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ON THE CONSTRUCTION OF SOLUTIONS OF SPATIAL
AXISYMMETRIC STATIONARY WITH PARTIALLY
UNKNOWN BOUNDARIES PROBLEMS OF THE THEORY
OF JET FLOWS

A. TSITSKISHVILI AND N. DZHORBENADZE

ABSTRACT. In the present work we present a general mathematical
method of constructing stationary solutions of spatial axisymmetric,
with partially unknown boundaries, problems of jet theory, in partic-
ular, we consider a liquid flow of finite width round a spatial circular
wedge. Unknown functions (velocity potential, flow function) and
their arguments on each interval of the boundary satisfy two inhomo-
geneous boundary conditions. The system of differential equations
with respect to the velocity potential and flow function are reduced
to the normal form. Unknown functions are represented by a sum of
holomorphic and generalized analytic functions. One problem from
the theory of spatial jets is solved.
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1. STATEMENT OF THE PROBLEM AND MATHEMATICAL METHODS OF
THEIR SOLUTIONS

The liquid motion is said to be spatially axisymmetric, if all vectors of
velocity lie in half-planes passing through a straight line which is called the
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symmetry axis, and a picture of flow at all such half-planes is the same.
The field of velocities of axisymmetric motion is completely circumscribed
by a plane field on every such half-plane ([1-21]).

Solution of spatial stationary jet problems with partially unknown bound-
aries is of great mathematical difficulty. At present we are aware only of
the works connected with axisymmetric jet flows. However, even for that
simplest particular case one did not succeed in creating a mathematical
apparatus convenient to that of the theory of functions of a complex vari-
able. The authors of works engaged in axisymmetric jet flows either restrict
themselves to approximate numerical solutions of the problems, or prove
theorems of general character ([1-4]).

In this as well as in the earlier works ([12—14]) the author presents a gen-
eral mathematical method of constructing solutions of spatial axisymmetric
stationary, with partially unknown boundaries, problems of jet theory. In
the present paper the use will be made of the essentials of the general theory
of generalized analytic functions ([1-21]).

Consider a stationary axisymmetric irrotational flow with partially un-
known boundaries of a perfect weightless incompressible liquid. Let the
z-axis coincide with the symmetry axis of the flow. The velocity potential
o and the flow function 1 are the functions of only cylindrical coordinates x
and y, where y is the distance from the z-axis. Owing to the axial symmetry,
it suffices to study the flow in an arbitrarily chosen meridional half-plane
with the right system of Cartesian coordinates z and y. The domain occu-
pied by the moving liquid on an arbitrarily chosen meridional half-plane we
denote by S(z), where z = x+14y. On the planes wo(z) = po(x,y)+ito(z,y)
and w = wj(2)/z'(z), to the domain S(z) there correspond, respectively, the
domains S(w((z)) and S(w), where w = w((z)/z'(z) ([1-21]).

As is known ([1-4]), the functions ¢(z, y) and 1 (x, y) satisfy the following
equations:

dp 10y

s Ak 1.1
dr y Oy v (1.1)
Oy 1 0y

T __Zr 1.2
Oy y Ox Yy (12)

where v, and v, are the projections of velocity on the x and y-axes. Ex-
cluding ¢ and 4 from (1.1) and (1.2), we obtain
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Ap+ = == =0, 1.3
vt By (1.3)
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is the Laplace operator.

Recall that the hydrodynamical problems may be assumed to be solved
if either of the functions ¢(x,y) or ¥(x, y) is known. Besides equations (1.3)
and (1.4), for determination of the above functions we have the following
boundary conditions: the normal velocity on the free surface and on the
body surface is equal to zero, %s = 0, where n is the normal, directed
inside the liquid. On the surfaces under consideration, the flow function
1) is constant, ¥y = const. The condition 1) = const is equivalent to the
condition %S = 0 for ¢. The constant in the condition ¢ = const may
take different values on different boundaries. For example, Fig. 1 of [1,
§48] shows one-half of the meridional plane xzoy for the problem of a liquid
flowing round a circular cone in a tube. Since the flow function is defined
within the constant summand, we can put ¥ = 0 on the symmetry axis z,
on the cone and on the free surface. But the difference of values v on the
flow surfaces is equal to the liquid discharge between these surfaces, divided
by 2w, hence on the tube walls ¢ = 7v..h?/(27), where h is the tube
radius and v is velocity of accumulating flow from the left at infinity. The
form of free surfaces is beforehand unknown, but we have a supplementary
condition for the velocity modulus v to be constant, which is equivalent to
that of pressure constancy. This condition can be written as

