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ON ONE MIXED PROBLEM OF THE PLANE THEORY
OF ELASTIC MIXTURE WITH A PARTIALLY UNKNOWN
BOUNDARY

K. SVANADZE

ABSTRACT. We consider a square occupied with an elastic mixture
and weakened by uniformly strong unknown holes and by uniformly
strong cut out arcs, symmetric with respect to the square diagonals.
The linear part of the boundary is under the action of absolutely rigid
punches. An unknown part of the boundary is free from external
stresses.

Using the methods of analytic functions, an exact solution of the
problem and an unknown part of the boundary are found.

6:]150‘33:]- AOBBOQ"“JQOQ "L’]GB("}&O mOBObﬁOQa(H)&OGJ 1)0%9360050 ‘b36:]—
Q;)OU) (331):]1)(3)36":][20 5063301) Qﬁ;]&o@o J3o@ﬁo(’3)0, ﬁmagoh V:;;]ﬁm:]bol)
HOQDSN oamiﬁogoo ‘3050’)60 m050660Q8®3003 Lﬁ)mmo LOQOQO’[) 63\)—
ngom, 60@3@3600 1)03:](“)60‘3[200 380@&\)(")01) QOD&NB\)QJ&OL 303\)60).
‘3(3)03-3;]60- 1)0%93601) ‘:]05(")60 BOVOQQ U)O301)":](I;OQ;)OO 2)06;] 60633601)0—

3,96
DBDQO%‘36 %‘35:](30\)(7)0 mgmﬁool) 3:]0)0')@3601) 6\)30’)835360(}0 30’)(]:]650—
Q;)OO 03("’)00501) QO"L’]‘[)(B)O -.)3(")50%1)50 [\OO LQQOQsﬁOL "L’]GB("}&O BQVOQ;);]&O-

19, A homogeneous equation of statics of the theory of elastic mixtures
in a complex form is of the type ([4])

0*U 0*U
— + K—— =0, (1)
0207 0z 2
_ = . 9 _1(.9d ) 9 _1(.9 .9
where z = 1 + 122, Z = 1 — 129, 52 = 5(8_x1_28_@)’ 3 = 5(8—;“—#28—;82),
U = (uy + iug,uz +iug) ", v’ = (u1,uz)" and u” = (uz,uy)’ are partial

displacements,

K — 7l£m—1 0 {54 Eﬂ 1 1 [ ms —mg]
2 ) K Y

Ag

1
Ay = mimz —m3, mk=€k+§fs+k7 k=1,2,3, 0 =ay/dy,
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ly=—c/dy, l3=ai/dy, dy=araz—c* —a1=p1—Ns,

=pz— X5, c=p3+As, Ly +Ly=0b/dy, lo+ 5= —co/d,
b3+ lg Za/dl, a=a1+by, b=as+by, co=c+d, dy=ab—c
b =p1+ M+ A5 —aepa/p, by =2+ X2+ s +aep1/p, az= )\3 - >\4,
p=p1+p2, d=p2+A3—As —a2p1/p = p3 + A — As + azp2/p.

Here i1, pi2, 3, Ap, p = 1,5, are elastic moduli characterizing mechanical
propertis of the mixture, p; and py partial densities of the mixture. It will
be assumed that the elastic constants p1, 2, p3, Ay, p = 1,5 and partial

rigid densities p; and pg satisfy the conditions (inequalities) ([8]).
In [3] and [4], M. O. Basheleishvili obtained the following representations:

U=mp(z)+ —ezgo "(z) + (2)
(TU 2—1 TU)
= <(TU )i —i(TU)s
_ af() ) (4 - 2B)p(2) + B2 (2) + 208(7)|, (3)

where p(2) = (¢1,02) " and ¥(z) = (¥1,12) " are arbitrary analytic vector
functions;
10 mp m
A:2ma :,LLI uSaB:eaE: , M = ! 27
Hi L% fh2 s 0 1 ma M3
%(l,) = —nga%l + nla%y (n1,m2)" are the un0it vectors of the normal,

(TU)p, p= 1,4, are the stress components ([3]);

0
(TU)1 = rijyn1 +rhyne, 11, =abd’ + cof” — 2%(;“@ + pgug),
2

0
rhy = —aw’ — " + 26—(M1U2 + pguyg),
X1
(TU)g = rigny + rhone, 7y = arw’ +aw’” + 28 (pru1 + psus),
o
/ _ 9/ 0// 8
Tog = ab” 4 cot” — 28—(,&1“1 + p13u3),
1
0
(TU)3 = 7"/1/1711 -+ 7"/2/1712, 7”1/1 = 0091 + b@” — 28—332(;L3UQ + M2U4),
0
ry = —cw' — asw” + 26—(M3U2 + poy),
X1

0
(TU)y = riyny +1hyna, 1y = cw’ + agw” + 2%(u3u1 + pous),
2

0
— 2—(pau1 + pous),

i _ 0/ beli
T9p = Cot + 9
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,_ Our | Ougp ,  Oug  Ouy

0 = di = — 0" = di = —— 4+ —

ol 81‘1 + 81'27 ol 8:491 + 81'2,

6’&2 8u1 6’&4 8’[1,3

’_ t/:___ " _ t//:___.

