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THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS
BELONGING TO SOME CLASSES OF COMPLETE SEMIGROUPS OF
BINARY RELATIONS

YA. DIASAMIDZE, SH. MAKHARADZE, N. ROKVA AND |. DIASAMIDZE

ABSTRACT. In the present work we consider the classes of complete-semi
groups of binary relations whose every element posseseedgtit unit. The
largest right units of semigroups of the classes under deradion are found.
The question whether the right units are the external ornateslements of the
given group is elucidated.
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1.0. Let X be an arbitrary nonempty seD is a completeX-semilattice of
unions, i.e., some nonempty set of subsetXptlosed with respect to the op-
erations of set-theoretic union of elements frbm f is an arbitrary mapping of
the setX in the setD. To every such mappin§ we put into correspondence the
binary relationn; on the seiX defined as followsaj = J ({X} x f(x)). A set of

xeX

sucha; (f : X — D) we denote byBx (D). It can be easily proved th&k (D) is a
semigroup which is called a complete semigroup of binati@hs defined by an
X-semilattice of union®.

Leta € Bx(D), Y C X, Ya = {x € X|(y,X) € a forsomey € Y}; V(D,a) =
{Ya|Y €D}; o #D’' CDandN(D,D') ={Ze D|Z C Z foreveryZ' e D'}. If
N(D,D’) # &, thenUN(D,D’) € D is an exact lower bound of the sbt in D.
This element will be denoted b%(D,D’). Note that if there exists the element
A(D,D’) in the semilatticeD, then we will writeA(D,D’) € D.

Definition 1. Lett € D = U ZandD; ={Z e D|t € Z}. They say that the com-

plete X-semilattice of umon@ is the X1-semilattice, if it satisfies the following
two relations: _
(@)/\(D,Dy) € D for everyt € D;
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(b) 2= U A(D,Dy) for every nonempty elemeitof the semilatticeD.
tez
Definition 2. They say that the elemeatof the semigrousis external, if for
every elementsiy, 0, € S\{a} there existst - o # a.

Definition 3. They say that the elemeatof the semigrou®is internal, if there
exist the elementsy,a, € S\{a} such thab; -a; = a.

Definition 4. The one-to-one mappinigof the completéX-semilattice of unions
D onto itself is said to be a complete automorphism, if for gwenempty subset
D’ of the semilatticeD the conditionp(UD’) = |J ¢(T') is fulfilled.

T'eD!

Statements 1,2,3 and 5 can be found in [1] and [2].

Theorem 1. The semigroup B(D) possesses the right unit if and only if D is
the X1-semilattice of unions.

In this case, the binary relatiancan be represented in the form

e=¢gD,f)=J({t} xAD,D))U |J ({t'}xf(t)),

teD t'ex\D
wheref is an arbitrary mapping of the slét\B in the semilattic® which is always
the right unit of the semigrouBx (D).

Theorem 2. Let D be the complete X-semilattice of unions. If the binatgtron
e of the forme = (D) = U ({t} x A(D,Dy)) U ((X\D) x D) is the right unit of

teD
the semigroup B(D), then it is the largest right unit of the given semigroup.

Theorem 3. The binary relatiore € Bx (D) is the right unit of the given semi-
group if and only ife is idempotent and B=V (D, €).

Theorem 4. For external elements of the semigroup S the following statgs
are valid:

(a) if any right unit of the semigroup S is external, then all tigimits of the
semigroup S are external ones;

(b) if S’ is some set of external elements of the semigroup S, theattBé-s
S\S is the subsemigroup of the given semigroup S;

(c) if S'is a set of all external elements of the semigroup S, and A &narg
ating set for S, then’& A,

(d) if ¢ is an isomorphic mapping of the semigroup S ontoa®d Sis a set
of all external elements of the semigroup S, thé®) will likewise be a
set of all external elements of the semigroup S

Proof. We prove only Statement (a). Indeed, let the right ghdf the semigroup
Sbe an external element of the semigr&upf €” is another right unit of the semi-
groupS having decomposition” = a1 -0y (01,02 € S\{€"}), then the equality
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g -¢" =¢ yields (¢ -a1) -az = €. Note that the conditioa, = € implies that
€’ =a1-02 =0a;-€¢ =a;. However, the latter equality contradicts the assumption
thatoy € S\{€"}. Henceay # €. If now €' - a1 = €/, then the following equalities
arevalid:e-ay =¢,&"=¢"-¢ =¢"- (¢ -ap) = (¢"-€) -0, =€" - ay. Thus we
obtaing” =¢"-¢ =¢"- (¢ -az) = (a1-€") -az = a1 -az = €”, which contradicts
the conditiona; € S\{€"}. Hencee' -a; # €. We gete’ - az,02 € S\{€'} and
(€¢'-a1) - a2 = €. However, this contradicts the assumption ttas the external
element of the semi-grou

Thus Statement (a) is complete. O

Theorem 5. LetD= {E,Tm_l, ..., T2, T1} be some finite X-semilattice of unions
and D) = {Py,Pn-1,...,P2,P1} be a family of sets of pairwise nonintersecting
subsets of the set X. }fis the mapping of the semilattice D on the family of sets

C(D), satisfying the conditiog(D) = Py andx(Z) =P foreveryi=1,2,...,m—
landDz =D\{T € D|Z C T}, then the equalities

D=PRoUPLUPU---UPn1, Z =PRoU |J X(T) 1)
Teﬁﬁ

are valid.

In what follows, the above-given equalities will be calledrhal.