S5 5] - GG

where vy is equal to v on the free surface ([1]).
Unknown functions ¢ and 1 can be represented as follows: ¢ =y~ /2,
¥ = y*/?4; then (1.3) and (1.4) can be written in the form

Apri(z,y) + % y~2ei(z,y) =0, (1.5)
Ada(,9) — 3y (2,9) =0, (16)

When solving the system (1.3) and (1.4), ¢ and ¥ must satisfy the system
(1.1) and (1.2). The system (1.5) and (1.6) is, obviously, not equivalent.
For the system (1.5) and (1.6) to remain equivalent, we act as follows. For
example, this means that we have first to define ¢; from (1.5) and then
@ = y~Y2p,. Having defined ¢, we find the function ¢ from (1.1) and
(1.2). Having found the function ¢, from (1.6), we define 1» = y/2¢;.
Knowing v, we can define ¢ from (1.1) and (1.2).

We map conformally the half-plane Im(¢) > 0 (or Im({) < 0) of the auxil-
iary complex plane { = £+ in onto the domain S(z) occupied by the moving
liquid and onto the domains S(wg) and S(w), where w = w{(¢)/2'(¢). We
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obtain
odeo 1 09
o9& y(&,n) on’ D)
o9 _ 19
o~ yEn) o€ (18

The system (1.7) and (1.8) can be rewritten as

Doeate) s Encntt) 0o
Do
an

0%(1/(51 >?9?>+ < 3 ) " (1.10)

or
1 dy O¢ Oy dp| _
Aso(&n)+y(€ )[ag 2 " an 877] =0, (1.11)
1 [oyov oyov] _
a6 n) y(f,n)[as o€ " oy 877} . (112)

Assuming that there exist analytic (holomorphic) functions

z=f(Q)=2(&n) +iyn), ¢=E&+in,
WO(C) = 900(§an) + “/}0(&77)7 w( - WO( /Z( )

we can map conformally the domain y,(¢) > 0 onto the domains S(z),
S(wo(s)) and S(w).

It is easily seen from (1.1) and (1.2) that 8‘5 9 4 g‘; g—z’ = 0. Conse-
quently, the lines ¢(z,y) = const and ¢ (z,y) = const are orthogonal, but
the mapping fo(z,y) = ¢(z,y) + i(x,y) is not conformal. It transforms
infinitely small squares into infinitely small rectangles. Thus the mappings
fo(z,y) under consideration are quasi-conformal ([1-21]).

Recall that from the very beginning we deal with the surfaces of rotation.
This implies that ¢(x,y) and ¥ (z,y) are the functions of 2, i.e., p(x,y) =
wo(z,y?), ¥(z,y) = vo(x,y?). Note that here our notation differs from that
introduced at the beginning and at the end of the paper.

The surface F' is said to be the surface of rotation, if it is formed by the
rotation of a curve around the z-axis. The lines of intersection of the surface
and planes passing through the axis of revolution are called meridians, and
the lines of intersection with planes, perpendicular to the axis, are called
parallels.

We can prove that the functions ¢(z,y) and 9 (x,y) are the functions of
y2, i.e., the equalities

o(x,—y) = (x,y) and P(x,—y)=P(z,y) (1.14)

(1.13)
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hold. We write the system (1.3) and (1.4) as follows:
e 82@ dp

2
0? 82
a;ﬁ +4a% =0, a=gy% (1.16)

Compose the equation of the surface of rotation which is formed under
the rotation of some curve v around the z-axis. Assume that we have the
coordinate system x,y, z ([15])

x=p(u), z=1vu), (1.17)

lying in the plane zz near the z-axis. The point (p(u), 0,1 (u)) of the curve
~ under the rotation of the curve through the angle v turns into the point

(gp(u) cosv, p(u)sinwv, z/;(u)), (1.18)
whence we obtain the equation of the surface of rotation:
x = p(u)cosv, y=p(u)sinv, z=1(u). (1.19)

The lines v = const are the surface meridians and w = const are the
parallels. We can see that meridians and parallels of the surface of rotation
form orthogonal net.

