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THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS
BELONGING TO SOME CLASSES OF COMPLETE SEMIGROUPS OF

BINARY RELATIONS

YA. DIASAMIDZE, SH. MAKHARADZE, N. ROKVA AND I. DIASAMIDZE

ABSTRACT. In the present work we consider the classes of complete semi-
groups of binary relations whose every element possesses the right unit. The
largest right units of semigroups of the classes under consideration are found.
The question whether the right units are the external or internal elements of the
given group is elucidated.

îâäæñéâ. ê�öîëéöæ à�êýæèñèæ� �æê�îñè éæé�îåâ��å� ïîñèæ ê�ýâ-

ã�îþàñòâ�æï æïâåæ çè�ïâ�æ, îëéâèå�à�ê ��â�ñè ê�ýâã�îþàñòâ�ï

à��øêæ�å é�îþãâê� âîåâñèâ�æ. ê�ìëãêæ� é�åæ ñáæáâïæ é�îþãâê�

âîåâñèâ�æ. ê�øãâêâ�æ�, åñ îëéâèæ éëùâéñèæ þàñòæï�åãæï �îæï

é�îþãâê� âîåâñèâ�æ öæà� á� îëéèæï�åãæï à�îâ.

1.0. Let X be an arbitrary nonempty set.D is a completeX-semilattice of
unions, i.e., some nonempty set of subsets ofX, closed with respect to the op-
erations of set-theoretic union of elements fromD. f is an arbitrary mapping of
the setX in the setD. To every such mappingf we put into correspondence the
binary relationα j on the setX defined as follows:α j =

⋃

x∈X

(
{x}× f (x)

)
. A set of

suchα j ( f : X → D) we denote byBX(D). It can be easily proved thatBX(D) is a
semigroup which is called a complete semigroup of binary relations defined by an
X-semilattice of unionsD.

Let α ∈ BX(D), Y ⊆ X, Yα = {x ∈ X |(y,x) ∈ α for somey ∈ Y}; V(D,α) =
{Yα |Y ∈ D}; ∅ 6= D′ ⊆ D andN(D,D′) = {Z ∈ D |Z ⊆ Z′ for everyZ′ ∈ D′}. If
N(D,D′) 6= ∅, then∪N(D,D′) ∈ D is an exact lower bound of the setD′ in D.
This element will be denoted byΛ(D,D′). Note that if there exists the element
Λ(D,D′) in the semilatticeD, then we will writeΛ(D,D′) ∈ D.

Definition 1. Let t ∈
⌣

D =
⋃

Z∈D
Z andDt = {Z∈D |t ∈ Z}. They say that the com-

pleteX-semilattice of unionsD is theXI-semilattice, if it satisfies the following
two relations:

(a) Λ(D,Dt) ∈ D for everyt ∈
⌣

D;
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(b) Z =
⋃

t∈Z
Λ(D,Dt ) for every nonempty elementZ of the semilatticeD.

Definition 2. They say that the elementα of the semigroupS is external, if for
every elementsα1,α2 ∈ S\{α} there existsα1 ·α2 6= α.

Definition 3. They say that the elementα of the semigroupS is internal, if there
exist the elementsα1,α2 ∈ S\{α} such thatα1 ·α2 = α.

Definition 4. The one-to-one mappingϕ of the completeX-semilattice of unions
D onto itself is said to be a complete automorphism, if for every nonempty subset
D′ of the semilatticeD the conditionϕ(∪D′) =

⋃

T ′∈D′
ϕ(T ′) is fulfilled.

Statements 1,2,3 and 5 can be found in [1] and [2].

Theorem 1. The semigroup BX(D) possesses the right unit if and only if D is
the XI-semilattice of unions.

In this case, the binary relationε can be represented in the form

ε = ε(D, f ) =
⋃

t∈
⌣

D

(
{t}×Λ(D,Dt)

)
∪

⋃

t′∈X\
⌣

D

(
{t ′}× f (t ′)

)
,

wheref is an arbitrary mapping of the setX\
⌣

D in the semilatticeD which is always
the right unit of the semigroupBX(D).

Theorem 2. Let D be the complete X-semilattice of unions. If the binary relation

ε of the formε = ε(D) =
⋃

t∈
⌣

D

(
{t}×Λ(D,Dt)

)
∪

(
(X\

⌣

D)×
⌣

D
)

is the right unit of

the semigroup BX(D), then it is the largest right unit of the given semigroup.

Theorem 3. The binary relationε ∈ BX(D) is the right unit of the given semi-
group if and only ifε is idempotent and D= V(D,ε).

Theorem 4. For external elements of the semigroup S the following statements
are valid:

(a) if any right unit of the semigroup S is external, then all right units of the
semigroup S are external ones;

(b) if S′ is some set of external elements of the semigroup S, then the set S′′ =
S\S′ is the subsemigroup of the given semigroup S;

(c) if S′ is a set of all external elements of the semigroup S, and A is a gener-
ating set for S, then S′ ⊆ A;

(d) if ϕ is an isomorphic mapping of the semigroup S onto S1, and S′ is a set
of all external elements of the semigroup S, thenϕ(S′) will likewise be a
set of all external elements of the semigroup S1.

Proof. We prove only Statement (a). Indeed, let the right unitε′ of the semigroup
Sbe an external element of the semigroupS. If ε′′ is another right unit of the semi-
groupS having decompositionε′′ = α1 ·α2 (α1,α2 ∈ S\{ε′′}), then the equality
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ε′ · ε′′ = ε′ yields (ε′ ·α1) ·α2 = ε′. Note that the conditionα2 = ε′ implies that
ε′′ = α1 ·α2 = α1 ·ε′ = α1. However, the latter equality contradicts the assumption
thatα1 ∈ S\{ε′′}. Henceα2 6= ε′. If now ε′ ·α1 = ε′, then the following equalities
are valid:ε′ ·α2 = ε′, ε′′ = ε′′ · ε′ = ε′′ · (ε′ ·α2) = (ε′′ · ε′) ·α2 = ε′′ ·α2. Thus we
obtainε′′ = ε′′ · ε′ = ε′′ · (ε′ ·α2) = (α1 · ε′′) ·α2 = α1 ·α2 = ε′′, which contradicts
the conditionα1 ∈ S\{ε′′}. Henceε′ ·α1 6= ε′. We getε′ ·α1,α2 ∈ S\{ε′} and
(ε′ ·α1) ·α2 = ε′. However, this contradicts the assumption thatε′ is the external
element of the semi-groupS.