It is proved that when representing elements of the sermsidl in the form
(1), among the parameteps(i = 0,1,2,...,m— 1) there exist ones which for the
given semilatticdd cannot be empty sets. Such sBt$0 <i < m—1) are called
base sources, whereas the $8t$0 < j < m— 1) which can be empty are called
the sources of completeness.

We prove that a number of overlapping elements of the basesqueimage
under the mapping is always equal to unit, while a number of overlapping ele-
ments of the preimage of the source of completeness undendppingy either
do not exist, or are always more than unit.

Note that the se®, is always assumed to be the source of completeness.

2.0.

Theorem 1. Let D be a finite XI-semilattice of unions. The right unitslof t
semigroup K (D) are the external elements of the given semigroup if and dnly i
D does not possess a complete automorphism, except antydaumtidmorphism.

Proof. Suppose that all units of the semigroBg(D) are the external elements of
the semigrouBx (D), and the binary relatiog’ is a right unit of the semigroup
Bx(D). By Gx(D,€') we denote a maximal subgroup of the semigr@ygD),
having as its own unit the binary relatieh If |Gy (D,€)| > 2, then in the group
Gx(D,¢) there exist the elements andf’ (not necessarily different), such that
o £¢€,B #£€ anda’op =¢.
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Hence the conditions’,’ € Bx(D)\{€'} anda’ o ' = € are fulfilled. There-
fore the right unit’ is the external element of the semigrdsyp(D). The obtained
contradiction shows thdGx (D,€')| = 1. It is known (see [3]) that the group
Gx(D,€') is automorphic to the groug of all complete automorphisms of the
semilatticeV (D, ¢’). Thereford®d| = 1.

Thus we have obtained that the semilatii¢®, €') does not possess a complete
automorphism, except an identity automorphism. By Theote3n the equality
V(D,¢’) = D is valid. This implies that the semilattié® does not possess a com-
plete automorphism, except an identical automorphism.

Assume now that the semilatti€edoes not possess a complete automorphism,
except an identical one and prove that all units of the semnjgBx (D) are the
external elements of the semigroBp(D).

Indeed, let be the right unit of the semigroufx (D), anda o = € for some
a,B € Bx(D)\{€}. Then the inclusio¥ (X*,€) CV(D,p) is valid. On the other
hand, the conditiong (D, &) = D and

~JV(X*¢) for o¢D,
V(D’S){V(x*,s)u{@} for €D

are fulfiled. Therefore the equality (D,3) = D is valid. Consider now the

mapping¢ : D — V(D,B) satisfying the conditiop(T) = T for everyT € D.

Show that the mapping is the automorphism of the semilatti@ Indeed, if

Y eV(D,B), thenY = T'B for some elemenk’ € D. Hencep(T') =T'B=Y. Thus

we obtain thatp is the mapping of the semilattid® on the semilattic& (D, 3).

This implies that the mappingy is one-to-one, sinc¥(D, ) = D is the finite set.
Next, if @ # D’ C D, then

p(uD)=o(UT)=(UT)B= U TB= U 6.
T'eD T'eD’ T'eD T'eD
Thus we obtain tha is the complete automorphism of the semilattizeonto
itself. By our assumption, the semilatti€® does not possess a complete au-
tomorphism, except an identity one. Therefgrés the identity automorphism.
Hence the conditio(T) =T, i.e.,, TR =T for everyT € D, is fulfilled. If now

B= U (Y’ xT), then
TeD

Bob= (U (7 xT))oB= U (W xTB)= | (¥ xT) =B
TeD TeD TeD

By Theorem 1.3, from the conditiorfso § = B andV (D,3) = D it follows that
the binary relatiorf3 is the right unit of the semigrouBx (D). Taking this into
account, from the equality o 3 = € we find thata o = a, i.e.,a = €. However,
the last equality contradicts the assumption that Bx(D)\{€}. The obtained
contradiction shows that the representation of the righitain the forma o =¢,
whereaq, 8 € Bx(D)\{€}, is impossible.



THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS BELONGING 55

Consequently, the right uritis the external element of the semigrdBg(D).

Thus taking into account Theorem 1.4, we find that all rightwof the semigroup
Bx (D) are external. O

Corollary 1. Let D be the finite XI-semilattice of unions. The right unitshe
semigroup & (D) are the internal elements of the given semigroup if and dridy i
possesses the complete automorphism, different from eingitiglautomorphism.

Note that when studying idempotents of complete semi-gsaidibinary rela-
tions, more frequently are encountered the semigroupshndrie defined by the
Xl-semilattices of unionB; (i = 1,2,...,7) presented in Fig. 1. Further, for the
semigroup8yx (D) we find the right units and some of their properties. It is know
that of the above-given semilatticd3; and D3 are always theX|-semilattices.
The semilattice®,, D5 andDg are theX|-semilattices if and only if the minimal
elements of semilattices under consideration are paimasatersecting (see [4]).
The semilatticd, is theX|-semilattice if and only i1 N Ty = & (see [4]).

[ ) P 5 7
Fig. 1
2.1. Consider the semigroupx (D1). By the assumption, we havig C T, C
-+ C Tm—1 C Tm. In this case, the formal equalities of the semilatfizeand the

exact lower boundA(D1,D1) of the setDy = {t € T|T € D1} (t € 51) in the
semilatticeD1 can be represented in the form

Tm=PiUPLUPU---UPy_1,
Tm-1 =PoUPLUPU- - - UPn-2,
Tmo2=PRPUPLUPU---UPy_3,
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Tnm for tePng,
Tm1 for t &€ Pyo,
/\(D:]_7 Dlt) i R R I I I I

T for te P,

where|Pg| >0, |R| > 1foranyi=1,2,...,m—1.