We transform the system (1.11) and (1.12) in the form

e(&n) =y PesEm), v(Emn) =y P& ), (1.20)

where

@3(&m) = e10(§,n) +2(8m), Y3(&m) = vio(&n) +¢2(Em)  (1.21)
where ¢ = £ 4+ in. We obtain

agien + 3| 2 viem =o (122)
N e (123

Consider (1.5) and (1.6). Passing to new independent variables &,7, we
put ¢ = &+in, z = x+iy = f(¢), where the function f(¢) is analytic. Thus
we obtain

p-lklb—‘

Api(&,n) + ‘—‘wlén)—o

(1.23,)
Awl ga wl ga )

We can see from (1.23;) that the systems (1.22), (1.23) and (1.234) co-
incide.
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Recall that the Green’s function for the upper half-plane has the form

G mz,y) = % ln{[(5*1)2+(n+y)2} [(S*w)2+(n*y)2]71}- (1.24)

Here we describe in detail the method of obtaining equations (1.22) and
(1.23). In the meridional plane we introduce the coordinates £, n putting
z=xz(&n), y=1y(&n). If £ and n are the orthogonal coordinates and the
Laplace equation has a solution ¢(x,y), p(z,y) = y~/2p,, then we can
choose the coordinates &, 7, such that the mapping of the (z,y) plane onto
the (&,n) plane is conformal. In addition, we put = 4 iy = f({), where f(¢)
is the analytic function, p(&,n) = y~ 20, (&,7m). Our reasoning is analogous
for equation (1.4) (or for (1.6)).

The Green’s function belongs to a class the fundamental solutions of the
Laplace equation. This function is defined as harmonic, symmetric with
respect to P and @), equal to zero on the boundary [, and analytic at all
points P of the domain, with the exclusion of the points P = @ at which it
has logarithmic singularity, i.e., at the point P of the neighborhood @ the
following relation is fulfilled ([16-20]):

G(P;Q) = 5 Wr(P5Q) + (P Q),

g(P; Q) is the function, analytic everywhere, 7 = \/(z — &)2 + (y — n)? is
the distance between the points P and ), and also, being the function
of P, it has everywhere inside of D;, with the exception of the point @,
the continuous derivatives up to the second order and satisfies both the
Laplace equation and the limiting condition on the boundary. Next, being
the function of P, it has at the point @) singularity corresponding to the
finite charge (or mass) concentrated at the point . The Green’s function
of the Laplace operator for the plane simply-connected domain under the
limiting condition u|; = 0 is tightly connected with the function of conformal
mapping of the above-mentioned domain onto the circle |w| = 1.

g(P; Q) is the harmonic in the domain D; function both of the coordinates
(x,y) and of the coordinates (£,n) ([1-21]).

If d is diameter of the domain D;, then the inequality

0<G(P;Q) < In(d/r)

is valid.
The Green’s function for the circle of radius R = 1 has the form

G(P;Q) = % In (%)

where p = /2 4+ 12 is the distance of the point Q(&,n) from center of the
circle, and 7 is defined as follows:

r= (& —€/p?)?+ (y —n/p*)?
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Consider the inhomogeneous equation

Au(z,y) = —po(z,y). (1.24;)

We seek for a solution of (1.24;), continuous up to the contour of the
domain and satisfying the limiting equation u|; = 0. Such a solution may
be only unique ([1-21]).

An unknown solution has the form

J

or

u(z,y) = %//@o(w,y)ln%d€d77+//g(fc,y;é,n)s@o(«f,n)dfdn- (1.26)
D; D;

The first summand in the right-hand side of (1.26) has inside of D; the
continuous derivatives up to the second order, and its Laplace operator is
equal to [—¢o(&,n)]. It is proved that the second summand in (1.26) can be
differentiated with respect to the coordinates (x,y) of the point P(z,y) as
much as desired under the integral sign. This implies that this summand
is the function, harmonic in D;, because g(P; Q) is the harmonic function
of the point P(z,y). g(P; Q) is the harmonic function of the point ¢ with
limiting values (—5=In7), where r = \/(z — £)? + (y — n)?. It is assumed
that P(x,y) lies inside of D;. Formula (1.25) provides us with a solution of
equation (1.24;) satisfying the condition u|; = 0.

