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NECESSARY AND SUFFICIENT CONDITIONS FOR THE
SCHUR HARMONIC CONVEXITY OF THE
GENERALIZED MUIRHEAD MEAN

YU-MING CHU AND WEI-FENG XIA

ABSTRACT. For z,y > 0, a,b € R and a+b # 0, the generalized Muir-

1
head mean M(a, b; x,y) is defined by M (a, b; z,y) = (w) ath
In this paper, we prove that M (a,b;z,y) is Schur harmonic convex
with respect to (z,y) € (0,00) x (0,00) if and only if (a,b) € {(a,b) :
a+b>0yU{(a,b):a<0,6<0,(a—0b)?+ (a+b) <0,a%+b%#0}
and Schur harmonic concave with respect to (z,y) € (0,00) X (0, 00)
if and only if (a,b) € {(a,b) : @ > 0,a+b < 0,(a — b)%2 + (a +b) >
0} U{(a,b):b>0,a+b<0,(a—0b)?2+(a+b) >0}
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1. INTRODUCTION

For z,y > 0, a,b € R and a 4+ b # 0, the generalized Muirhead mean
M (a,b; z,y) was introduced by T. Trif [1] as follows.

%y’ + wby“) o (1.1)

Mia i) = (25

It is easy to see that the generalized Muirhead mean M (a, b; z,y) is con-
tinuous on the domain {(a,b;z,y) : a +b # 0;x,y > 0} and differentiable
with respect to (z,y) € (0,00) x (0,00) for fixed a,b € R with a+b # 0. It
is of symmetry between a and b and between z and y. Many mean values
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are special cases of the generalized Muirhead mean, for example,

M,(z,y) = M(a,0;x,y) 1is the power or Holder mean,
A(z,y) = M(0,1;z,y) is the arithmetic mean,
G(z,y) = M/(a,a;z,y) is the geometric mean
and
H(z,y) = M(0,—1;x,y) is the harmonic mean.

In paper [1], T. Trif investigated the monotonicity of M (a,b;x,y) with
respect to a or b, and established a comparison theorem and a Minkowski-
type inequality involving the generalized Muirhead mean M (a,b;z,y). The
aim of this paper is to investigate the Schur harmonic convexity and concav-
ity of M(a,b;x,y) with respect to (z,y) € (0,00) x (0, 00) for fixed a,b € R
with a + b # 0.

For convenience of readers, we recall the notations and definitions as
follows.

For z = (z1,22),y = (y1,¥2) € (0,00) x (0,00) and @ € R, we denote by

r+y=(r1+y1,22+ y2),

xy = (T1y1, T2Y2),

ar = (axy, axs)

1 ( 1 1 )
x \xzplxy/’
Definition 1.1. A set E; C R? is called a convex set if % S

whenever z,y € Eq. A set Es C (0,00) X (0,00) is called a harmonic convex
set if % € FE5 whenever z,y € Fs.

and

It is easy to see that E C (0,00) x (0, 00) is a harmonic convex set if and
only if £ = {2 :2 € E} is a convex set.
Definition 1.2. Let £ C R? be a convex set, a real-valued function

f+ E — R is said to be convex on E if f(%) < W for all z,y € E.
Moreover, f is said to be concave if —f is convex.

Definition 1.3. Let £ C (0,00) x (0,00) be a harmonic convex set,
a real-valued function f : E — (0,00) is said to be harmonic convex (or
harmonic concave, respectively) on FE if

2f(x)f(y)
f(@)+ fy)

2zy
< (or >, respectivel
f (xﬂ/) < (or =, resp y)

for all z,y € E.

Definitions 1.2 and 1.3 have the following consequences.
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Remark 1.1. If By C (0,00) x (0,00) is a harmonic convex set and
f:E1 — (0,00) is a harmonic convex function, then

1 1
Flz)= —: =
) B
is a concave function. Conversely, if Fy C (0,00) x (0,00) is a convex set
and F': B3 — (0,00) is a convex function, then

— (0,00)

is a harmonic concave function.

