∗ g)(x, t) =
∫

K

T
(α)
(x,t)h(y, s) g(y,−s) dmα(y, s), for all (x, t) ∈ K.

Note that, for the convolution operators the Young inequality is valid:
If 1 ≤ p, r ≤ q ≤ ∞, 1/p′ + 1/q = 1/r, f ∈ Lp(K), and g ∈ Lr(K), then
f ∗ g ∈ Lq(K) and

‖f ∗ g‖Lq
≤ ‖f‖Lp

‖g‖Lr
, (2)

where p′ = p/(p− 1).
(Mb(K), ∗, i) is an involutive Banach algebra, where i is the involution

on K given by i(x, t) = (x,−t) and the convolution product ∗ satisfies all
the conditions of Jewett (see [3], [10]). Hence (K, ∗, i) is a hypergroup in
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the sense of Jewett and the functions ϕλ,m are characters of K. If α = n−1
is a nonnegative integer, then the Laguerre hypergroup K can be identified
with the hypergroup of radial functions on the Heisenberg group Hn.

2. Some Embeddings into the Morrey Spaces

In this section we study some embeddings into the Morrey space
Lp,λ(K). Note that the Hardy-Littlewood maximal function on the La-
guerre hypergroup

Mf(x, t) = sup
r>0

1
mαBr

∫

Br

T
(α)
(x,t)|f(y, s)| dmα(y, s)

was introduced and investigated by Vagif Guliyev and Miloud Assal in [7].
In [7] the following theorems was proved.

Theorem 1 ([7]). 1. If f ∈ L1(K), then Mf ∈ WL1(K) and

‖Mf‖WL1 ≤ C1‖f‖L1 ,

where C1 > 0 is independent of f .
2. If f ∈ Lp(K), 1 < p ≤ ∞, then Mf ∈ Lp(K) and

‖Mf‖Lp ≤ Cp‖f‖Lp ,

where Cp > 0 is independent of f .

Corollary 1. If f ∈ Lloc(K), then

lim
r→0

1
mαBr

∫

Br

∣∣T (α)
(x,t)f(y, s)− f(x, t)

∣∣ dmα(y, s) = 0

for a. e. (x, t) ∈ K.

Definition 1 ([5]). Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α + 4. We denote by
Lp,λ(K) the Morrey space on the Laguerre hypergroup as the set of locally
integrable functions f(x, t), (x, t) ∈ K with the finite norm

‖f‖Lp,λ
= sup

r>0, (x,t)∈K

(
r−λ

∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s)

)1/p

.

Note that

Lp,0(K) = Lp(K),

and if λ < 0 or λ > 2α + 4, then Lp,λ(K) = Θ, where Θ is the set of all
functions equivalent to 0 on K.
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Definition 2 ([5]). Let 1 ≤ p < ∞, 0 ≤ λ ≤ 2α + 4. We denote by
WLp,λ(K) the weak Morrey space on the Laguerre hypergroup as the set of
locally integrable functions f(x, t), (x, t) ∈ K with finite norm

‖f‖WLp,λ
= sup

τ>0
τ sup

r>0, (x,t)∈K

(
r−λ

∫

{(y,s)∈Br : T
(α)
(x,t)|f(y,s)|>τ}

dmα(y, s)
)1/p

.

We note that

Lp,λ(K) ⊂ WLp,λ(K) and ‖f‖WLp,λ
≤ ‖f‖Lp,λ

.

Lemma 2. Let 1 ≤ p < ∞. Then

Lp,2α+4(K) = L∞(K)

and
‖f‖Lp,2α+4 = Ω1/p

2 ‖f‖L∞ .

Proof. Let f ∈ L∞(K). Then
(

r−2α−4

∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s)

)1/p

≤ Ω1/p
2 ‖f‖L∞ .

Therefore f ∈ Lp,2α+4(K) and

‖f‖Lp,2α+4 ≤ Ω1/p
2 ‖f‖L∞ .

Let f ∈ Lp,2α+4(K). By the Lebesgue’s Theorem we have (see Corollary
1)

lim
t→0

(mα(Br))
−1

∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s) = |f(x, t)|p.

Then

|f(x, t)| =
(

lim
t→0

(mα(Br))
−1

∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s)

)1/p

≤

≤ Ω−1/p
2 ‖f‖Lp,2α+4

.

Therefore f ∈ L∞(K) and

‖f‖L∞ ≤ Ω−1/p
2 ‖f‖Lp,2α+4

. ¤

Lemma 3. Let 1 ≤ p < ∞, 0 ≤ λ < 2α + 4. Then for β = 2α+4−λ
p

Lp,λ(K) ⊂ L1,2α+4−β(K) and ‖f‖L1,2α+4−β
≤ Ω1/p′

2 ‖f‖Lp,λ
,

where 1/p + 1/p′ = 1.
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Proof. Let f ∈ Lp,λ(K), 1 ≤ p < ∞, 0 ≤ λ < 2α + 4 and βp = 2α + 4− λ.
By the Hölder’s inequality we have∫

Br

T
(α)
(x,t)|f(y, s)|dmα(y, s) ≤

≤
( ∫

Br

(
T

(α)
(x,t)|f(y, s)|

)p

dmα(x, t)
)1/p

(mα(Br))1/p′ ≤

≤ Ω1/p′

2 r(2α+4)/p′
( ∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s)

)1/p

.