Consider the binary relationy having the representation of the type
€1=(Pn-1% Tm) U (Pm—2 X Tm-1) U+~ U (P1 x T2) U (Po x T1) U ((X\Tm) X Tm).

Clearly,e1 € Bx(D1). Next, by virtue of the formal equalities of the semilattice
D1, we have

To\Tm1=Pmn1, Tn-1\Tm2=Pm_2,...,T.\Ts =Py, Ty = P.
Consequently, the binary relatiepn can be represented in the form
&1 =((Tm\Tm-1) X Tm) U ((Tm-2\Tm—2) X Tm-1) U+~
U ((T2\T) X T2) U(Te x Ta) U (X\Tm) % Tm). (1)

Theorem 2.2.For the semigroup B(D1) the following statements are valid:
(a) The binary relatiore; is its the largest right unit;
(b) all right units of the semigroup are its external elements.

Proof. First, we prove Statement (a) of the given theorem. Indéedni be easily
verified thafTie1 = Ty andTieg =T foranyi = 2,3,...,m, since(Ti\Ti—1) NTi # @
andT; C T, C --- C T;. This implies that the equalitias(D1,€1) = D1 and
g1081 = (((Tm\Tm,l) X Tin) U (T 1\ Trn2) Tm,l)) U---u
U ((T2\T2) x T2) U(Ta x To) U (X\Tm) X Tm) 0€1 =
U ((Tz\Tl) X Tzsl) U (T]_ X T]_S]_) U ((X\Tm) X Tmsl) =
- Sl - ((Tm\Tm_]_) X Tm) U ((Tm_l\Tm_Z) X Tm_]_) U e U
U ((T2\T1) X T2) U (To x To) U (X\Tm) % Tin) = €1.
are valid. Taking now into account Theorem 1.3, we find thatkimary relation
€1 is the right unit of the semigrouBx (D1). By Theorem 1.2, the relatiofy is
the largest right unit of the semigro@y (D1).
Thus Statement (a) of the above theorem is proved.
Itis clear that the semilattid®; does not possess the complete automorphism,
except the identity automorphism. Hence taking into actdiweorem 2.1, we
find that all right units of the semigroupx (D1) are the external elements of the

semigroup of the given semigroup. Statement (b) of the abim@rem is proved.
Il



THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS BELONGING 57

2.2. Consider the semigroupx(D2). By the assumption, we hawa > 3,
TTCT3C- - CTne1 CTy, 2 C T3 C -+ C Te1 € T I this case, the formal
equalities of the semilatticB, and the exact lower boundg D2, D2 ) of the set

Dx={teT|TeDy} (te 52) in the semilatticeD, can be represented in the
form
Tmn=PoUPLUPU---UPny_1,
Tn1=PoUPLUPU---UPn_2,
T2 =PoUPLUPU---UPn_3,
T4 =PyUPLUPUP;,
Ts=PoUPLUP;,

To=PRyUPy,

T =PRUPy,
Tn for tePpa,
Tmo1 for tePyo,
Tm—2 for t e Pn_s,

A(D1, D) = covevvnaanniinn

T for tePy,

where|R| > 1 foranyi=1,2,....m—1.
In this case, it is known that the semilattibe is the X |-semilattice if and only
if T1NT, = @. ThereforePy = &, sinceTiNTy = (PUP) N (PUPL) = Py = 2.
Denote now by the symba} the binary relation having the representation of the
type
€ = (Pm,j_ X Tm) U (mez X Tmfl) U---u (P3 X T4) U (Pl X Tz)U
U (Pz X Tl) U ((X\Tm) X Tm).
Obviously,e; € Bx(D2). Moreover, from the formal equalities of the semilattice
D it follows that

To\Tm—1=Pm-1, Tm-1\Tm—2=Pm-2,..., Ta\Ts=P3, To.=P1, 1 =P%.
Hence the equality
€2 =((Tm\Tm-1) X Tm) U ((Tm-1\Tm-2) X Tm-1) U---U
U ((Ta\Tz) x Ta) U (T2 x T2) U (T2 x T2) U ((X\Tm) % Tm).

is valid.
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Theorem 2. Let TN Ty = @. Then for the semigroup&D;) the following
statements are valid.

(a) The binary relatiore; is its largest right unit;

(b) all right units of the given semigroup are its internal elertse

Proof. Let us prove thaV/ (D2, &) = D, andez o €2 = €5. Indeed, it is not difficult
to verify that the equalitie$i1€2 = Ty, Togo = T2 and
Taex = T3((T2 X Tz) @] (Tl X Tl)) =ThUT1=T;3

are valid by the definition of the semilatti@, andTie; = T, since(Ti\Ti—1) N
T4, T1CT3C---CT, ToCTgC--- CTforeveryi=4,5....m. Thisimplies
that the equalitie¥ (D2,€2) = D2 and

€208 = (((Tm\Tm,l) X Tm) U (Tme1\Tim—2) X Tm-1) U---U
U ((Ta\Ts) x Ta) U (T2 x To) U (Ty x To) U ((X\Tin) ¥ Tm)) of] =
= ((Tm\Tm-1) X Tme2) U ((Tm-1\Tm-2) * Tm-182) U---U
U ((Ta\Ta) x Tag2) U (T2 x Tog2) U (T1 x Tag2) U ((X\Tm) X Tm€2) =
= ((Tm\Tm-1) % Tm) U ((Tm-1\Tm-2) X Tn-1) U+ U
U ((Ta\T3) X Ta) U (T2 x T2) U(Ta X TyU (X\Ti) X Ti) = €2

are valid. Taking now into account Theorem 1.3, we find thattimary relatiore,
is the right unit of the semigrouBx (D2). By virtue of Theorem 1.2, the relation
€2 is the largest right unit of the semigro@g (D).