Thus Statement (a) is complete. �

Theorem 5. Let D=
{⌣

D,Tm−1, . . . ,T2,T1
}

be some finite X-semilattice of unions
and C(D) = {P0,Pm−1, . . . ,P2,P1} be a family of sets of pairwise nonintersecting
subsets of the set X. Ifχ is the mapping of the semilattice D on the family of sets

C(D), satisfying the conditionχ(
⌣

D) = P0 andχ(Zi) = Pi for every i= 1,2, . . . ,m−

1 andD̂Z = D\{T ∈ D |Z ⊆ T}, then the equalities
⌣

D = P0∪P1∪P2∪·· ·∪Pm−1, Zi = P0∪
⋃

T∈D̂Zi

χ(T) (1)

are valid.

In what follows, the above-given equalities will be called formal.
It is proved that when representing elements of the semilattice D in the form

(1), among the parametersPi (i = 0,1,2, . . . ,m−1) there exist ones which for the
given semilatticeD cannot be empty sets. Such setsPi (0 < i ≤ m−1) are called
base sources, whereas the setsPj (0≤ j ≤ m−1) which can be empty are called
the sources of completeness.

We prove that a number of overlapping elements of the base source preimage
under the mappingχ is always equal to unit, while a number of overlapping ele-
ments of the preimage of the source of completeness under themappingχ either
do not exist, or are always more than unit.

Note that the setP0 is always assumed to be the source of completeness.

2.0.

Theorem 1. Let D be a finite XI-semilattice of unions. The right units of the
semigroup BX(D) are the external elements of the given semigroup if and only if
D does not possess a complete automorphism, except an identity automorphism.

Proof. Suppose that all units of the semigroupBX(D) are the external elements of
the semigroupBX(D), and the binary relationε′ is a right unit of the semigroup
BX(D). By GX(D,ε′) we denote a maximal subgroup of the semigroupBX(D),
having as its own unit the binary relationε′. If |GX(D,ε)| ≥ 2, then in the group
GX(D,ε) there exist the elementsα′ andβ′ (not necessarily different), such that
α′ 6= ε′, β′ 6= ε′ andα′ ◦β′ = ε′.
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Hence the conditionsα′,β′ ∈ BX(D)\{ε′} andα′ ◦β′ = ε′ are fulfilled. There-
fore the right unitε′ is the external element of the semigroupBX(D). The obtained
contradiction shows that|GX(D,ε′)| = 1. It is known (see [3]) that the group
GX(D,ε′) is automorphic to the groupΦ of all complete automorphisms of the
semilatticeV(D,ε′). Therefore|Φ| = 1.

Thus we have obtained that the semilatticeV(D,ε′) does not possess a complete
automorphism, except an identity automorphism. By Theorem1.3, the equality
V(D,ε′) = D is valid. This implies that the semilatticeD does not possess a com-
plete automorphism, except an identical automorphism.

Assume now that the semilatticeD does not possess a complete automorphism,
except an identical one and prove that all units of the semigroupBX(D) are the
external elements of the semigroupBX(D).

Indeed, letε be the right unit of the semigroupBX(D), andα◦β = ε for some
α,β ∈ BX(D)\{ε}. Then the inclusionV(X∗,ε) ⊆ V(D,β) is valid. On the other
hand, the conditionsV(D,ε) = D and

V(D,ε) =

{
V(X∗,ε) for ∅ 6∈ D,

V(X∗,ε)∪{∅} for ∅ ∈ D

are fulfilled. Therefore the equalityV(D,β) = D is valid. Consider now the
mappingϕ : D → V(D,β) satisfying the conditionϕ(T) = Tβ for everyT ∈ D.
Show that the mappingϕ is the automorphism of the semilatticeD. Indeed, if
Y∈V(D,β), thenY = T ′β for some elementT ′ ∈D. Henceϕ(T ′)= T ′β =Y. Thus
we obtain thatϕ is the mapping of the semilatticeD on the semilatticeV(D,β).
This implies that the mappingϕ is one-to-one, sinceV(D,β) = D is the finite set.

Next, if ∅ 6= D′ ⊆ D, then

ϕ
(
∪D′

)
= ϕ

( ⋃

T ′∈D′

T ′
)

=
( ⋃

T ′∈D′

T ′
)

β =
⋃

T ′∈D′

T ′β =
⋃

T ′∈D′

ϕ(T ′).

Thus we obtain thatϕ is the complete automorphism of the semilatticeD onto
itself. By our assumption, the semilatticeD does not possess a complete au-
tomorphism, except an identity one. Thereforeϕ is the identity automorphism.
Hence the conditionϕ(T) = T, i.e.,Tβ = T for everyT ∈ D, is fulfilled. If now

β =
⋃

T∈D
(Yβ

T ×T), then

β◦β =
( ⋃

T∈D

(
Yβ

T ×T
))

◦β =
⋃

T∈D

(
Yβ

T ×Tβ
)

=
⋃

T∈D

(
Yβ

T ×T
)

= β.

By Theorem 1.3, from the conditionsβ ◦β = β andV(D,β) = D it follows that
the binary relationβ is the right unit of the semigroupBX(D). Taking this into
account, from the equalityα◦β = ε we find thatα◦β = α, i.e.,α = ε. However,
the last equality contradicts the assumption thatα ∈ BX(D)\{ε}. The obtained
contradiction shows that the representation of the right unit ε in the formα◦β = ε,
whereα,β ∈ BX(D)\{ε}, is impossible.
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Consequently, the right unitε is the external element of the semigroupBX(D).
Thus taking into account Theorem 1.4, we find that all right units of the semigroup
BX(D) are external. �

Corollary 1. Let D be the finite XI-semilattice of unions. The right units of the
semigroup BX(D) are the internal elements of the given semigroup if and only if D
possesses the complete automorphism, different from the identity automorphism.

Note that when studying idempotents of complete semi-groups of binary rela-
tions, more frequently are encountered the semigroups which are defined by the
XI-semilattices of unionsDi (i = 1,2, . . . ,7) presented in Fig. 1. Further, for the
semigroupsBX(D) we find the right units and some of their properties. It is known
that of the above-given semilattices,D1 andD3 are always theXI-semilattices.
The semilatticesD2, D5 andD6 are theXI-semilattices if and only if the minimal
elements of semilattices under consideration are pairwisenonintersecting (see [4]).
The semilatticeD4 is theXI-semilattice if and only ifT1∩T4 = ∅ (see [4]).