Definition 1.4. Let E C R? be a set, a real-valued function F : E — R
is said to be Schur convex on FE if

F(z1,22) < Fy1,92)
for each pair of two-tuples = (z1,22) and y = (y1,y2) in E, such that
T <y, le.

Ty Sy

and

T+ T = Y+ Y
where z[;; denotes the ith largest component in z. A function F' is said to
be Schur concave if —F' is Schur convex.

Definition 1.5. Let E C (0,00) x (0,00) be a set, a real-valued function
F : E — R issaid to be Schur harmonic convex (or Schur harmonic concave,
respectively) on F if

F(x1,29) < (or >, respectively) F (y1,y2)

for each pair of x = (z1,22) and y = (y1,y2) in E, such that i =< %

Definitions 1.4 and 1.5 have the following consequences.

Remark 1.2. Let E C (0,00) % (0,00) be aset, and H = + = {1 : z € E},
then f : E — (0,00) is Schur harmonic convex (or concave, respectively)
on F if and only if -~ is a Schur concave (or Schur convex, respectively)

()
on H.

Schur convexity was introduced by I. Schur in 1923 [2] and it has many
important applications in analytic inequalities [3-7], theory of statistical ex-
periments [8], graphs and matrices [9], combinatorial optimization [10], reli-
ability [11], gamma functions [12], information-theoretic topics [13], stochas-
tic orderings [14] and other related fields. Recently, the Schur multiplicative
convexity was investigated in [15-18], but no one has ever researched the
Schur harmonic convexity.
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Our aim in what follows is to discuss the Schur harmonic convexity and
concavity of the generalized Muirhead mean M/(a,b; z,y) with respect to
(x,y) € (0,00) x (0,00) for fixed a,b € R with a + b # 0, our main result is
the following Theorem 1.1.

Theorem 1.1. The generalized Muirhead mean M (a,b;x,y) is Schur
harmonic convex with respect to (z,y) € (0,00) % (0, 00) if and only if (a,b) €
{(a,b) :a+b>0}U{(a,b) :a <0,b<0,(a—b)?+ (a+b) <0,a®+b*#£0}
and Schur harmonic concave with respect to (x,y) € (0,00) x (0,00) if and
only if (a,b) € {(a,b) :a>0,a+b<0,(a—b)*+ (a+b) >0}U{(a,b): b>
0,a+b<0,(a—0b)?+ (a+b)>0}.

2. LEMMAS

In this section we introduce and establish several Lemmas, which are
used in the proof of Theorem 1.1.

Lemma 2.1 [19]. Let E C R? be a symmetric convex set with nonempty
interior intE and ¢ : E — R be a continuous symmetric function on E.
If ¢ is differentiable on intE, then ¢ is Schur convex (or Schur concave,
respectively) on E if and only if

dp ¢

(y — x) <8y - 833) > 0 (or <0, respectively)

for all (z,y) € int E.

Lemma 2.2. Let E C (0,00) x (0,00) be a symmetric harmonic con-
vex set with nonempty interior intE and ¢ : E — (0,00) be a continuous
symmetric function on E. If ¢ is differentiable on intE, then ¢ is Schur
harmonic convex (or Schur harmonic concave, respectively) on E if and only

if

(y —x) (ngp - :CQ?D) >0 (or < 0,respectively)
Yy x

for all (z,y) € intE.
Proof. Lemma 2.2 follows from Lemma 2.1 and Remark 1.2 together with
the elementary computation. O

Lemma 2.3. Let a,b € R, a+b# 0 and f(t) = =5 (bt""" 4 at*t! —
at® — bt?). Then the following statements hold:

(1) Ifa>band a+b> 0, then f(t) >0 fort € [1,00);

(2) Ifa > 0,a+b < 0 and (a —b)? + (a +b) > 0, then f(t) < 0 for
t € [l,00);

(3) If a > 0 and (a — b)* + (a +b) < 0, then there exist t1,t2 € (1,00)
such that f(t1) <0 and f(t2) > 0;
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(4) Ifa > b,a < 0 and (a—b)2+(a+b) > 0, then there exist t3,t4 € (1,00)
such that f(t3) <0 and f(ts) > 0;

(5) If a > b,a < 0 and (a—b)?+ (a+b) < 0, then f(t) > 0 fort € [1,00).