Thus Statement (a) of the given theorem is proved.

Note that the mapping having the form

q): Tme—l T3T2Tl
Tme—l T3T1T2

is the automorphism of the semilatti@®, different from the identity automor-
phism. Hence taking into account Corollary 2.1, we obtaat #il right units of
the semigroufBx (D) are internal ones.

Statement (b) of the given theorem is proved. O

Corollary 2. For the largest right unit; of the semigroup B(D>) the equalities

. (To x Tz) U (Ty x Tl) U ((X\Tg) X T3) for m=3,
2T X x ) xTaU(Tax ) U(Tux 1) for  m=4
are valid.

Proof. The validity of the above corollary follows directly from €arem 2.2, from
the inclusionTz C T4 and from the equality((X\Ts) x Ts) U ((Ta\T3) x Tg) =
(X\Tg) X T4. U



THE PROPERTIES OF RIGHT UNITS OF SEMIGROUPS BELONGING 59

2.3. Consider the semigrouBx (D3). By the assumption, we have<lj <
m-— 3 and

TiChC---CTjCTj41CTj13C - C T,
MChC---CTjCTj42CTj3C - CTn,
Ti+1\Tj+2 # 9, Tj+2\Tj+1 # 9, Tj+1UTj2 = Tjys.
In this case, the formal equalities of the semilatfiegand the exact lower bounds
N(D3,D3z) ofthe setDz ={t € T|T € D3} (t € 53) in the semilatticddsz can be
represented in the form
Tmn=PoUPLUPU---UPj_1UPjUPj+1UPj 1 2UPj;3U---UPm_1,
Tn1=PoUPLUPU---UP_1UPjUP};11UPj 2 UPj 13U - UPqn_2,
Tjya=PoUPLUPU---UP_1UPjUPj11UPj 12 UPj 3,
T3 =PoUPLUPU---UP_1UPjUPj11UPj 42,
T2 =PUPLUPU---UP_1UPjUPj;1,
Tir1=PUPLUPU---UP_1UPjUPj; 2,
Tj = PoUPlUP2U~~~UPj_1,
Ti_1=PUPLUPU---UPj_2,

T3 =PoUPLUP;,

T, =PRuU P]_,

Tl = POv
Tm for tePmn_1,
Tm1 for tePRno,
TJ+4 fOI‘ t S Pj+3;
TJ+l fOI‘ t S Pj+2;
Tiip for tePjiq,

A(D3,Dz)={ " I+

T1 for tePy,

where |[Po| > 0, |Pj| > 0 and |[R| > 1 for any i = 0,1,2,...,] — 1,
j+1,....m—1. Denote now by the symbak the binary relation having the



60 YA. DIASAMIDZE, SH. MAKHARADZE, N. ROKVA AND |. DIASAMIDZ E

form
€3 =(Pm-1 X Tm) U(Pm—2 X Tm-1) U--- U (Pj+:3 X Tj14)U
U (Pjt1 x Tj+2) U (Pjs2 x Tj+1) U ((PjUPj_1) x Tj)U
U(Pj—2x Tj—1) U-+-U(PLx T2) U (Po x T2) U ((X\Tm) x Tm).
By virtue of the formal equalities of the semilattibg, we have
To\Tm-1=Pm-1, Tn-1\Tm2=Pm-2,..., Tj+4\Tj43 = Pjs3,
T2\ Tjr1 = Piya, Tiea\Tj2 = Pirz, (Tjr2NTjpa)\Tjoa = PjUP; g,
Ti-\Tj—2=Pj_2,..., \To =P, T\Ts =Py, T1 = Fo.
Therefore the equality
€3 =((Tm\Tm-1) X Tm) U ((Tm-1\Tm-2) X Tm-1) U---U
U ((Tj+a\Tj+3) X Tja) U ((Tj42\Tj2) x Tje2)U
U ((Tj21\Tis2) x Tisa) (((THZ T\ Tjo) X T} U
U ((Tj=2\Tj—2) x Tj—1) U+~ U ((T2\T) x T2) U(Ty x Ty)U
( X\Tm) x Tm)
is valid. (In the above formulas, the elemefifsandP; are assumed to be empty
symbolsifj < 1, orj > m).

Theorem 3. For the semigroup B(D3) the following statements are valid.
(a) The binary relatiores is its largest right unit;
(b) all right units of the semigroup are its internal elements.

Proof. Indeed, the equalitief ez = T; and
Ti+3e3 = Tj1a((Tj+2\Tj+1) x Tj2) UTjra((Tj+2\Tj+2) x Tj42)U

UTjsa( (T2 N T\ Tio2) X T7) UTya((Ti-2\Tj2) X Tj-)U

U UTJ'+3((T2\T1) X Tz) UTJ'+3(T1 X Tl) =

=Tj2UTj1U- - UTe = Tj2U T = Tjy3
are valid by the definition of the semilattiBg andTiez3 = T, since(Ti\Ti_1)NT; #
@,TiC---CTjCTj;zaCTji3C---CT,TaC---CTjCTj42CTj43C - CTi
foranyi=2,....j+2,j+4,...,m Hence the equalitie¥ (Ds,e3) = D3 and
€30¢3 = €3 are valid. Taking now into account Theorem 1.3, we find that th
binary relatiores is the right unit of the semigrouBx (D3). By Theorem 1.2, the
relationes is the largest right unit of the semigroBg (D3).