Fig. 1

2.1. Consider the semigroupBX(D1). By the assumption, we haveT1 ⊂ T2 ⊂
·· · ⊂ Tm−1 ⊂ Tm. In this case, the formal equalities of the semilatticeD1 and the

exact lower boundsΛ(D1,D1t) of the setsD1t = {t ∈ T |T ∈ D1} (t ∈
⌣

D1) in the
semilatticeD1 can be represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

Tm−2 = P0∪P1∪P2∪·· ·∪Pm−3,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

T2 = P0∪P1,

T1 = P0,
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Λ(D1,D1t) =






Tm for t ∈ Pm−1,

Tm−1 for t ∈ Pm−2,

· · · · · · · · · · · · · · · · · ·

T2 for t ∈ P1,

T1 for t ∈ P0,

where|P0| ≥ 0, |Pi | ≥ 1 for anyi = 1,2, . . . ,m−1.
Consider the binary relationε1 having the representation of the type

ε1 = (Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P1×T2)∪ (P0×T1)∪
(
(X\Tm)×Tm

)
.

Clearly,ε1 ∈ BX(D1). Next, by virtue of the formal equalities of the semilattice
D1, we have

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,T2\T1 = P1, T1 = P0.

Consequently, the binary relationε1 can be represented in the form

ε1 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·

· · · ∪
(
(T2\T1)×T2

)
∪ (T1×T1)∪

(
(X\Tm)×Tm

)
. (1)

Theorem 2.2.For the semigroup BX(D1) the following statements are valid:
(a)The binary relationε1 is its the largest right unit;
(b) all right units of the semigroup are its external elements.

Proof. First, we prove Statement (a) of the given theorem. Indeed, it can be easily
verified thatT1ε1 = T1 andTiε1 = Ti for anyi = 2,3, . . . ,m, since(Ti\Ti−1)∩Ti 6= ∅

andT1 ⊂ T2 ⊂ ·· · ⊂ Ti . This implies that the equalitiesV(D1,ε1) = D1 and

ε1 ◦ ε1 =
((

(Tm\Tm−1)×Tm
)
∪

(
(Tm−1\Tm−2)×Tm−1

))
∪·· ·∪

∪
(
(T2\T1)×T2

)
∪ (T1×T1)∪

(
(X\Tm)×Tm

)
◦ ε1 =

=
(
(Tm\Tm−1)×Tmε1

)
∪

(
(Tm−1\Tm−2)×Tm−1ε1

)
∪·· ·∪

∪
(
(T2\T1)×T2ε1

)
∪ (T1×T1ε1)∪

(
(X\Tm)×Tmε1

)
=

= ε1 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

∪
(
(T2\T1)×T2

)
∪ (T1×T1)∪

(
(X\Tm)×Tm

)
= ε1.

are valid. Taking now into account Theorem 1.3, we find that the binary relation
ε1 is the right unit of the semigroupBX(D1). By Theorem 1.2, the relationε1 is
the largest right unit of the semigroupBX(D1).

Thus Statement (a) of the above theorem is proved.
It is clear that the semilatticeD1 does not possess the complete automorphism,

except the identity automorphism. Hence taking into account Theorem 2.1, we
find that all right units of the semigroupBX(D1) are the external elements of the
semigroup of the given semigroup. Statement (b) of the abovetheorem is proved.

�
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2.2. Consider the semigroupBX(D2). By the assumption, we havem≥ 3,
T1 ⊂ T3 ⊂ ·· · ⊂ Tm−1 ⊂ Tm, T2 ⊂ T3 ⊂ ·· · ⊂ Tm−1 ⊂ Tm. In this case, the formal
equalities of the semilatticeD2 and the exact lower boundsΛ(D2,D2t) of the set

D2t = {t ∈ T |T ∈ D2} (t ∈
⌣

D2) in the semilatticeD2 can be represented in the
form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

Tm−2 = P0∪P1∪P2∪·· ·∪Pm−3,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

T4 = P0∪P1∪P2∪P3,

T3 = P0∪P1∪P2,

T2 = P0∪P1,

T1 = P0∪P2,

Λ(D1,D2t) =






Tm for t ∈ Pm−1,

Tm−1 for t ∈ Pm−2,

Tm−2 for t ∈ Pm−3,

· · · · · · · · · · · · · · · · · ·

T4 for t ∈ P3,

T1 for t ∈ P2,

T2 for t ∈ P1,

where|Pi | ≥ 1 for anyi = 1,2, . . . ,m−1.
In this case, it is known that the semilatticeD2 is theXI-semilattice if and only

if T1∩T2 = ∅. ThereforeP0 = ∅, sinceT1∩T2 = (P0∪P2)∩ (P0∪P1) = P0 = ∅.
Denote now by the symbolε2 the binary relation having the representation of the
type

ε2 = (Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P3×T4)∪ (P1×T2)∪

∪ (P2×T1)∪
(
(X\Tm)×Tm

)
.

Obviously,ε2 ∈ BX(D2). Moreover, from the formal equalities of the semilattice
D2 it follows that

Tm\Tm−1=Pm−1, Tm−1\Tm−2=Pm−2, . . . ,T4\T3=P3, T2=P1, T1=P2.

Hence the equality

ε2 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

∪
(
(T4\T3)×T4

)
∪ (T2×T2)∪ (T1×T1)∪

(
(X\Tm)×Tm

)
.

is valid.
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Theorem 2. Let T2 ∩T1 = ∅. Then for the semigroup BX(D2) the following
statements are valid.

(a)The binary relationε2 is its largest right unit;
(b) all right units of the given semigroup are its internal elements.

Proof. Let us prove thatV(D2,ε2) = D2 andε2◦ ε2 = ε2. Indeed, it is not difficult
to verify that the equalitiesT1ε2 = T1, T2ε2 = T2 and

T3ε2 = T3
(
(T2×T2)∪ (T1×T1)

)
= T2∪T1 = T3

are valid by the definition of the semilatticeD2, andTiε1 = Ti , since(Ti\Ti−1)∩
Ti 6= ∅, T1 ⊂ T3 ⊂ ·· · ⊂ Ti , T2 ⊂ T3 ⊂ ·· · ⊂ Ti for everyi = 4,5, . . . ,m. This implies
that the equalitiesV(D2,ε2) = D2 and

ε2 ◦ ε2 =
((

(Tm\Tm−1)×Tm
)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

∪
(
(T4\T3)×T4

)
∪ (T2×T2)∪ (T1×T1)∪

(
(X\Tm)×Tm

))
◦ ε1 =

=
(
(Tm\Tm−1)×Tmε2

)
∪

(
(Tm−1\Tm−2)×Tm−1ε2

)
∪·· ·∪

∪
(
(T4\T3)×T4ε2

)
∪ (T2×T2ε2)∪ (T1×T1ε2)∪

(
(X\Tm)×Tmε2

)
=

=
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

∪
(
(T4\T3)×T4

)
∪ (T2×T2)∪ (T1×T1∪

(
(X\Tm)×Tm

)
= ε2

are valid. Taking now into account Theorem 1.3, we find that the binary relationε2

is the right unit of the semigroupBX(D2). By virtue of Theorem 1.2, the relation
ε2 is the largest right unit of the semigroupBX(D2).