Proof. Let fi(t) =t=0f(t) and fo(t) = t27 20 f/'(t), then simple computa-
tion yields

H(1)=f(1)=0, (2.1)
() = - i oo — b+ 1"~ bla — b 40,
sy (@=b)?+ (a+b)
sy = e, (2.2
" _ 1 a—b—1 a—b—2
(t)—a+b[a(a—b)(a—b+1)t =1 _b(a—b)(a —b—1)t*7072,
F21) = () = 230~ B + (0 + ) (2.3
and
s ala—=0b)(a—b+1)
= =Dl (2.4
(1) If a > b and a + b > 0, then from (2.4), (2.3) and (2.2) we see that
f5(t) >0, (2.5)
f2(1) >0 (2.6)
and
fi(1) > 0. (2.7)

Now, (2.5)-(2.7) together with (2.1) imply that f(t) > 0 for ¢ € [1,00).
(2) Ifa>0,a+b<0and (a —b)%+ (a+b) >0, then from (2.4), (2.3)
and (2.2) we see that

f4() <0, (2.8)
fg(l) <0

and
fi() <o. (2.10)

Now, (2.8)-(2.10) together with (2.1) imply that f(¢) <0 for t € [1, c0).
(3) If a > 0 and (a —b)? + (a+b) < 0, then (2.2) leads to f](1) > 0, this

result and the continuity of fi(¢) imply that there exists §; > 0 such that
fit) >0 (2.11)

for t € [1,1+ 61). From (2.11) and (2.1) we know that f(¢t) > 0 for t €
(1,1 +61).
On the other hand, it is easy to see that . lirgl f(t) = —oo. Hence Lemma

2.3(3) is true.
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(4)Ifa > b,a < 0and (a—b)2+(a+b) > 0, then (2.2) leads to f](1) <0,
this result and the continuity of fi(¢) imply that there exists d2 > 0 such
that

f1(t) <0 (2.12)
for t € [1,1 4 d2). From (2.12) and (2.1) we know that f(t) < 0 for ¢t €
(1,14 69).

On the other hand, if let h(t) = a + bt*=® — bt 1 — at®=2~1 then f(t) =

ik h(t) and tligloo h(t) = a < 0, this result and a + b < 0 imply that there

a-+b
exists M > 1 such that f(¢) > 0 for ¢ > M. Hence Lemma 2.3(4) is true.
(5) If a > b,a < 0 and (a — b)? + (a + b) < 0, then from (2.4), (2.3) and
(2.2) we know that (2.5), (2.6) and (2.7) hold. Then (2.5)-(2.7) together
with (2.1) lead to f(t) > 0 for t € [1, 00). O

3. PROOF OF THEOREM 1.1

We use Lemma 2.2 to discuss the nonnegativity and nonpositivity of
(y—x)(y? 8M(%’§;$’y) — 22 aM(%’f;Ly)) for all (z,y) € (0,00) x (0, 00) and for

fixed (a, b) € R? with a+b#0. Since (y—x)(y? aM(%’;’;I’y) — 2 aM(%’ﬁw’y)) =0

for x = y and it is symmetric with respect to z and y, without loss of
generality we assume y > x in the following discussion.

Let
Ey={(a,b):a+b>0}U{(a,b):a<0,b<0,
(a—b)%+ (a+0b) <0,a>+b* #£0},
By = {(a,b):a>0,a+b<0,(a—0b)*+(a+b)>0}U
U{(a,b) : b>0,a+b<0,(a—0b)>*+ (a+b)>0}
and

Es = {(a,b):a>0,(a—b)?+(a+b)<0}U
U{(a,b) : b>0,(a—0b)*+ (a+b) <0}U
U{(a,b) :a>b,a<0,(a—b)2+(a+b)>0}U
U{(a,b) : b>a,b <0,(a—0b)*+ (a+b) > 0}.