Recall that there exists a generalized solution of the integral equation
(1.25) ([1-20]).

The linear-fractional conformal mapping of the half-plane Im(¢) > 0 onto
the circle |wg| < 1 has the form

14
wo = ii?, (=¢&+1in, wo=u+iv, (1.27)
It follows from (1.27) that
2 2402 -1
: _ S (1.28)

Teraen et
On the other hand, from (1.27) follows

1Wo 2u 1—v°—u
527 77:

C:1+iw07 uz 4+ (1—-v)2’

(1.29)
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2. ONE ESSENTIAL REMARK REGARDING THE SOLUTIONS OF
FREDHOLM EQUATIONS OF SECOND KIND

Consider the simplest Fredholm integral equation of second kind ([15—
20]),

u(z) - A/K(m,t)u(t)dt — (@), (2.1)

where the unknown function u(z) depends on the real variable x which
varies in the same interval [a, b] as the integration variable t.

As is known, this requirement is applied, without exception, to all classes
of integral equations we consider in the present work. The interval [a, D]
may be finite or infinite. The functions K (z,t) and f(x) are assumed to be
given and defined almost everywhere respectively in the square a < x < b,
a <t <band in the interval a < & < b. The function K (z,t) is called the
kernel of the integral equation. It is assumed that the kernel K (x,t) of the
Fredholm equation satisfies the inequality

b b
//|K(x,t)|2dxdt<oo, (2.2)

and the free term of the Fredholm equation satisfies the inequality

b
/|f(:£)|2d:c < o0. (2.3)

We have to consider the Fredholm equation of a more general type.

Let Q be a measurable set in a space of an arbitrary number of variables,
x and t be the points of the set, and p be nonnegative measure defined on
Q). The equation

u() — A / K (o t) u(t)du(z) = f(z), (2.4)
Q

is likewise called the Fredholm equation whose kernel K (x,t) and free term
f(z) satisfy, respectively, the inequalities

[ [ 1K@ 0P dut) <o, [ If@Pdut) <0. (25
Q Q Q

The kernel K(z,t) satisfying (2.5) is called the Fredholm kernel. The
unknown function u(z) is quadratically summable in (a,b), and hence it
belomgs to the Fredholm inequality Ls(a,b). A solution of equation (2.4)
belongs to the space La(u, §2) of functions which are summable quadratically
in © in measure . Inequalities (2.3) and (2.5) imply that the free term of
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the equation belongs to the same space. The parameter A may take real
and complex values.
We denote the volume element by dz and the integral (2.5) by B3 ([18]):

//|K(:E,t)|2d:c dt = B2. (2.6)
Q Q

As is known, the Fredholm equation has either a finite, or a countable set
of characteristic numbers; if those numbers is a countable set, then they tend
to infinity. But there exist kernels having no at all characteristic numbers,
for example, Volterra’s numbers. A complete characteristic of such kernels
is given in the following Lalesco’s theorem. Let K (z,t) be the Fredholm
kernel and K, (z,t) be its iterated kernel. For the kernel K(z,t) to have no
characteristic nymbers, it is necessary and sufficient that

A, = /kzn(x,x)dxzo, n=3,4,5,.... (2.7)
Q

Note that A,, are called the traces of the kernel K (z,t). Lalesco proved
his theorem for the case of bounded kernels, and a general proof of the
theorem has been given by S. N. Krachkovscii ([18]).

The determinant and the Fredholm minors are represented as a quotient
of arbitrary two integral functions of A. In addition, the resolvent poles,
the characteristic numbers of the kernel K (z,t), do not depend on z and t.
Thus the resolvent has the form ([18])

[(x,t;A) = D(z,t; A)/D(N), (2.8)

where D(x,t;\) and D(X) are the integral functions of A. If we manage
in constructing these functions, then the resolvent becomes known, and
a solution of the integral equation can be constructed by the well-known
formula.

For the numerator and denominator of the fraction (2.8) we give repre-
sentations in the form of the following series which are called the Fredholm
series ([1-21]):

D, t) = i CU" 5 . D) = i (211')” CAm,(2.9)
n=1 n=0 ’

where the formulas
Co =1, Bo(z,t) = K(z,t), Cp= /Bn_l(x,x)dx, n >0,
“ (2.10)
B (z,t) = Cp K (x,t) — n/K(ac,T) Bp_1(T,t)dT,
Q

allow one to calculate recursively the coeflicients B,,(x,t) and C,,.
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Below, we will need the well-known ([16-18]) formula

D'(\)/D(\) == ApAn, (2.11)
n=1
where
A, = /Kn(:c,ac)d:c, n=1,23,..., (2.12)
Q

are the above-mentioned traces of the kernel K (x,t).