Moreover

rβ−2α−4

∫

Br

T
(α)
(x,t)|f(y, s)|dmα(y, s) ≤

≤ Ω1/p′

2 rβ−(2α+4)/p

( ∫

Br

T
(α)
(x,t)|f(y, s)|pdmα(y, s)

)1/p

≤

≤ Ω1/p′

2

(
r−λ

∫

Br

T
(α)
(y,s)|f(x, t)|pdmα(y, s)

)1/p

≤

≤ Ω1/p′

2 ‖f‖Lp,λ
.

Therefore f ∈ L1,2α+4−β(K) and

‖f‖L1,2α+4−β
≤ Ω1/p′

2 ‖f‖Lp,λ
. ¤

3. Some Applications

In this section by the results of section 3 we get boundedness of the frac-
tional maximal operator in the Morrey space on the Laguerre hypergroup.

For the 0≤β<2α+4 we define the following fractional maximal functions

Mp,βf(x) ≡ (Mβ |f |p)1/p (x)

= sup
r>0

(
(mαBr)

−1+β/(2α+4)
∫

Br

T
(α)
(x,t)|f(y, s)|p dmα(y, s)

)1/p

.

In the case β = 0 we denote Mp,0f by Mpf . Note that M1f = Mf .

Lemma 4. Let 1 ≤ p < ∞, 0 ≤ β < 2α + 4 and f ∈ Lp,2α+4−β(K).
Then Mp,βf ∈ L∞(K) and the following equality

‖Mp,βf‖L∞
= Ω

( β
2α+4−1) 1

p

2 ‖f‖Lp,2α+4−β

is valid.
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Proof.

‖Mp,βf‖L∞
=

=Ω
( β
2α+4−1) 1

p

2 sup
(x,t)∈K,r>0

(
rβ−2α−2

∫

Br

T
(α)
(x,t)|f(y, s)|p dmα(y, s)

)1/p

=

=Ω
( β
2α+4−1) 1

p

2 ‖f‖Lp,2α+4−β
. ¤

In the case β = 0 from Lemma 4 we get for Mpf the following property
is valid.

Corollary 2. Let 1 ≤ p < ∞. Then

‖Mpf‖L∞
= Ω

− 1
p

2 ‖f‖L∞ .

In the case p = 1 from Lemmas 3 and 4 we get for Mβf the following
property is valid.

Corollary 3. Let 0 ≤ λ < 2α + 4 and 0 ≤ β < 2α + 4 − λ. Then the
operator Mβ is bounded from Lp,λ(K) to L∞(K) for p = 2α+4−λ

β . Moreover

‖Mβf‖L∞
= Ω

β
2α+4−1

2 ‖f‖L1,2α+4−β
≤ Ω

β
2α+4− 1

p

2 ‖f‖Lp,λ

Acknowledgement

The authors express their thanks to Prof. V. M. Kokilashvili and Prof.
V. S. Guliyev for helpful comments on the manuscript of this paper.

References

1. D. R. Adams and L. I. Hedberg, Function spaces and potential theory. 314. Springer-
Verlag, Berlin, 1996.

2. M. Assal and H. B. Abdallah, Generalized Besov type spaces on the Laguerre hyper-
group. Ann. Math. Blaise Pascal, 12 (2005), No. 1, 117–145.

3. W. R. Bloom and H. Heyer, Harmonic analysis of probability measures on hyper-
groups. de Gruyter studies in Mathematics 20, de Gruyter, Berlin, New York, 1994.

4. M. Giaquinta, Multiple integrals in the calculus of variations and nonlinear elliptic
systems. Annals of Mathematics Studies, 105. Princeton University Press, Princeton,
NJ, 1983.

5. V. S. Guliev, Sobolev’s theorem for the anisotropic Riesz-Bessel potential in Morrey-
Bessel spaces. (Russian) Dokl. Akad. Nauk, 367 (1999), No. 2, 155–156.

6. V. S. Guliyev, Polar coordinates in Laguerre hypergroup. Khazar Journal of Math-
ematics, 2 (2006), No. 3, 3-11.

7. V. S. Guliyev and M. Assal, On maximal function on the Laguerre hypergroup. Fract.
Calc. Appl. Anal. 9 (2006), No. 3, 307–318.

8. V. S. Guliyev and M. Omarova, On fractional maximal function and fractional inte-
gral on the Laguerre hypergroup. J. Math. Anal. Appl. 340 (2008), No. 2, 1058–1068.

9. V. S. Guliyev and M. Omarova, (Lp, Lq) boundedness of the fractional maximal
operator on the Laguerre hypergroup. Integral Transforms Spec. Funct. 19 (2008),
No. 9-10, 633–641.



SOME EMBEDDINGS INTO THE MORREY SPACES 41

10. R. I. Jewett, Spaces with an abstract convolution of measures. Advances in Math.
18 (1975), No. 1, 1–101.
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