Thus Statement (a) of the given theorem is proved.
Note that the mapping having the form

ϕ =

(
Tm Tm−1 · · · T3 T2 T1

Tm Tm−1 · · · T3 T1 T2

)

is the automorphism of the semilatticeD2, different from the identity automor-
phism. Hence taking into account Corollary 2.1, we obtain that all right units of
the semigroupBX(D2) are internal ones.

Statement (b) of the given theorem is proved. �

Corollary 2. For the largest right unitε2 of the semigroup BX(D2) the equalities

ε2 =

{
(T2×T2)∪ (T1×T1)∪

(
(X\T3)×T3

)
for m= 3,

(X×T3)×T4∪ (T2×T2)∪ (T1×T1) for m= 4

are valid.

Proof. The validity of the above corollary follows directly from Theorem 2.2, from
the inclusionT3 ⊂ T4 and from the equality

(
(X\T4)× T4

)
∪

(
(T4\T3)× T4

)
=

(X\T3)×T4. �



THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS BELONGING 59

2.3. Consider the semigroupBX(D3). By the assumption, we have 1≤ j ≤
m−3 and

T1 ⊂ T2 ⊂ ·· · ⊂ Tj ⊂ Tj+1 ⊂ Tj+3 ⊂ ·· · ⊂ Tm,

T1 ⊂ T2 ⊂ ·· · ⊂ Tj ⊂ Tj+2 ⊂ Tj+3 ⊂ ·· · ⊂ Tm,

Tj+1\Tj+2 6= ∅, Tj+2\Tj+1 6= ∅, Tj+1∪Tj+2 = Tj+3.

In this case, the formal equalities of the semilatticeD3 and the exact lower bounds

Λ(D3,D3t) of the setD3t = {t ∈ T |T ∈ D3} (t ∈
⌣

D3) in the semilatticeD3 can be
represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+1∪Pj+2∪Pj+3∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+1∪Pj+2∪Pj+3∪·· ·∪Pm−2,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Tj+4 = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+1∪Pj+2∪Pj+3,

Tj+3 = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+1∪Pj+2,

Tj+2 = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+1,

Tj+1 = P0∪P1∪P2∪·· ·∪Pj−1∪Pj ∪Pj+2,

Tj = P0∪P1∪P2∪·· ·∪Pj−1,

Tj−1 = P0∪P1∪P2∪·· ·∪Pj−2,

· · · · · · · · · · · · · · · · · · · · · · · ·

T3 = P0∪P1∪P2,

T2 = P0∪P1,

T1 = P0,

Λ(D3,D3t) =






Tm for t ∈ Pm−1,

Tm−1 for t ∈ Pm−2,

· · · · · · · · · · · · · · · · · ·

Tj+4 for t ∈ Pj+3,

Tj+1 for t ∈ Pj+2,

Tj+2 for t ∈ Pj+1,

Tj for t ∈ Pj ,

Tj for t ∈ Pj−1,

Tj−1 for t ∈ Pj−2,

· · · · · · · · · · · · · · · · · ·

T2 for t ∈ P1,

T1 for t ∈ P0,

where |P0| ≥ 0, |Pj | ≥ 0 and |Pi | ≥ 1 for any i = 0,1,2, . . . , j − 1,

j + 1, . . . ,m− 1. Denote now by the symbolε3 the binary relation having the
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form

ε3 =(Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (Pj+3×Tj+4)∪

∪ (Pj+1×Tj+2)∪ (Pj+2×Tj+1)∪
(
(Pj ∪Pj−1)×Tj

)
∪

∪ (Pj−2×Tj−1)∪·· ·∪ (P1×T2)∪ (P0×T1)∪
(
(X\Tm)×Tm

)
.

By virtue of the formal equalities of the semilatticeD3, we have

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,Tj+4\Tj+3 = Pj+3,

Tj+2\Tj+1 = Pj+1, Tj+1\Tj+2 = Pj+2, (Tj+2∩Tj+1)\Tj−1 = Pj ∪Pj−1,

Tj−1\Tj−2 = Pj−2, . . . ,T3\T2 = P2, T2\T1 = P1, T1 = P0.

Therefore the equality

ε3 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

∪
(
(Tj+4\Tj+3)×Tj+4

)
∪

(
(Tj+2\Tj+1)×Tj+2

)
∪

∪
(
(Tj+1\Tj+2)×Tj+1

)((
(Tj+2∩Tj+1)\Tj−1

)
×Tj

)
∪

∪
(
(Tj−1\Tj−2)×Tj−1

)
∪·· ·∪

(
(T2\T1)×T2

)
∪ (T1×T1)∪

∪
(
(X\Tm)×Tm

)

is valid. (In the above formulas, the elementsTj andPj are assumed to be empty
symbols if j < 1, or j > m).

Theorem 3. For the semigroup BX(D3) the following statements are valid.
(a)The binary relationε3 is its largest right unit;
(b) all right units of the semigroup are its internal elements.

Proof. Indeed, the equalitiesT1ε3 = T1 and

Tj+3ε3 = Tj+3
(
(Tj+2\Tj+1)×Tj+2

)
∪Tj+3

(
(Tj+1\Tj+2)×Tj+1

)
∪

∪Tj+3

((
(Tj+2∩Tj+1)\Tj−1

)
×Tj

)
∪Tj+3

(
(Tj−1\Tj−2)×Tj−1

)
∪

∪·· ·∪Tj+3
(
(T2\T1)×T2

)
∪Tj+3(T1×T1) =

= Tj+2∪Tj+1∪·· ·∪T1 = Tj+2∪Tj+1 = Tj+3

are valid by the definition of the semilatticeD3 andTiε3 = Ti , since(Ti\Ti−1)∩Ti 6=
∅, T1 ⊂ ·· · ⊂ Tj ⊂ Tj+1 ⊂ Tj+3 ⊂ ·· · ⊂ Ti , T1 ⊂ ·· · ⊂ Tj ⊂ Tj+2 ⊂ Tj+3 ⊂ ·· · ⊂ Ti

for any i = 2, . . . , j + 2, j + 4, . . . ,m. Hence the equalitiesV(D3,ε3) = D3 and
ε3 ◦ ε3 = ε3 are valid. Taking now into account Theorem 1.3, we find that the
binary relationε3 is the right unit of the semigroupBX(D3). By Theorem 1.2, the
relationε3 is the largest right unit of the semigroupBX(D3).