If the kernel is non-continuous and has the second kind discontinuities,
then the integrals (2.12) defining the coefficients C1, Co, Cs, ..., from for-
mula (2.10) make no sense. When the kernel K (x,t) contains as a multiplier
the Green’s function G(P, Q) which vanishes on the boundary, then this
function has at the point P = @ a logarithmic singularity. Consequently,
the kernel K (z,t) has logarithmic singularity, and the integral

Q/K(:c, x)dx,

defining the coefficient C'; is meaningless. This difficulty can be handled by
putting, for example, C7; = 0 ([18]).
The iterated kernel Ka(s,t) has the form

b
Ks(s,t) = /K(s,tl) K (ty, t)dt. (2.13)

The function Ks(s,t) makes sense for any positions of s and ¢ in [a, b],
since in the most unfavorable case, where s and t coincide, we will have
([16-21]) the following estimate for the integrand function:

M,

‘K(s,tl)K(tl,s)‘ < m

e >0. (2.14)

It is proved that Ksy(s,t) is the continuous function in the square a <
x < b,a <ty <b. Analogously, we estimate the functions

b

K (s,t) = /K(s,tl)Kn_l(tl,t) dt;, n=1,2,3,..., (2.15)
M,
| K (s,t1) K1 (t1,t)] < ————, €4-1 > 0. (2.16)
|S — t1|8"*1
the integral K, (s,t), n =1,2,3,..., makes sense for any positions of s and

t in [a, b], and the estimates of the integrand function have the form (2.16).
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Consequently, we put ([16-21])
A, = /Kn(s,s)ds =0, Ku(s,s]=0, n=1,2,3,.... (2.17)

Then C,, =0,n =1,2,3,.... Taking into account (2.17), it follows from
(2.11) that
D'(\) =0, (2.18)
and from (2.18) follows
D(\) =1. (2.19)

3. SOLUTION OF THE SYSTEM (1.22) AND (1.23)

Recall that the system (1.22) and (1.23) is incompatible. Taking into
account (1.21), we rewrite the system (1.22) and (1,23) as follows:

Fas +iy) |

©2(&,1m) +— / G(& m21,1) w2(21,y1)dw1 dy1 =

(Ilayl)
Im(§)>0
= ¥10(&,m); (3.1)
// &z, y1) Fa tigy) i) [ Yo(z1,y1)dry dyy =
(Ilayl)
Im(§)>0
= ¥10(&,m), (3.2)
where
©10(&m) = —{9010(’5,77)4‘
+ - / G(& m21,71) f (f;:ylﬁl) e10(r1,y1)dr dyl}, (3.3)
PiolEm) = {wm@,n)
- = / G(&,n;21,9) Flot i) +igy)|* Y1o(x1,y1)dey dyl}. (3.4)
Y (9317311) ’

It will be assumed that ¢19(£,7) and 19(¢,n) are the known, self-
conjugate harmonic functions satisfying all the boundary conditions. As
is seen from (3.1) and (3.2), we have obtained the second kind Fredholm
equation. In Section 2 we have proved that the integral equations (3.1) and
(3.2) have no characteristic numbers. Consequently, using the method of
successive approximations, we can construct a solution of (3.1) and (3.2).
But we have to remember that the system (3.1) and (3.2) is incompatible.
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The hydrodynamical problem is assumed to be solved, if either of the
two functions p(z,y) or ¥(x,y) is known. The functions ¢(z,y) and ¥(x,y)
must satisfy the system (1.1) and (1.2) or the system (1.7 and (1.8). So
far, we wrote out these systems due to the fact that these equations are
equivalent. This means that having defined ¢(z,y), we can, by virtue of
o(z,y), find ¥, or vice versa, if we are able to define ¥ (x,y), then it will
not be difficult to find ¢(x,y). Thus we have first to define ¢(x,y) and then
¥(z,y).