Y rovu 81‘1 81'2, s rovu 8:491 81'2

Introduce the vectors

1 2 1 2

o) P =), =747 (4)

(1) @) o @ ., O ©
n o= (b5, =0l n=n+70, =0 -17. (5

Elementary calculations result in

r=7 1+ % =228 - A-B)Rey/(2), ©)
e = = =204 B-2B) g (2), ™
Y@ i =B (2) + 2u0(2)], (8)

here det(2E — A — B) > 0 ([5]).

Let us consider the right rectangular system (ns), where s and n are,
respectively, the tangent and the normal to the curve L. Let a be the
angle of inclination of the normal n to the oxj-axis, and n = (ny,n9)" =
(cosa,sina)’, s% = (—ng,n1) " = (—sina,cosa)’ be the unit vector of the
normal and tangent.

Introduce the vectors

1 2
2n2) = (T) cos? o+ (T) sin? o + nsinacosa, (9)

(TU)any — (TU)1n2\ _ 1,2 )y . 1 1,
O = ((TU)4n1 C(TU)sny) = 2(7 T)s1n2a+2 7 cos 2 55 (10)
1
o, —08—1—55*, (11)
[7"’ ny — r{ne, rhony — TN }Ts
o) = 2111 — 71172, TNl — T'12M2 _
[7"’2177,1 —ring, rhong — 7’1277,2} s
1 2
= (T) sin? a + (T) cos? o — 1 sin av cos a. (12)
From (9)—(12) and (6)—(8) on L we obtain
1) (2 /
ont+or=7T+4+ 7T =202FE—A— B)Rey'(t), (13)

on —i0s = (2E — A)p'(t) — B¢/ (t) + [Big" (t) + 2p/ ()] >, (14)

After elementary calculation we obtain

an—l—Z,u(aUs +%> +i[as—2u(% —E)} =2¢'(t), (15)

0s 0s 00
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where pio is the curvature of the curve L at the point ¢;

U, = (Uﬂh + U2n2) LU= (uin — U1n2) . (16)

uszny + ugng Ugn1 — UzN2

Direct calculations allow us to verify that on L

_ o .
(o +io,)e = i [(A — 2B)p(t) + Bt (1) + 2;“;)(15)}, (17)
whence it follows that

[(A —2E)p(t) + Bt/ (t) + 2MW} L= fi/eio‘(on +iog)ds.  (18)
L

Formulas (2), (3), (6), (8), (13), (14) and (15) are analogous to the
Kolosov-Muskhelishvili’s formulas for the linear theory of elastic mixtures

([6])-

20, In the present work we study an analogous problem which in the case
of the plane theory of elasticity has been studied by R. Bantsuri ([1]). To
solve the problem we use the formulas due to Kolosov-Muskhelishvili and
the method described in [1].

On the plane z = x1 + ixs, let an elastic quadratic plate of mixtue with
vertices lying on the coordinate axes be weakened by an unknown hole.
Moreover, neighborhoods of the vertices are cut out by uniformly strong,
equal unknown arcs which are symmetric with respect to the coordinate
axes. The boundaries of a doubly connected domain under consideration
are assumed to be symmetric with respect to the coordinate axes.

The length of the square side we de-
note by 2a. Let every segment of the
boundary be under the action of ab-
solutely smooth rigid punches with
a linear base. Suppose that the nor-
mal force concentrated at the mid-
Y1 point is equal to p = (p1,p2) " .

An unknown part of the boundary is
free from external stresses. Assume
that the vector o5 is equal to zero
on the entire boundary, the vector
U, takes on the segments a constant

Fig. 1. value, and on the unknown part of

the boundary o, is equal to zero.

We consider the following problem: Find a stressed state of the body and
of an unknown part of the boundary under the condition that the vector
(12), i.e., o, is constant, o, = K" = const.
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To investigate the above-posed problem, we consider a curvilinear hexagon
A1As A3 Ay As Ag which is denoted by D, D C (x2 > 0). Assume that
A1 Ag)|AgAs and AzAyl|AsAr. AgAy and A4 As are, respectively, the parts
of the segments xo = +21 (x2 > 0). A2 A3 is an unknown arc, and AsAg ia
a part of the hole boundary. A; A and A3A, are, respectively, the parts of
the square sides. Denote I'y = A1 A, I's = A3Ay, I's = A4As, T'y = AgAq,
r=0Ur;.