Thus Statement (a) of the given theorem is proved.
Note that the mapping having the form

ϕ =

(
Tm Tm−1 · · · Tj+3 Tj+2 Tj+1 Tj · · · T3 T2 T1

Tm Tm−1 · · · Tj+3 Tj+1 Tj+2 Tj · · · T3 T2 T1

)
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is the automorphism of the semilatticeD3, different from the identity automor-
phism. Thus taking into account Corollary 2.1, we find that all right units of the
semigroupBX(D3) are internal ones.

Statement (b) is proved. �

Corollary 3. For the largest right unitε3 of the semigroup BX(D3) the following
equalities are valid:

ε3 =






(
(T3\T2)×T3

)
∪

(
(T2\T3)×T2

)
∪

(
(T2∩T3)×T1

)
∪

∪
(
(X\T4)×T4

)
for j = 1, m= 4,

(
(T4\T3)×T4

)
∪

(
(T3\T4)×T3

)
∪

((
(T4∩T3)\T1

)
×T2

)
∪

∪(T1×T1)∪
(
(X\T5)×T5

)
for j = 2, m= 5,(

(X\T4)×T5
)
∪

(
(T3\T2)×T3

)
∪

(
(T2\T3)×T2

)
∪

∪
(
(T2∩T3)×T1

)
∪ for j = 1, m= 5,(

(X\T5)×T6
)
∪

(
(T4\T3)×T4

)
∪

(
(T3\T4)×T3

)
∪

∪
((

(T3∩T4)\T1
)
×T2

)
∪ (T1×T1) for j = 2, m= 6.

Proof. The validity of the above Corollary follows directly from Theorem 2.3,
from the inclusionT4 ⊂ T5 ⊂ T6 and from the equalities

(
(X\T5)×T5

)
∪

(
(T5\T4)×T5

)
= (X\T4)×T5,

(
(X\T6)×T6

)
∪

(
(T6\T5)×T6

)
= (X\T5)×T6. �

2.4.Consider the semigroupBX(D4). By the definition, we havem≥ 5,

T1 ⊂ T3 ⊂ T5 ⊂ ·· · ⊂ Tm, T2 ⊂ T3 ⊂ T5 ⊂ ·· · ⊂ Tm,

T2 ⊂ T4 ⊂ T5 ⊂ ·· · ⊂ Tm,

T1\T2 6= ∅, T2\T1 6= ∅, T3\T4 6= ∅, T4\T3 6= ∅,

T1∪T2 = T3, T3∪T4 = T5.

In this case, the formal equalities of the semilatticeD4 and the exact lower

boundsΛ(D4,D4t) of the setD4t = {t ∈ T |T ∈ D4} (t ∈
⌣

D4) in the semilatticeD4

can be represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

T6 = P0∪P1∪P2∪P3∪P4∪P5,

T5 = P0∪P1∪P2∪P3∪P4,

T4 = P0∪P1∪P2∪P3,

T3 = P0∪P1∪P2∪P4,

T2 = P0∪P1,
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T1 = P0∪P2∪P4,

Λ(D4,D4t) =






Tm for t ∈ Pm−1,

Tm−1 for t ∈ Pm−2,

· · · · · · · · · · · · · · · · · ·

T1 for t ∈ P4,

T4 for t ∈ P3,

T2 for t ∈ P1,

where|P0| ≥ 0, |P2| ≥ 0 and|Pi | ≥ 1 for anyi = 1,3, . . . ,m−1. We assume that
T1∩T4 = ∅. Then the equalitiesT1∩T4 = (P0∪P2∪P4)∩ (P0 ∪P1∪P2∪P3) =
P0∪P2 = ∅ are valid, and henceP0 = P2 = ∅.

Denote now by the symbolε4 the binary relation having the representation of
the type

ε4 = (Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P5×T6)∪ (P3×T4)∪

∪ (P1×T2)∪ (P4×T1)∪
(
(X\Tm)×Tm

)
.

By the formal equalities of the semilatticeD4, we have

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,T6\T5 = P5, . . . ,T1 = P4,

T4\T3 = P3, T2 = P1,

sinceT1 = P0∪P2∪P4 andP0 = P2 = ∅. Therefore the equality

ε4 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

(
(T6\T5)×T6

)
∪

∪
(
(T4\T3)×T4

)
∪ (T2×T2)∪ (T1×T1)∪

(
(X\Tm)×Tm

)

is valid.

Theorem 4. Let T4 ∩T1 = ∅. Then for the semigroup BX(D4) the following
statements are valid.

(a)The binary relationε4 is its largest right unit;
(b) all right units of the given semigroup are its external elements.

Proof. Indeed, the equalitiesT1ε3 = T1, T2ε3 = T2,

T3ε4 = T3

(
(T2×T2)∪

(
(T3\T4)×T1

))
=

= T3(T2×T2)∪T3
(
(T3\T4)×T1

)
= T2∪T1 = T3,

T5ε4 = T5

((
(T4\T3)×T4

)
∪

(
T2×T2)∪

(
(T3\T4)×T1

))
=

= T5
(
(T4\T3)×T4

)
∪T5(T2×T2)∪T5

(
(T3\T4)×T1

)
=

= T4∪T2∪T1 = T5

are valid by the definition of the semilatticeD4 andTiε4 = Ti , since(Ti\Ti−1)∩Ti 6=
∅, T1 ⊂ T3 ⊂ T5 ⊂ ·· · ⊂ Ti , T2 ⊂ T3 ⊂ T5 ⊂ ·· · ⊂ Ti , T2 ⊂ T4 ⊂ T5 ⊂ ·· · ⊂ Ti for
any i = 4,6, . . . ,m. Thus the equalitiesV(D4,ε4) = D4 andε4 ◦ ε4 = ε4 are valid.
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Taking now into account Theorem 1.3, we find that the binary relation ε4 is the
right unit of the semigroupBX(D4). By Theorem 1.2, the relationε4 is the largest
right unit of the semigroupBX(D4).

Thus Statement (a) of the given theorem is proved.
Note that the semilatticeD4 does not possess automorphism, except the iden-

tity automorphism. Hence by Theorem 2.1, it follows that allright units of the
semigroupBX(D4) are its external elements.