Thus Statement (a) of the given theorem is proved.
Note that the mapping having the form

b= TnTm-1 - Tj4a T2 Tjya Tj - T3 T2 Ta
TnTm1 - T3 Ty Tjy2 Ty - T3 T2 Ty
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is the automorphism of the semilatti@s, different from the identity automor-
phism. Thus taking into account Corollary 2.1, we find thatight units of the
semigrouBx (D3) are internal ones.

Statement (b) is proved. O

Corollary 3. For the largest right units of the semigroup B(D3) the following
equalities are valid:
((T3\T2) X T3) @] ((Tz\Tg X Tz) @] (
U((X\Ta) x Ta) for j=1, m=
((Ta\Ts) x Ta) U ((T3\Ta) x T3) U (( NTo)\Th) x Tz)
UL x T)U ((X\Ts) x Ts) for j =2, m=5,
((X\T4) X T5) ((T3\T2) X T3) ((Tz\Tg) X Tz)
U((TNTg) x Ty) U for j=1, m=5,
((X\Ts) x Te) U ((Ta\T3) x Ta) U ((T3\Ta) x T3)U
U(((T3QT4)\T1) X Tz) U (Tj_ X Tl) for j =2, m=6.

2NT: >< Tj_)
4,
T4

€3 =

Proof. The validity of the above Corollary follows directly from €drem 2.3,
from the inclusionly C Ts C Tg and from the equalities

((X\T5) X T5) U ((T5\T4) X T5) = (X\T4) x Ts,
((X\TG) X Te) U ((TG\T5) X Te) = (X\T5) X Tg. O

2.4.Consider the semigroupx (D4). By the definition, we haven > 5,
TTCT3CTsC - CTy, ToCT3CTsC -+ C Ty,
ToCTyCTs5C - C T,

T\ #0, TL\Th #2, Ts\Ta £ 9, T)\Tz3 £,
T1UT, =Tz, Ta3UTy=Ts.
In this case, the formal equalities of the semilattiz:e and the exact lower

boundsA(D4,D4) of theseD4 = {t € T|T € D4} (t € 54) in the semilatticdd4
can be represented in the form

Tn=PUPLUPU:--UPy_1,
Tne1=PoUPLUPU---UPn_2,
Te=PoUPLUP UPsUP4UPs,
Ts =PoUPLUPUP3U Py,

T4 =PRPoUPLUPUP;,
Ts=PoUPLUP,UPy,
T2=PyUPy,
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T1 =PoUPUPy,

Tm for tePmn_1,

N(D4,Dgt) =

T for tePy,

where|Py| > 0, |P;] > 0 and|R| > 1 for anyi = 1,3,...,m— 1. We assume that
TiNT4 = 2. Then the equalitie$; NTa = (RRUP UPs) N (P UPLUP, UPs) =
PyUP, = @ are valid, and hend&y = P, = @.

Denote now by the symbal, the binary relation having the representation of
the type

€4=(Pn-1X Tm)U(Pmn—2 X Tm—1) U--- U (P5 x Tg) U (P3 x Tg)U
U (P x T2) U (Psx T1) U ((X\Tm) X Tm).
By the formal equalities of the semilattity, we have
Tm\Tm—l - F’m—la Tm—l\Tm—Z = F’m—2, cee 7T6\T5 = P57 oo ;Tl = P47
T\Ts=Ps, T2 =Py,
sinceT; = PhUP, UPs andPy = P, = @. Therefore the equality
€4 =((Tm\Tm-1) X Tm) U (Tm-1\Tm-2) X Tm-1) U---U ((Te\T5) x Ts)U

U ((Ta\Ta) x Ta) U (T2 x T2) U (T2 x T1) U (X\Tm) X Tm)

is valid.

Theorem 4. Let . NTy = &. Then for the semigroup&D4) the following
statements are valid.

(a) The binary relatiore, is its largest right unit;

(b) all right units of the given semigroup are its external elaise

Proof. Indeed, the equalitieges = Ty, Toez = To,
Taes = T3((T2 X T2) U ((Ts\Ta) x Tl)) =
=T3(T2x T2) UT3((T3\T4) X T1) =ToUTy =Ts,
Tseq = TS(((T4\T3) x Ta) U (T2 x T2) U ((Ta\Ta) x Tl)) -
= Ts((Ta\Ts) x Ta) UTs(To x To) UTs((Ta\Ta) x Ta) =
=TUTuT=Ts

are valid by the definition of the semilattiBa andTie4 =T, since(Ti\Ti_1)NT; #
g, T1CTaCTsC--CT,hcTz3CTsC---CT,To,cTaCTgC---CT for
anyi =4,6,...,m. Thus the equalitie¥ (D4,€4) = D4 andes o €4 = €4 are valid.
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Taking now into account Theorem 1.3, we find that the binalgtien &4 is the
right unit of the semigroupx (D4). By Theorem 1.2, the relaticey is the largest
right unit of the semigroupx (Ds).

Thus Statement (a) of the given theorem is proved.