We seek for solutions of the integral equations (3.1) and (3.2) by using
the method of successive approximations in the form of the following series:

n=0
) =Y Mo (€,7)- (3.6)
n=0

Substituting the series (3.5) and (3.6), respectively, into the integral equa-
tions and then equating the coefficients with equal degrees of parameters A
and p, we obtain

©2(0) (&5 1) = 10 (€M), (3.7)
Pa(n) (§,m) =
, 2
= // G(&m;71,91) % Pa(n—1)(1,y1)dz1 dy1, (3.8)
Im(¢)>0
V20(§,m) = ¥1(€, M), (3.9)
Yoy (&,m) =
S +iy) |?
/ G(&m;21,91) VYo(n—1)(®1,y1)dz1dys,  (3.10)
(fﬂl,yl)
Im(¢)>0
n=1,23,

Since the integral second kind Fredholm equations have no characteristic
numbers, the series (3.5) and (3.6) converge. Moreover, parameters of the
integral equations (3.1) and (3.2) are, respectively, equal to A = 1/4, u =
—(3/4), hence the series (3.5) and (3.6) are rapidly convergent.
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On the basis of (3.7)—(3.10), we can construct general formulas allowing
one to express every approximations through the free terms.

Recall that the boundary conditions along the symmetry axis x, when
their parts coincide with the boundary I(z), have in terms of the coordinates
(x,y) the form

5 Op Op da Oy .
f—>07 a=1y, a—y—a—aa—y—a—a-Qy—)(),
oYy oY da  OY
— =———=—"2y—0.
dy Oa dy Oa

In terms of the coordinates (£, 1), the boundary conditions along the axis
x have the form

(3.11)

y(&m) =0, g—‘Z:O’ g—f;:()s (312)
o5 o0 (), 0= (@) om0

Suppose that the symmetry axis = or its parts do not coincide with the
boundary of the domain s(z)

y = const # 0, o =1y>,

dp Op _ Oy o (3.15)
3y~ 9o 2y = 90 2 - const; y = const,
(8_1/) . 8_04) . (%) - 2y = const,
Oa 8y p—const Oa (3 16)
oY oY '
(w)pzconst - COHSt, (6_§)p~>const - (8_’17)y~>0 - 0’
(0_90) :(0_908_x+8_¢.3_a@) _
877 y=const ox 67’] Oa 6:(] 877 y—const
_ (Op Ox dp
o (6$ 67’])p:const’ 877 -0 (317)
Let
w(z) = f(z) = ulz,y) +iv(x,y), z==x+1iy (3.18)

be a function of a complex variable z = x +it, and v and v be real functions
of the variables x and y. The necessary and sufficient conditions for the

functions to be analytic are the so-called Cauchy-Riemann conditions u}, =
v, and uy = —v, which imply that Au = 0 and Av = 0, where A is the

Laplace operator.
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Consider the transformations

x=x(u,v), y=1yu,v), (3.19)

u=u(z,y), v=ov(z,y), (3.20)

where u(z,y) and v(z,y) are the conjugate harmonic functions. Thus

the transformations (3.19) and (3.20) are equivalent to the transformation

(3.18). By the Cauchy-Riemann conditions, for the functions w and v, the
following relations ([1-21)

ul +ul =l 4ol =v)+ 0= (2)° usve +uyvy =0, (3.21)

are fulfilled.
Let us find out how the Laplace operator varies for the above transfor-
mation. We obtain

U= U[ (u,v),y(u,v)] = U(u,v), (3.22)
uly +1ully = (Uu + Un) | £/ 2)]. (3.23)

As a result of the transformation w = f(z) = u + 4v, the harmonic in
the domain G function u(x,y) transforms into the function @ = u(x,v),
harmonic in the domain G, if and only if | f/(2)|? # 0 [6].

On the basis of the formula

AU = f(z,y) (3.24)

we can conclude that the function u(z,y) is defined by the formula

1
0) = =5 [ Gl Flen) de dn (3.25)
D

where G(z,y; &, n) is the Green’s function of the Dirichlet problem for har-
monic functions in the domain D, and the function f(z,y) is bounded,
having continuous first derivatives. This function in the domain D is a
regular solution of the Poisson equation ([1-21])

It is proved that the function u(z,y) satisfies the boundary condition

lim u(:c,y) = 07 (:c,y) € Dv (:L'anO) € 5.