Statement (b) of the given theorem is proved. �

Corollary 4. For the largest right unitε4 of the semigroup BX(D4) the equalities

ε4 =






(
(T4\T3)×T4

)
∪ (T2×T2)∪ (T1×T1)∪

∪
(
(X\T5)×T5

)
for m= 5,(

(X\T5)×T6
)
∪

(
(T4\T3)×T4

)
∪ (T2×T2)∪

∪(T1×T1) for m= 6

are valid.

Proof. The validity of the given corollary follows directly from Theorem 2.4, in-
clusionsT5 ⊂ T6 and from the equality

(
(X\T6)×T6

)
∪

(
(T6\T5)×T6

)
= (X\T5)×

T6. �

2.5.Consider the semigroupBX(D5). By the assumption, we havem≥ 6,

T1 ⊂ T3 ⊂ T4 ⊂ T6 ⊂ ·· · ⊂ Tm, T1 ⊂ T3 ⊂ T5 ⊂ T6 ⊂ ·· · ⊂ Tm,

T2 ⊂ T3 ⊂ T4 ⊂ T6 ⊂ ·· · ⊂ Tm, T2 ⊂ T3 ⊂ T5 ⊂ T6 ⊂ ·· · ⊂ Tm,

T1\T2 6= ∅, T2\T1 6= ∅, T4\T5 6= ∅, T5\T4 6= ∅,

T1∪T2 = T3, T4∪T5 = T6.

In this case, the formal equalities of the semilatticeD5 and the exact lower

boundsΛ(D5,D5t) of the setD5t = {t ∈ T |T ∈ D5} (t ∈
⌣

D5) in the semilatticeD5

can be represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

Tm−2 = P0∪P1∪P2∪·· ·∪Pm−3,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

T7 = P0∪P1∪P2∪P3∪P4∪P5∪P6,

T6 = P0∪P1∪P2∪P3∪P4∪P5,

T5 = P0∪P1∪P2∪P3∪P4,

T4 = P0∪P1∪P2∪P3∪P5,

T3 = P0∪P1∪P2,

T2 = P0∪P1,
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T1 = P0∪P2,

Λ(D5,D5t) =






Tm for t ∈ Pm−1,

Tm−1 for t ∈ Pm−2,

· · · · · · · · · · · · · · · · · ·

T7 for t ∈ P6,

T4 for t ∈ P5,

T5 for t ∈ P4,

T3 for t ∈ P3,

T1 for t ∈ P2,

T2 for t ∈ P1,

where|P0| ≥ 0, |P6| ≥ 0 and|Pi | ≥ 1 for anyi = 1,2,3,4,5,7, . . . ,m−1. Assuming
thatT1∩T2 = ∅, we haveP0 = ∅. Denote now by the symbolε5 the binary relation
having the representation of the type

ε5 =(Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P6×T7)∪ (P4×T5)∪

∪ (P5×T4)∪ (P3×T3)∪ (P1×T2)∪ (P2×T1)∪
(
(X\Tm)×Tm

)
.

By the formal equalities of the semilatticeD5, we have

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,T7\T6 = P6,

T5\T4 = P5, T4\T5 = P4, (T5∩T4)\T3 = P3, T2 = P1, T1 = P2,

sinceT2 = P0∪P1, T1 = P0∪P2 andP0 = ∅. Thus the equality

ε5 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

(
(T7\T6)×T7

)
∪

∪
(
(T5\T4)×T5

)
∪

(
(T4×T5)×T4

)
∪

((
(T5∩T4)\T3

)
×T3

)
∪

∪ (T2×T2)∪ (T1×T1)∪
(
(X\Tm)×Tm

)

is valid.

Theorem 5. Let T2 ∩T1 = ∅. Then for the semigroup BX(D5) the following
statements are valid.

(a)The binary relationε5 is its largest right unit;
(b) all right units of the given semigroup are its internal elements.

Proof. Indeed, the equalitiesT1ε5 = T1, T2ε5 = T2

T3ε5 = T3
(
(T2×T2)∪ (T1×T1)

)
= T3(T2×T2)∪T3(T1×T1) =

= T2∪T1 = T3,

T6ε5 = T6

((
(T5\T4)×T5

)
∪

(
(T4\T5)×T4

)
∪

((
(T5∩T4)\T3

)
×T3

)
∪

∪ (T2×T2)∪ (T1×T1)
)

= T6
(
(T5\T4)×T5

)
∪T6

(
(T4\T5)×T4

)
∪
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∪T6

((
(T5∩T4)\T3

)
×T4

)
∪T6(T2×T2)∪T6(T1×T1) =

= T5∪T4∪T3∪T2∪T1 = T6

are valid by the definition of the semilatticeD5 andTiε5 = Ti , since(Ti\Ti−1)∩Ti 6=
∅, T1 ⊂ T3 ⊂ T4 ⊂ T6 ⊂ ·· · ⊂ Tm, T1 ⊂ T3 ⊂ T5 ⊂ T6 ⊂ ·· · ⊂ Tm, T2 ⊂ T3 ⊂ T4 ⊂
T6 ⊂ ·· · ⊂ Tm, T2 ⊂ T3 ⊂ T5 ⊂ T6 ⊂ ·· · ⊂ Tm for any i = 5,7, . . . ,m. This implies
that the equalitiesV(D5,ε5) = D5 and ε5 ◦ ε5 = ε5 are valid. Taking now into
account Theorem 1.3, we find that the binary relationε5 is the right unit of the
semigroupBX(D5). By Theorem 1.2, the relationε5 is the largest right unit of the
semigroupBX(D5).

Thus Statement (a) of the given theorem is proved.
Note that the mappings

ϕ1 =

(
Tm . . . T6 T5 T4 T3 T2 T1

Tm . . . T6 T5 T4 T3 T2 T1

)
, ϕ2 =

(
Tm . . . T6 T5 T4 T3 T2 T1

Tm . . . T6 T4 T5 T3 T2 T1

)
,

ϕ3 =

(
Tm . . . T6 T5 T4 T3 T2 T1

Tm . . . T6 T5 T4 T3 T1 T2

)
, ϕ4 =

(
Tm . . . T6 T5 T4 T3 T2 T1

Tm . . . T6 T4 T5 T3 T1 T2

)
,

are the automorphisms of the semilatticeD5. Hence taking into account Theorem
2.1, we obtain that all right units of the semigroupBX(D5) are its internal elements.