Note that the semilatticB4 does not possess automorphism, except the iden-
tity automorphism. Hence by Theorem 2.1, it follows thatraght units of the
semigrouBx (D4) are its external elements.

Statement (b) of the given theorem is proved. O

Corollary 4. For the largest right unit, of the semigroup B(D4) the equalities
((T4\T3) X T4) U (Tz X Tz) U (Tl X Tj_)U

U((X\Ts) x Ts) for m=5,
(X\Ts) x Te) U ((Ta\Ta) x Ta) U (T2 x To)U

U(Ty x Ty) for m=6

€4 =

are valid.

Proof. The validity of the given corollary follows directly from Eorem 2.4, in-
clusionsTs C Ts and from the equality(X\Te) x Tg) U ((Te\Ts) x Tg) = (X\Ts) x
Te. O

2.5. Consider the semigroupx (Ds). By the assumption, we hawe> 6,
TTCT3CTyCTgC---CTm, I CT3CT5CTgC -+ C Ty,
THhCTaCTyCTgC---CTmpy, oCT3CT5CTgC -+ C Ty,

T\T2# 9, T\Ti# 2, T\Ts # 2, Ts\Ta # 2,
T1UTy =Tz, T4UT5 =Te.
In this case, the formal equalities of the semilattide and the exact lower

bounds\(Ds,Ds; ) of the seDs = {t e T|T € Ds} (t € 55) in the semilatticéds
can be represented in the form

Tmn=PoUPLUPU---UPn_1,
Tme1=PoUPLUPU--- UPp_2,
Tn2=PRPUPLUPU---UPn_3,

T =PyUPLUPUPsUP,UP5 U P,
Te=PoUPLUP UPsUP4UPs,
Ts =PoUPLUPUP3U Py,

T4 =PRPoUPLUPUPsUPs,
Ts=PoUPLUP;,

To=PRUPy,
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Tl = POUP27

/\(D5,D5t) =<Ta for te Ps,

T for tePy,

where|Po| > 0, |Ps| > 0and|P| > 1foranyi=1,2,3,4,5,7,...,m—1. Assuming
thatT; NT, = @, we haveP?y = @. Denote now by the symbes the binary relation
having the representation of the type

€5 =(Pm-1X Tm) U (Pm_2x Tm-1) U+ U (Ps x T7) U (P4 x T5)U
U (Ps x Ta) U (P3 x T3) U (PL X T2) U (P2 X T1) U ((X\Tm) % Tin).
By the formal equalities of the semilatti€®, we have
T\ Tm-1=Pm-1, Tn-1\Tm—2 = Pmn-2,..., T7\ Te = P,
Ts\Ta = Ps, Ta\Ts =Py, (TsNTy)\T3 =Pz, T, =Py, Ta = P,
sinceT, = PyU Py, T = PhU P, andPy = @. Thus the equality
&5 =((Tm\Tm-1) X Tm) U ((Tm-1\Tm-2) x Tm-1) U--- U ((T7\Te) x T7)U
U ((Ts\Ta) x Ts) U ((Ta x Ts) x Ta) U (((T5 NTa)\Ts) x T3) U
U(T2x T2) U (T x To) U (X\Tm) X Tm)
is valid.

Theorem 5. Let TNTy = @. Then for the semigroupx&Ds) the following
statements are valid.

(a) The binary relatiores is its largest right unit;

(b) all right units of the given semigroup are its internal elertse

Proof. Indeed, the equalitiegies = Ty, Togs = T2

Taes = T3((T2 X Tz) U (T]_ X Tl)) = T3(T2 X Tz) UT3(T1 X Tl) =
=ToUTy =Tz,

Toes = To ((Ts\Ta) x Te) U ((Ta\To) x Ta) U (((Ts N Ta)\Ta)  To )U

U (T x To) U (Ty % Tl)) = To((Ts\Ta) x Ts) UTo ((Ta\Ts) x Ta)U
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OTs(((TsNTa)\Te) X Ta)) UTo(To x T) UTo(Ta x Ta) =
=TsUT4aUT3UT2,UT1 =Tg

are valid by the definition of the semilatti®g andTies = T, since(Ti\Ti_1)NT; #
G, MMCTCTyCTgC--CTn M CT3CTs5CTgC---CTpy, o CT3 C T4 C
TeC--CTn T2 CTsCTsCTgC--- C Ty foranyi =5,7,...,m. This implies
that the equalitie¥/ (Ds,e5) = Ds and €5 0 €5 = €5 are valid. Taking now into
account Theorem 1.3, we find that the binary relatigrns the right unit of the
semigrouBx (Ds). By Theorem 1.2, the relaticgs is the largest right unit of the
semigrouBx (Ds).

Thus Statement (a) of the given theorem is proved.

Note that the mappings

51— Tn.. . TeTsTaTz3 2 Th bo— Tm... TeTsTuTz 2 Th
T oL/ 2 T TR/’
bs— Tn.. . TeTsTaTz3 2 Th bam Tn.. . TeTsTuTs 2 Th
EER & ST P i 7 o8 Pl Y AR A & R A i % A P P

are the automorphisms of the semilattide Hence taking into account Theorem
2.1, we obtain that all right units of the semigrdBp(Ds) are its internal elements.
Statement (b) is proved. O

Corollary 5. For the largest right units of the semigroup B(Ds) the following
equalities are valid:
((Ts\Ta) x Ts) U ((Ta\Ts) x Ta) U (((T5 NTa)\Ts) x T3) U
U(Tz X T2) U (Tj_ X Tl) U ((X\T(,) X Tg) for m= 6,
((X\Tﬁ) X T7) U ((Ts\T4) X T5) U ((T4\T5) X T4)U
O(((TsNTa)\Ta) x Ts) U(Ta x To) U (T x Ta) for m=7.