(z,y)—(z0,Y0)

Taking into account (1.21) and using (1.22) and (1.23), we obtain

s +ig) |

e10(§,m) + @2(&,m) / G(& m1,m) Syl )

Im(()>0
x [pr0(z1,91) + @2(21,91)] der dys, (3.27)
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far + i) |

9(3017?}1)

vol&n) +vaen) == 5 [[ Gemanm)

Im(¢)=>0
X [Y10(x1,y1) + V2(21, y1)] doy dys . (3.28)
Equalities (3.27) and (3.28) can be rewritten in the form

Fxy +iy) [P
y(lﬂl,yl)

§ 77 - / G § 777xlay1) (‘02(I1,y1)d$1 dyl =

Im(()>0
= »1o(&;m), (3.29)

, L2
3] clemany Pt

Yo (z1,y1)dzr dyr =
y(lﬂl,yl)
Im(¢)>0

= ¢10(&m), (3.30)

where

©10(&m) [9010(6 n)—

Fan +iy) |

- - / G nw1,y1) e10(w1, y1)dry dyr,  (3.31)

(mlayl)
1m(4)>0
Tl’fo(faﬂ) = - |:5010(£a7’)+
+ = / G § 75 T1,Y1) i ((I;l:i_ylly)l) ¢10(I1,y1)dx1 dy1, (3.32)
Im(()>0
f’€+w (Loy 10y\?
‘ (y 85) i (y 877) (3.33)

Suppose that we have solved the plane problem, i.e., constructed analytic
functions allowing us to map conformally the half-plane Im({) > 0 of the
plane ¢ = £ + in onto the circular polygon. For the general discussion, we
assume that there is a circular polygon with m vertices. To find such an an-
alytic function, we have to solve the differrential Schwarz equation of third
order whose solution reduces to that of the differential Fuchs class equation
of second order. The Schwarz equation and, respectively, the corresponding
Fuchs class equation contains 2(m — 3) real unknown parameters. After
integration of Schwarz equation, there appears six parameters of integra-
tion. We compose a system of higher 2(m — 3) trascendent equations and a
system of six equations for finding parameters of integration. The bound-
ary conditions for the problem of filtration involve additionally unknown
parameters.
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Further, using the solutions of plane problems, we construct ¢(§,n),
(&, n) for the systems (1.7) and (1.8) of differential equations of spatial
axisymmetric problems allowing us to construct the functions which map
quasi-conformally the half-plane Im({) > 0 onto the domain of a com-
plex potential and onto the domains of complex velocity, i.e., onto S((z)o),
S(H(0)/o' ().

For three analytic functions we introduce the notation z({) = z(§,n) +
Zy(’fﬂ?)a WO(C) = 900(&77) + “/}0(&77)7 ’UJ(C) = WO(C)/’Z,(C)a Aw(&n) =0,
Ay((&,n) = 0, Ago((&,n) = 0, which map conformally the half-plane
Im(¢) > 0 onto the domain S(z); the liquis motion onto the domains of
a complex potential and onto the domains of complex velocity S(wp). The
method of finding the function S(w'(¢)/0’(¢) is descrived in [1-21].

4. FLow ROUND THE BARRIERS BY THE BOUNDED LIQUID FLOWS

Example 4.1. Fig. 1 of [1, §48] shows one half of the meridional plane
x oy for the problem of flow round the circular cone in a tube ([1]).

Example 4.2. In Fig. 2 of [1, §27] we can see a scheme of the problem
on flow round a circular cone by liquid of finite depth ([1]).

Since the stream function is defined up to the constant summand, we
can put ¢y = 0 on the symmetry axis x, on the cone and on the free sur-
face. But the difference ¥ on the stream surface is equal to the liquid
discharge between these surfaces, divided by 27, hence on the tube walls
1 = mush?/(27), where h is radius of the tube, and v., is velocity of
accumulating flow from the left at infinity ([1, §48]).

A form of free surfaces is unknown beforehand, but on these surfaces we
have the supplementary condition for the constancy of the velocity modulus
v which is equivalent to the constancy of pressure. This condition can be
written as follows ([1-21]):

2 2 2 2
215 (5] = (5 +(50) =
Y or dy Or or
where vg is equal to v on the free surface.

In Fig. 2 ([1, §27]) we see symmetrical jet flow round a circular cone by
the liquid of finite depth, of angle opening 27u. The liquid, flowing out of
a cone is bounded by the cone surface.