Jj=1

Since Aj As||AgAs and A3 Ay||Ag Az, the value of the principal vector on
the segments A4A5 and AgA; is equal to —%p. Note also that the above-
posed problem is of cyclic symmetry, and on the segments A4 A5 and AgA;,
U,=0,=0.

On the basis of analogous Kolosov-Muskhelishvili’s formulas (3), (6),
(13), (15) and (18) our problem is reduced to finding two analytic vector
functions ¢(z) and ¢(z) in D by the boundary conditions

Imy'(t) =0, teT, (19)

Re [e7"*W(A = 2B)p(t) + By (t) + 2p10(1)] = (), (20)
(21)

(22)

(A—2E)p(t) + Bt/ (t) + 2up(t) = B(t), t € AyA3zU AsAs,
Reap'(t) =H, te AyA3U A5Ag,

where «(t) is the angle made by the outer normal n and the ox;-axis,

ct) = —Rei/an(to)expi(a(to) _a(t)dso, teT,  (23)

Ay
t

Bo(t) = 7i/0n(t0)€%id50, te A2A3,

Ay
. (24)
BO(t) = — Zi/on(to)emj(t)dso, t € AsAs,
Jj=1 Ay
1
H= 5(QE—A—B)*KO. (25)
K% = (K?, K9)T is to be defined when solving the problem.
Taking into account that o, (t) = 0 for ¢t € As A3 U A5Ag and
1 L
a(t):ajzgjt”(jT), tel;, j=14, (26)
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we obtain
1
— tel';ul
C(t) _ 2 D, cls 3 (27)
O7 t S Fl U F4)
]. i
- z‘pezz, te A2A3,
B'={ 2% (28)
—§peﬂ, t € AsAg.

Assume that Ug(z) is continuous in the closed domain D, and ¢g(z),
Yi(2), k = 1,2, are continuously extendable on the boundary of D, except
possibly the points A; A3, As, Ag in the neighborhood of which they admit
the estimate of the type

_ 1
[ n()] < Nlz = 44172, B <3, (*
j=2,3,5,6, N =const, k=1,2.

Equalities (19) and (22) is the Keldysh-Sedov problem for the domain D
([7])- Tt is proved that the problem (19) and (22) has a unique solution ([7])

—1

o(z) = He — 2L et — A)p. (29)

Substituting the values o(t), C(t) and B°(t) into the boundary conditions
(20) and (21), we obtain

1 ——=\ _ 1 14
Ree (5 K% +2up(0)) = gp, teTy, j=T14 (30)
1+1
(2 KO+ 20(0)) T e (81)
e 1= K t+2uy(t)) = . 31
2 ,(122)7)’ t € AsAg.

If t € Ty, then (t — A;) = i|t — Aj|e’™, whence
Ree "t = Ree " A;,
that is,

Re eiaj — a? t € Fl U FQ} (32)
0, tel'sUly.

Taking into account equality (26), we can rewrite the boundary condi-
tions (30) and (32) as follows:

, tely,

s

1 ™ iy
Re 3 K%e %% 4 ZMeZ’zb(t)} = (33)

NS

) t€F3a
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1 _ N B tem,
Im iKOte_Z’fQuezlw(t)] = %7
7 t€F4;
4
Re K%te™ %! = aK®, tely,
0, tels,

GKO, telsy,

Im K%e %% =
0, tely.

The boundary conditions (31) can be represented in the form

1

1 . . Z D, te A2A3,
Re (— K%e 1" + 2uezzw(t)) =

2 1
—<p, € A5d,

4

1
1 o o Z b, te A2A3;

Im (5 KO%e %% — 2uezzw(t)) = 1
7117, t € AsAg.

Combining equalities (36) and (34), we find that

1
fz(pfélaKo), t ey,

1
—p, tely.
417 4

1 . y
Im (5 K% %4 2uez%p(t)) =

Analogously, from (33) and (35) we obtain

1
—Z(p—élaKO), tely,

1
— tels.
4pa cls

Re (% KO%e %% — 2ue%i¢(t)) -

Thus on the basis of (33), (34) and (37)-(40), we can write

1

1 . . Zp, t€F1UA2A3,
Re (5 KO%e % 4 2,uezlw(t)) = 1
—1P tel'sU AsAq,

1
1 . . *Z(P*‘LGKO% t ey,
Im (5 K% Fi 4 2uezl¢(t)) =1
Zpa te F47

127

(34)

(35)

(36)

(39)

(40)

(41)



128 K. SVANADZE

1
—Z(p—élaKO) tely,

Re (% K% — 2ue%iw(t)) =9
Zpa te F37
1 42)
1 0 . Zp, tGFQUA2A3,
Im <§K t— 2ueuw(t)) =4
7117, tel'yU AsAg.