€5 =

Proof. The validity of the above corollary follows directly from €rem 2.5, from
the inclusionsTs C Tz and from the equality (X\T7) x T7) U ((T7\Te) x T7) =
(X\T@) X T7. O

2.6. Consider the semigroupx (Ds). By the assumption, we have> 7,
TTCcTyCTy,CTgC--CTy, I CTsCT7 CTgC--- C Ty,
HLCTyCThCTgC - CTpn, oCTgCTr CTgC - C Ty,
T3CTsCTCTgC - CTpn, BCTgC Ty CTgC - C Ty,
TiI\T2#£ 2, \Ti# 9, T:\Ti #9, TI\Ts £,

T\Ts# 2, T\ # 9, Ti\Ts # 2, Ts\Ta# 2,
T\Te # &, Te\Ta # 2, Ts\Te # 9, Te\Ts # 2,
TIUTo =Ty, TIUTz3=Ts, ToUT3 =Tg,
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TaUTs=TyUTg=TsUTg :T7, TiUTg=ThUTs=TaUuTy =Ty.
In this case, the formal equalities of the semilattizg and the exact lower

bounds\(De,Dgt) of the seDg = {t e T|T € Dg} (t € 55) in the semilatticddg
can be represented in the form

Tn=PoUPLUPU---UPn_1,
Tme1=PoUPLUPU---UPn_2,
T7=RPoUPLUPUPsUP,UPsUPs,
Te=PoUPLUP UPsUP4UPs,
Ts =PoUPLUP, UPsUP4UPs,
T4 =PRPoUPLUP,UPsUPsUPs,
T3 =PRPoUPLUPUP,
To=PyUPLUPsUPs,
T1=PyUPUPsUPs,

T3 for t e Py,
T for tebps,

/\(D5,D6t) =< Tg for tebPy,

Tm for tePmn_1,

where|Py| > 0, |P1| >0, |Ps| > 0 and|P| > 1 for anyi =4,5,6,7,....m—1. We
assumethahhNT, =, iNTz3=gandloNTz=&. ThenPp =P =P, =P;=&.
By the symboleg we denote the binary relation having the representatiohef t
type
86 :(Pm_l X Tm) U (Pm_z X Tm_l> U---u (P7 X Tg) U (P4 X T3)U
U (Ps x T2) U (Ps x T1) U ((X\Tm) X Tm).
Owing to the formal equalities of the semi-lattibg, we find that
Tm\Tmfl = mel; Tmfl\Tmfz = F)m727 o aT8\T7 = P7,
T3=Py, o =P5, T1 =P,
sinceTz = PP UPLUPUPy, To = RRUPLUPsUPs, T1 = PhUP, UP3UPs and
Po = PL = P, = P3 = @. Therefore the equality
€6 Z((Tm\Tm,j_) X Tm) U ((Tmfl\Tmfz) X Tm,j_) U---u ((Tg\T7) X Tg)U
U (T3 X T3) U (Tz X T2) U (Tj_ X Tl) U ((X\Tm) X Tm)
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is valid.

Theorem 6. Let the elements of the sgls, T2, T1 } be pairwise nonintersecting.
Then for the semigroupy&Ds) the following statements are valid.
(a) The binary relatioreg is its largest right unit;
(b) all right units of the given semigroup are its internal elertse
Proof. Indeed, the equalitiegeg = Ty, Togg = T, Tagg = Tg,
Tate = T4((T2 X Tz) U (Tj_ X Tl)) =ToUTi = T47
Ts€6 = T5((T3 X T3) U (Tj_ X Tl)) =TUTy = T57
Toes =To((Tax T3) U(Tax Tp)) =TaUT2 = Ts,
Tres =Ta((Tax T3) U (T2 x T2) U(TL x Ta)) =
=TaUThUuTi=TguTy =Ty
are valid due to the condition that the elements of the{3gtT,, T:} are nonin-
tersecting and to the definition of the semilatti@dg Moreover,Ties = T;, since
(T\Ti—1)NT; # @ and
TMCcTyCT; CTgC "'CTi, TiCcTsCTr CTgC "'CTi,
HhCcTyCT,CcTgC---CT, acTgCcT,CTgC--- CTj,
Ts3CTsCT,CcTgC---CT, TacTgCc T, CTgC---CT,
for anyi = 8,9,...,m. Thus the equalitie¥ (Dg,&5) = Dg andeg o €5 = € are
valid. Taking now into account Theorem 1.3, we find that theaby relationeg
is the right unit of the semigrouBx (Ds). By Theorem 1.2, the relatiogy is the
largest right unit of the semigroux (Ds).

Thus Statement (a) of the given theorem is proved.
Note that the mappings

¢47HEEDEEEWM o
SRS Pl P O i 1 PO P P

Tm
Tm)’
ba= TiToT3TaTs Te T7...Tm ba= TiToT3TaTs5Te T7... Tm
SR LU BLT...Tn) " \ LT T...Th)’
Tm
Tm

pom (PEBLTLTT. M) o (MLELTETT..
ST L BT TELTT...Tn) P BT LT T... Tn)

are the automorphisms of the semilattize Hence taking into account Theorem
2.1, we obtain that all right units of the semigrdsyp(De) are its internal elements.
Statement (b) of the given theorem is proved. O

(ML BLTTT...
T LT GLLTTET...