Statement (b) is proved. �

Corollary 5. For the largest right unitε5 of the semigroup BX(D5) the following
equalities are valid:

ε5 =






(
(T5\T4)×T5

)
∪

(
(T4\T5)×T4

)
∪

((
(T5∩T4)\T3

)
×T3

)
∪

∪(T2×T2)∪ (T1×T1)∪
(
(X\T6)×T6

)
for m= 6,(

(X\T6)×T7
)
∪

(
(T5\T4)×T5

)
∪

(
(T4\T5)×T4

)
∪

∪
((

(T5∩T4)\T3
)
×T3

)
∪ (T2×T2)∪ (T1×T1) for m= 7.

Proof. The validity of the above corollary follows directly from Theorem 2.5, from
the inclusionsT6 ⊂ T7 and from the equality

(
(X\T7)× T7

)
∪

(
(T7\T6)×T7

)
=

(X\T6)×T7. �

2.6.Consider the semigroupBX(D6). By the assumption, we havem≥ 7,

T1 ⊂ T4 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm, T1 ⊂ T5 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm,

T2 ⊂ T4 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm, T2 ⊂ T6 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm,

T3 ⊂ T5 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm, T3 ⊂ T6 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Tm,

T1\T2 6= ∅, T2\T1 6= ∅, T3\T1 6= ∅, T1\T3 6= ∅,

T2\T3 6= ∅, T3\T2 6= ∅, T4\T5 6= ∅, T5\T4 6= ∅,

T4\T6 6= ∅, T6\T4 6= ∅, T5\T6 6= ∅, T6\T5 6= ∅,

T1∪T2 = T4, T1∪T3 = T5, T2∪T3 = T6,
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T4∪T5 = T4∪T6 = T5∪T6 = T7, T1∪T6 = T2∪T5 = T3∪T4 = T7.

In this case, the formal equalities of the semilatticeD6 and the exact lower

boundsΛ(D6,D6t) of the setD6t = {t ∈ T |T ∈ D6} (t ∈
⌣

D6) in the semilatticeD6

can be represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

T7 = P0∪P1∪P2∪P3∪P4∪P5∪P6,

T6 = P0∪P1∪P2∪P3∪P4∪P5,

T5 = P0∪P1∪P2∪P3∪P4∪P6,

T4 = P0∪P1∪P2∪P3∪P5∪P6,

T3 = P0∪P1∪P2∪P4,

T2 = P0∪P1∪P3∪P5,

T1 = P0∪P2∪P3∪P6,

Λ(D6,D6t) =






T3 for t ∈ P4,

T2 for t ∈ P5,

T1 for t ∈ P6,

T8 for t ∈ P7,

· · · · · · · · · · · · · · · · · ·

Tm−1 for t ∈ Pm−2,

Tm for t ∈ Pm−1,

where|P0| ≥ 0, |P1| ≥ 0, |P3| ≥ 0 and|Pi| ≥ 1 for anyi = 4,5,6,7, . . . ,m−1. We
assume thatT1∩T2 = ∅, T1∩T3 = ∅ andT2∩T3 = ∅. ThenP0 = P1 = P2 = P3 = ∅.
By the symbolε6 we denote the binary relation having the representation of the
type

ε6 =(Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P7×T8)∪ (P4×T3)∪

∪ (P5×T2)∪ (P6×T1)∪
(
(X\Tm)×Tm

)
.

Owing to the formal equalities of the semi-latticeD6, we find that

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,T8\T7 = P7,

T3 = P4, T2 = P5, T1 = P6,

sinceT3 = P0 ∪P1 ∪P2 ∪P4, T2 = P0 ∪P1 ∪P3 ∪P5, T1 = P0 ∪P2 ∪P3 ∪P6 and
P0 = P1 = P2 = P3 = ∅. Therefore the equality

ε6 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

(
(T8\T7)×T8

)
∪

∪ (T3×T3)∪ (T2×T2)∪ (T1×T1)∪
(
(X\Tm)×Tm

)
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is valid.

Theorem 6. Let the elements of the set{T3,T2,T1} be pairwise nonintersecting.
Then for the semigroup BX(D6) the following statements are valid.

(a)The binary relationε6 is its largest right unit;
(b) all right units of the given semigroup are its internal elements.

Proof. Indeed, the equalitiesT1ε6 = T1, T2ε6 = T2, T3ε6 = T3,

T4ε6 = T4
(
(T2×T2)∪ (T1×T1)

)
= T2∪T1 = T4,

T5ε6 = T5
(
(T3×T3)∪ (T1×T1)

)
= T3∪T1 = T5,

T6ε6 = T6
(
(T3×T3)∪ (T2×T2)

)
= T3∪T2 = T6,

T7ε6 = T4
(
(T3×T3)∪ (T2×T2)∪ (T1×T1)

)
=

= T3∪T2∪T1 = T6∪T1 = T7

are valid due to the condition that the elements of the set{T3,T2,T1} are nonin-
tersecting and to the definition of the semilatticeD6. Moreover,Tiε5 = Ti , since
(Ti\Ti−1)∩Ti 6= ∅ and

T1 ⊂ T4 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti , T1 ⊂ T5 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti ,

T2 ⊂ T4 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti , T2 ⊂ T6 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti ,

T3 ⊂ T5 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti , T3 ⊂ T6 ⊂ T7 ⊂ T8 ⊂ ·· · ⊂ Ti ,

for any i = 8,9, . . . ,m. Thus the equalitiesV(D6,ε6) = D6 andε6 ◦ ε6 = ε6 are
valid. Taking now into account Theorem 1.3, we find that the binary relationε6

is the right unit of the semigroupBX(D6). By Theorem 1.2, the relationε6 is the
largest right unit of the semigroupBX(D6).

Thus Statement (a) of the given theorem is proved.
Note that the mappings

ϕ1=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T1 T2 T3 T4 T5 T6 T7 . . .Tm

)
, ϕ2=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T2 T1 T3 T4 T6 T5 T7 . . .Tm

)
,

ϕ3=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T3 T2 T1 T6 T5 T4 T7 . . .Tm

)
, ϕ4=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T1 T3 T2 T5 T4 T6 T7 . . .Tm

)
,

ϕ5=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T2 T3 T1 T6 T4 T5 T7 . . .Tm

)
, ϕ6=

(
T1 T2 T3 T4 T5 T6 T7 . . .Tm

T3 T1 T2 T5 T6 T4 T7 . . .Tm

)
.

are the automorphisms of the semilatticeD6. Hence taking into account Theorem
2.1, we obtain that all right units of the semigroupBX(D6) are its internal elements.