Let the function z = w(¢), ¢ = & + €2 map conformally the domain D
onto the upper plane Im ¢ > 0. By a; we denote the image of the point A;,
ie, a; = (w(4;))71, j = 1,6, and assume that ag = 1, a5 = —1. Moreover,
we assume that the midpoint of the arc A; A3 transfers into { = co.

Since the domain D is symmetric with respect to the oxs-axis, we can
assume that —as = a3, —a; = a4.

Introducing the vectors

25(Q) = 2[5 Ko(Q)e™ ¥ 4 2pe (@), Tm¢ >0,

P(Q) = 2[5 K% (Qe ¥ — 2peTh(w(©)], Tm¢ >0,

the boundary conditions of the problems (41) and (42) are reduced to the
Keldysh-Sedov problem

(43)

§pa gl € (_007 _GQ) U (0/17 00)7
Req)o(gl) = 1
_§p7 gl S (_0/1, 1))
2 (14)
~3 (p—4aK®), & € (—az,—a),
Im®o(&1) = §
5P & € (l,ar),
_%pa €1 € (—OO,—G/l)U(GQ,OO),
ReF(fl) - 1
3P & €(—1,a),
2 (15)
§pa 51 € (7031771)7
m F(&)) =

1
—5 (p—4aK0), §1 S (al,ag).

The solution of the problems (44) and (45) is given in terms of the fol-
lowing formulas ([7])

QO (T de P e
20(6) =i p<£ RIGIGES / aOIE-0
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/|X1 N(E—¢) 4QKO/|X1 N(E =) ) (46)
PO < /Ix E—0) /m

de 1aKO de
a/|><2<£>|<§—<> » _[2 e )
where

_ [Cracy  [Cacn
XI(C)\/(<+G1)(CG1)’ X2(<)\/(C+a1)(<—a1)a I <>0;

X1(00) = x2(00) = 1.
It is not difficult to state that
) € (—o0,—a
(6 = Ix1(&)] ' &1 € ( 2)
—|xa(&1)ld, & € (—ag,—ax

)
_ Ix2(&1)l, §1 € (—00,—a1) U (—1,a1) U (az, o),
(e {b@(sl)u, & € (~a1, 1) U (a1, ap),

Ix1 (&) = [x2(=&1)l- (48)

Since the functions x1(&1) and x2(£1) at the points §&; = +a; have singu-
larity of order 1/2, in the neighborhood of the points & = ta;, for ®4(¢)
and F(¢) to be bounded it is necessary and sufficient that the following
conditions be fulfilled:

</|X1 (& £ ar) /|X1 N(E £ar) /|X1 §ia1>
_ 0 _
— 4K / Gl € 7O (49)

< /|X2 N(E £+ ar) /|X2 (€ £ a1) /|X2 §ia1>

—4 KO/ —C. 50
“ [x2(& Eim (50)

U( ai, )U(a’laoo)v
U(l al)
(=

)



130 K. SVANADZE

If in equation (50) we replace &; by —&; and take into account the relation
(48), we obtain the condition which coincides with (49).

Note that the system of these two equations contains unknown param-
eters ay, ag, c1, c2, K and K9 (c = (c1,¢2) ", L° = (K9, K9)T). Finally,
excluding from the above system the vector ¢ = (c1,¢2) ", we obtain

—a1

o | e (- | maiea
/|X1 )I(E? — af) /|X1 52—a1))' (51)

(51) is the equation containing unknown parameters ai, as and K% =
(KY,KY). Fixing K° = (K? KY), we obtain the sysetm of two nonlinear
equations with respect to a; and as. But its solution is connected with
great difficulties, but we have managed to find how to get the value of an
unknown parameter in the interval 1 < a7 < a2 < 400 and to find an
unknown vector K.

Introduce the notation

/ d§1
(€& —a3)’

7 d& d& d&
M =
/ |X1 51 ’51 - a1 / |X1 ’fl 51 - a1 / |X1 51 51 - a1)

Then (51) takes the form

4aK° = —1—% p, ie, KY= L4—ZIJ/\4 p.

It is not difficult to show that L > 0, M > 0 and consequently, K°||P,
C||P and |P|?> — 4aL’P < 0. Moreover, the conditions PK° > 0 and
Ip|? — 4aPK° < 0 should be fulfilled.

Having found the vector functions ®4(¢) and F(¢), using formulas (43),
we can find w(¢) and ¥p(¢), and hence the stressed state of the body and
of an unknown part of the boundary of the doubly connected domain.
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