Here the use will be made of the solution given in [1, §27[. It will be
assumed that the above-mentioned solution of the plane problem satisfies
all the boundary conditions and this solution is a zero solution of the in-
tegral Fredholm equation of second kind. Successive approximation will be
obtained by formulas (3.7)—(3.10).

The plane problem under consideration is solved by the mapping onto
the unit semi-circle of the plane of parametric variable ¢ (Fig. 3) [1, §6,
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Figs. 2.1, 2.2] of the domains of variation dw/(vodz) and w for the lower
half of the flow shown in Fig. 3 of [1, §36, Figs. 2.1, 2.2].
Here we write the following formulas:

dw

vodz

w=Le-m+ L (5 -0) - Line-e?) - Lng-e ), @12)

= th, (4.1)

where 2¢q is the liquid discharge between the walls HA; and HA.

In formula (4.1), vy denotes velocity on the free surface, h and 3 are the
parameters (Fig. 2).

From (4.1) and (4.2) we find that

t
q ( 1 n 1 1 1 )dt
TV t—h t—hl t—ef t—eiB/)tp’
0

2(t) = (4.3)

If we denote the distance between the walls (diameter of the tube) by 2L
and the velocity at infinity between the walls vy by v, then

VH dw
Vo (vodz> H (44)
and
q
= 4.5
o (4.5)
can be written as
2q Voo
2L = d — =ht 4.6
voht an Vo ( )

The ratios {/L (or a/L) and b/L (Fig. 2 [1, §27]), as well as the angle
with size 27 of the wedge are the geometrical elements defining completely
a family of geometrically similar flows. Unknown parameters i and 3 can
be found from the system of equations

1

b 1 (§ +cos ) | d€
L T« 0/[§+h §+h1_§2+2§+1}§# (4.7)
1
b1 h* 1 2(t — cos f9)
E_EC 7T/ [ e U 2 _2tcosf+1] (48)
0

which define dimensions of the system “Channel-Wedge”; (instead of (4.7)
we can use the equality

a .
= 1- I sin(mp). (4.9)



104 A. TSITSKISHVILI AND N. DZHORBENADZE

Note that a number of cavitations Q1 = v3/v2, — 1 cannot be arbitrary,
because according to the second equality (3.5),

Q1=h"2 1. (4.10)

This implies that in a general case, for 0 < h < 1, a number of cavitations
is @1 > 0. The case @ = 0 responds partially to the symmetric flow of
boundless liquid round the wedge. We will mainly be interested in the
wedge resistance. To calculate the wedge resistance, we obtain a formula by
using the theorem on the variation of momentum projected on the z-axis
to the liquid mass H which is initially bounded by parallel walls, by wedge,
free surfaces and by plane sections drawn at infinity from the left and from
the right, perpendicular to the flow lines.

If we denote pressure and velocity at infinity from the left (the point
H) by poo and ve, respectively, pressure and velocity on the free surface
by po and vy, distribution of liquid pressure along the wedge sides by p(y),
then the resultant of forces acting on the liquid mass M will be equal to
(Poo — p0)2L — X, where

y(B1)
X = / (p — po)dy (4.11)
y(B)
is the wedge resistance. Denoting by ©g the angle which forms with the
axis z the flow velocity of jets A1Eq1B; (Fig. 2, [1, §27, 6.1]) at infinity,

then the increment of momentum of the liquid mass M per unit of time will
be equal to

2qpo cos Og — 2¢Pruo. (4.12)
Thus the theorem on the variation of momentum for M provides us with
(Poo — P0)2L — X = 2qpg cos O — 2¢puec. (4.13)
whence using Bernoulli’s integral and replacing 2g by 2Lv.,, we obtain
X = g(’ug —v2)2L + p2L(v2, — voovp cos Op), (4.14)
or )
X = 2LU§O(;)TO - 2% cos O + 1). (4.15)

Thus we find the coefficient of the wedge resistance:

x

X L 2
(“—0 - 25—0 c0s g + 1). (4.16)

vZ I

- pv2.lsin(mp) - Isin(mp)
To find the angle Oy, it suffices to put in (3.1) t = €*’ (the point E), and
since at the point E we have dw/(vodz) = €0, therefore

@0 = ﬁu. (417)
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