Then Ey U Ey U Es = {(a,b) :a € R,b€ R,a+b# 0}, and it is obvious
that Theorem 1.1 is true if once we prove that M (a, b; x, y) is Schur harmonic
convex, Schur harmonic concave, and neither Schur harmonic convex nor
Schur harmonic concave with respect to (z,y) € (0,00) x (0, 00) for (a,b) €
Fh, E5 and Es, respectively. We divide our proof into three cases.

Case 1. (a,b) € Ey. Let E1; = {(a,b) :a >b,a+b> 0}, E12 = {(a,d) :
b>a,a+b> 0}, Ei3={(a,b):a>ba<0(a—0b)?+(a+b) <0},
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B4 ={(a,b) : b>a,b<0,(a—b)?+ (a+b) <0}. Then (1.1) leads to the
following identity

QaM(aab;xvy) 23M(a,b;x,y) _
(y — ) (y oy —x B2 ) =
—z a,b; x, y)zototl
- (a iﬂlfgéx;by’b ;yx)bya) {a(%)aﬂ+b(%)b+1_a(%)b—b(%)a (3.1)

for (Cl, b) € Fqy.

From (3.1), Lemma 2.2, Lemma 2.3(1), Lemma 2.3(5) and the assump-
tion y > x we know that M (a,b;x,y) is Schur harmonic convex with re-
spect to (z,y) € (0,00) x (0,00) for (a,b) € E11 U E13. Then the symmetry
and continuity of M (a,b; x,y) with respect to (a,b) show that M (a,b;z,y)
is Schur harmonic convex with respect to (z,y) € (0,00) x (0,00) for
(CL, b) € F.

Case 2. (a,b) € Ey. Let Eo; = {(a,b) :a > 0,a+b<0,(a—b)>+(a+b)
> 0} and Eoo = {(a,b) : b>0,a+b<0,(a—b)?+ (a+b) > 0}.

From (3.1), Lemma 2.2, Lemma 2.3(2) and the assumption y > = we
know that M (a,b;x,y) is Schur harmonic concave with respect to (x,y) €
(0,00) x (0,00) for (a,b) € Eo;. Then the continuity and symmetry of
M (a,b; z,y) with respect to (a,b) show that M(a,b; z,y) is Schur harmonic
concave with respect to (z,y) € (0,00) x (0,00) for (a,b) € Es.

Case 3. (a,b) € F3. Let E3; = {(a,b) : a > 0,(a — b)? + (a +b) < 0},
Esp = {(a,b) : b > 0,(a —b)%+ (a +b) < 0}, Ez3 = {(a,b) : a > b,
a <0, (a—b)?+(a+b) > 0}, B34 = {(a,b) : b> a,b <0, (a—b)*>+(a+b) > 0}.

From (3.1), Lemma 2.2, Lemma 2.3(3), Lemma 2.3(4) and the assump-
tion y > x we clearly see that M(a,b;x,y) is neither Schur harmonic con-
vex nor Schur harmonic concave with respect to (x,y) € (0,00) x (0,00)
for (a,b) € E3; U E33. Then the symmetry of M (a,b;x,y) with respect to
(a,b) imply that M (a,b;z,y) is neither Schur harmonic convex nor Schur
harmonic concave with respect to (z,y) € (0,00) x (0,00) for (a,b) € Es.

Corollary 3.1. Let I = {(a,b) : a+b > 0} U{(a,b) : a < 0,b <
0,(a =02+ (a+0b) <0,a2+b> # 0}, J ={(a,b) :a >0,a+b<
0,(a—b)2+(a+b)>0}U{(a,b) :b>0,a+b<0,(a—b)%+(a+b)>0}

and H(z,y) = %, then

(1) M(a,b:z,y) > H(x,y) for all (x,y) € (0,00) x (0,00) if and only if
(a,b) € I;

(2) M(a,b:z,y) < H(x,y) for all (z,y) € (0,00) x (0,00) if and only if
(a,b) € J.
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Proof. We clearly see that

(e 6m) < (50) 2

for all (x,y) € (0,00) x (0, 00).
Therefore, Corollary 3.1 follows from Theorem 1.1 and (3.2) together
with (1.1). O
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