Corollary 6. For the largest right unitg of the semigroup B(Ds) the equalities
. ((X\T7) X T7) U (T3 X T3) U (Tz X Tz) U (Tj_ X Tj_) for m= 7,
L (K\T\Te) U(Tax T) U(Ta x To) U(Tux Ty) - for m=8
are valid.



68 YA. DIASAMIDZE, SH. MAKHARADZE, N. ROKVA AND |. DIASAMIDZ E

Proof. The validity of the above corollary follows directly from @rem 2.6. O

2.7.Consider the semigroupx (Dg). By the assumption, we have> 8,
T1CT, I CT3, ToUTz3 =Ty, TA4UT5=Tg, TsUT7 =T,
TsCTgC---CTp1 C Tm, Tz\T3 7é J, T3\T2 7é J,

T\Ts # 9, Ts\Ta # @, Te\Tr # @, T\ Ts # 2,
In this case, the formal equalities of the semilattize and the exact lower
bounds of the sef\(D7,Dz) in the semilatticeDx = {t € T|T € D7} can be
represented in the form
Tm=PoUPLUPU---UPy-1,
Tn-1 =PoUPLUP U - - UPp-2,
To=PoUPLUP,UP3UP4UPsUPs UP; UPg,
Tg=PoUPLUP,UPsUPL,UPsUPs UPy,
T =PoUPLUP UPsUPLUPsUPs,
Te=PoUPLUPRUP3sUP,UPsUPy,
Ts =PRPoUPLUPUPsUPg,
T4=PoUPLUP,UPsUPsUPy,
Ts=PoUPLUP;,
To=PyUPLUPUPsUPy,
Ti =P,

Ty for tePy,

Ty for tePy,

T3 for tepPy,

Ty for tePs,

Ts for t e Py,

N(D7,Dn) = T1 for tebps,

where|Pg| > 0, |P3| > 0,|Ps| > 0and|R| > 1foranyi=2,4,6,7,...,m—1. Denote
now by the symbot; the binary relation having the representation of the type

87 :(Pm_l X Tm) U (Pm_z X Tm_l> U---u (P7 X Tg) U (PG X T?)U
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U (Psx Ts) U (P2 x Ta) U (Py x T2)U
U ((PoUPLUP3UPRs) x T1) U ((X\Tm) x Tim).
By the formal equalities of the semilattit®, we have
Tm\Tm-1 = Pm-1, Tn-1\Tm—2 =Pm_2,..., Te\T7 = P, T7\Te = P,
Ts\Ta=Ps, T\To =P, Ts\Tr =P, ToNT; = PBhUPLUP3UPs,
Therefore the equality
&7 =((Tm\Tm=1) X Tm) U ((Tm=1\Tm—2) X Tm-1) U--- U ((Te\T7) x Tg)U
((T7\T5 X T7) ( T5\Ta) X T5) ((T3\T2) X T3)U
((Tg\T7 X Tz) ( (ToNT7) x T1) ((X\Tm) X Tm)
is valid.

Theorem 7. For the semigroup B(D7) the following statements are valid.
(a) The binary relatiorey is its largest right unit;
(b) all right units of the semigroup are its external elements.
Proof. Indeed, the equalities

Tie7 = Tl((Tz ﬁT7) X Tl) =T,
Toer = Tz(((TG\T7) x T) U ((TaNT7) x Tl)) -
= Tz((TG\T7) X Tz) UTz((TzﬂT7) X Tl) =ToUTy =Ty,
Tag7 = T4(((T3\T2) X Ta) U ((Te\T7) x T2) U ((T2N'T7) Tl)) _
=T4((Ta\T2) x Ta) UTa((Te\T7) x T2) UT4((TaNT7) x Ta) =
=TzaUThUT1=T3UT, =Ty
are valid, since
Tlﬁ(T]_ﬂTﬂ:TlﬂTl:Tl,
2N (Te\T7) = (ROUPLUP3UPsUPy) N {P7} = P # &,
TaN(Ta\T2) = (RUPLUP,UPsURsUP) N{Po} = P2 # 2,
TaN(Te\T7) = (R UPLUPUPsUPsUPy) N{Ps} = P £ &,

by the definition of the semilattic®;. Moreover, Ties = T, since (Ti\Ti_1)
NT # o for anyi =5,6,...,m. This implies that the equalitieé(D7,&7) = D7
andey o €7 = g7 are valid. Taking now into account Theorem 1.3, we find that th
binary relatiorey is the largest right unit of the semigro@g (D7).

Thus Statement (a) of the above theorem is proved.

Note that the semilatticB; does not possess the automorphism, except iden-
tity automorphism. Hence by Theorem 2.1, it follows thatrajht units of the
semilatticeBx (D7) are its external elements.

Statement (b) of the given theorem is proved. O
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Corollary 7. For the largest right unitz of the semigroup B(D7) the equalities
((T7\T6) X T7) ((T5\T4) X T5) ((T3\T2) X T3)

( Tg\T7 X Tz) ( T7\T2 X Tj_) ( X\Ts X Tg) for m= 8
((X\Tg) X Tg) ((T7\T5) X T7) ((T5\T4) X T5)
( T3\T2) x T3) ( Te\T7) x Tz) ( (T2NT7) x Tl) for m=9.

are valid.

Proof. The validity of the above corollary follows directly from €arem 2.7, from
the inclusionTg C Tg and from the equality (X\To) x To) U ((To\Tg) x To) =
(X\Tg) x To.
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