Statement (b) of the given theorem is proved. �

Corollary 6. For the largest right unitε6 of the semigroup BX(D6) the equalities

ε6 =

{(
(X\T7)×T7

)
∪ (T3×T3)∪ (T2×T2)∪ (T1×T1) for m= 7,(

(X\T7)\T8
)
∪ (T3×T3)∪ (T2×T2)∪ (T1×T1) for m= 8

are valid.
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Proof. The validity of the above corollary follows directly from Theorem 2.6. �

2.7.Consider the semigroupBX(D6). By the assumption, we havem≥ 8,

T1 ⊂ T2, T1 ⊂ T3, T2∪T3 = T4, T4∪T5 = T6, T6∪T7 = T8,

T8 ⊂ T9 ⊂ ·· · ⊂ Tm−1 ⊂ Tm, T2\T3 6= ∅, T3\T2 6= ∅,

T4\T5 6= ∅, T5\T4 6= ∅, T6\T7 6= ∅, T7\T6 6= ∅,

In this case, the formal equalities of the semilatticeD7 and the exact lower
bounds of the setΛ(D7,D7t) in the semilatticeD7t = {t ∈ T |T ∈ D7} can be
represented in the form

Tm = P0∪P1∪P2∪·· ·∪Pm−1,

Tm−1 = P0∪P1∪P2∪·· ·∪Pm−2,

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

T9 = P0∪P1∪P2∪P3∪P4∪P5∪P6∪P7∪P8,

T8 = P0∪P1∪P2∪P3∪P4∪P5∪P6∪P7,

T7 = P0∪P1∪P2∪P3∪P4∪P5∪P6,

T6 = P0∪P1∪P2∪P3∪P4∪P5∪P7,

T5 = P0∪P1∪P2∪P3∪P4,

T4 = P0∪P1∪P2∪P3∪P5∪P7,

T3 = P0∪P1∪P2,

T2 = P0∪P1∪P3∪P5∪P7,

T1 = P0,

Λ(D7,D7t) =






T1 for t ∈ P0,

T1 for t ∈ P1,

T3 for t ∈ P2,

T1 for t ∈ P3,

T5 for t ∈ P4,

T1 for t ∈ P5,

T7 for t ∈ P6,

T2 for t ∈ P7,

· · · · · · · · · · · · · · ·
Tm−1 for t ∈ Pm−2,

Tm for t ∈ Pm−1,

where|P0| ≥ 0, |P3| ≥ 0, |P5| ≥ 0 and|Pi| ≥1 for anyi=2,4,6,7, . . . ,m−1. Denote
now by the symbolε7 the binary relation having the representation of the type

ε7 =(Pm−1×Tm)∪ (Pm−2×Tm−1)∪·· ·∪ (P7×T8)∪ (P6×T7)∪
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∪ (P4×T5)∪ (P2×T3)∪ (P7×T2)∪

∪
(
(P0∪P1∪P3∪P5)×T1

)
∪

(
(X\Tm)×Tm

)
.

By the formal equalities of the semilatticeD7, we have

Tm\Tm−1 = Pm−1, Tm−1\Tm−2 = Pm−2, . . . ,T8\T7 = P7, T7\T6 = P6,

T5\T4 = P4, T3\T2 = P2, T6\T7 = P7, T2∩T7 = P0∪P1∪P3∪P5,

Therefore the equality

ε7 =
(
(Tm\Tm−1)×Tm

)
∪

(
(Tm−1\Tm−2)×Tm−1

)
∪·· ·∪

(
(T8\T7)×T8

)
∪

∪
(
(T7\T6)×T7

)
∪

(
(T5\T4)×T5

)
∪

(
(T3\T2)×T3

)
∪

∪
(
(T6\T7)×T2

)
∪

(
(T2∩T7)×T1

)
∪

(
(X\Tm)×Tm

)

is valid.

Theorem 7. For the semigroup BX(D7) the following statements are valid.
(a)The binary relationε7 is its largest right unit;
(b) all right units of the semigroup are its external elements.

Proof. Indeed, the equalities

T1ε7 = T1
(
(T2∩T7)×T1

)
= T1,

T2ε7 = T2

((
(T6\T7)×T2

)
∪

(
(T2∩T7)×T1

))
=

= T2
(
(T6\T7)×T2

)
∪T2

(
(T2∩T7)×T1

)
= T2∪T1 = T2,

T4ε7 = T4

((
(T3\T2)×T3

)
∪

(
(T6\T7)×T2

)
∪

(
(T2∩T7)×T1

))
=

= T4
(
(T3\T2)×T3

)
∪T4

(
(T6\T7)×T2

)
∪T4

(
(T2∩T7)×T1

)
=

= T3∪T2∪T1 = T3∪T2 = T4

are valid, since

T1∩ (T1∩T7) = T1∩T1 = T1,

T2∩ (T6\T7) = (P0∪P1∪P3∪P5∪P7)∩{P7} = P7 6= ∅,

T4∩ (T3\T2) = (P0∪P1∪P2∪P3∪P5∪P7)∩{P2} = P2 6= ∅,

T4∩ (T6\T7) = (P0∪P1∪P2∪P3∪P5∪P7)∩{P7} = P7 6= ∅,

by the definition of the semilatticeD7. Moreover,Tiε5 = Ti , since (Ti\Ti−1)
∩Ti 6= ∅ for any i = 5,6, . . . ,m. This implies that the equalitiesV(D7,ε7) = D7

andε7 ◦ ε7 = ε7 are valid. Taking now into account Theorem 1.3, we find that the
binary relationε7 is the largest right unit of the semigroupBX(D7).

Thus Statement (a) of the above theorem is proved.
Note that the semilatticeD7 does not possess the automorphism, except iden-

tity automorphism. Hence by Theorem 2.1, it follows that allright units of the
semilatticeBX(D7) are its external elements.

Statement (b) of the given theorem is proved. �
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Corollary 7. For the largest right unitε7 of the semigroup BX(D7) the equalities

ε7 =






(
(T7\T6)×T7

)
∪

(
(T5\T4)×T5

)
∪

(
(T3\T2)×T3

)
∪

∪
(
(T6\T7)×T2

)
∪

(
(T7\T2)×T1

)
∪

(
(X\T8)×T8

)
for m= 8,(

(X\T8)×T9
)
∪

(
(T7\T6)×T7

)
∪

(
(T5\T4)×T5

)
∪

∪
(
(T3\T2)×T3

)
∪

(
(T6\T7)×T2

)
∪

(
(T2∩T7)×T1

)
for m= 9.

are valid.

Proof. The validity of the above corollary follows directly from Theorem 2.7, from
the inclusionT8 ⊂ T9 and from the equality

(
(X\T9)× T9

)
∪

(
(T9\T8)× T9

)
=

(X\T8)×T9. �
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