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AN APPROXIMATE SOLUTION OF EQUATION OF
AXISYMMETRIC MAGNETOHYDRODYNAMIC LAMINAR
BOUNDARY LAYER UNDER THE ACTION OF
A STRONG MAGNETIC FIELD

J. SHARIKADZE

ABSTRACT. We consider the motion in an axisymmetric magnetohy-
drodynamic boundary layer under the action of an exterior strong
magnetic field. The problem is solved in an induction-free approxi-
mation. The first two approximations of the problem are found, and
physical characteristics of the boundary layer are defined.
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We place the axes z and y in the plane of meridional channel cross-section
along the generatrix and normal to it. We denote the corresponding compo-
nents of the velocity vector on the boundary layer by u and v. Since in the
case under consideration the velocity vector of the external flow has, besides
the axial constituent Uy, the circumferential constituent W, the velocity
in the boundary layer will likewise have a circumferential constituent which
we denote by w.

In this case, the system of equations of the magnetohydrodynamic bound-
ary layer in an incompressible isotropic conductive liquid takes the form (1,

2)):
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Oou  Ov
2 + 7y =0.
with the boundary conditions
u=v=w=0 for y=0,

(2)

It can be shown that the components of stress of electric and magnetic fields
are the functions of the longitudinal component, i.e.,

E,=E,(z), H,=Hy(x).

u—Ux(z), w— Wx(r) as y— oo.

We omit the pressure gradient and the component of electric field strength
by means of the Euler equations

dUs — p2oH? 19P
UOOL+MO— yUoo:*_a—,
dr p Ox 3)
AWoe 2o H?2
U= Mg B0y g
dx p

The latter equation of the system (3) shows that the electric and magnetic
fields are connected with hydrodynamic characteristics of the external flow
(It 2)).

Thus using the relation (3), the basic system of equations (1) can be
rewritten as

ou ou dUs ,u2aHy2 0%u
ow  dw AWy p°cH; d*w
- - — Uoco— oo T a5 9 4
u8$+v0y U Ir + ; (W, w)+1/6y2 4)
or Oy

with the boundary conditions (2).
The last equation of the system (4) allows us to determine the velocity

Y

Ju
U(Zay) = 7/%‘&/7

0

which we substitute into the first two equations (4). Thus we obtain

y
0%u Ou Ou [ Ou dUo
75 T NUx —u)=u= = [ 72dy —Uso——,
V@yQ +N(U. u) “or oy | Ox y-U dx
) ’, (5)
o0*w ow Jw [ Ju dWs
a 9 N oo T = a0 4 a - oo 7
Y 0y? + N(W. w) =u ox 0Oy ) Ox dy =U dx
0
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where we have introduced the notation

oplH 5
P

We now pass to the following new variables:

€: T, 2= \/gyv u(x,y) = f(5,2)7 w(x’y) = (,0(5,2)- (7)

Then the system (5) takes the form

N =

o2f . 1[.0f Of [0f AU
57 —N[a—g—a a—gdZ—de—g]Ww
0
2 : 0
Po 1 8_90*8_90/% _ . W
922 “”N[ag 9z | 9@ Ve | T Weer

0
and the boundary conditions (2) take the form

f(f,Z) =0, ga({,z) =0, for 2=0, (9)

As is assumed, the applied magnetic field H, is strong, the parameter N
will be large, and the value % = ¢ will be small. Therefore the solution (8)
can be represented as follows:

o0 n
_ of _of [0F 1 s
res =) ve [ 1ot - 3 [ Shay - v S ot man
0 0
o n
Op Op [0Of dWeo
= A  a_ s — Voo™ S+ ) ) 1
o6 = i) e [ |152 - 52 [ San - v = Geoman, (10
0 0
where fo(&, z) and (&, z) are the solutions of the problems
82
anO _fO:_UOO7 f0(€70)207 fO(g;OO):Uocn
o0, -
W_()DO:_W(XM 900(670):07 @O(&OO):Wom
and G(z,n) is the Green’s function of the problem
82—G—G—O G(0,n7) =0, G( )=0
822 ] 777 - 00777 - Y-

It has the form

1
- Gizm) = 5 [e—<n+z> _ e—(n—z)] 0<z<m, -
G(z,m) = 12
1
Ga(z,m) = —3 [e_(z_”) — e_(z"’”)} n <z < oo,
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A solution of the system (10) is sought in the form of a series in degrees ¢

(3, 6]):
f(gaz) = ngfk(gaz)a (,0(5,2) = ng(pk(gaz) (13)
k=0 k=0

Substituting the series (13) into the system (10) and equating the coeffi-
cients with the same degrees €, we obtain the following recurrence relations:

fo(§:2) =Up(1 —e7), (14)
0o n
T 00 0% foR, . dUs
niea) = [ |no -5 [ - v |cman, a5)
0 0

wo(€,2) = Weo(1 —e7%), (17)
oo n
lioe0 0w fone, . i
0 0

The above relations in the first two approximations result in

fo(§,2) =Usc(1 = €77), ¢o(§ 2) =We(l—e7), (20)
fi(E,z) = — %Um‘"é—goze—a (21)
o1(€,2) :Uoodd%( - %e—z + ée_QZ)—i—

+ Wm%(— %ze_z + ée_QZ - %e—2>. (22)

Finally, for the velocity components we have the following expressions:

Ula,9) %fo(62) + 316 2) = Uns()(1 — ™)
11, iUy

_ -z 9
ON"®Tae *¢ (23)
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W(z,y) ~po(§, 2) + %@1(5,2) =W (&)(1 —e ®)+

1 dWOO —z —2z
+6_NUood—f(_e +e )+

1 dU 1 _ 1 1 _

— — | — = 4= ——e 7). 24
+NW°° i ( 52€ —|—6e g€ ) (24)

For the skin friction we have

ou IN 0 (f n 1 f)
T =U— = — U— — =
“ay y=0 v Mc‘)z 0T Nt
1 dU.
r= ) N 2( L )=
—# oy ly=0 Vv u@z PO N T
/N 1 dWs 21 dUs
=5 W = gy U= — 33 W) (26)
If Uy = const and W, = const, then the above relations yield
N N
T‘ =1/ —Ux, T‘ =1/ —Wx.
U =const 14 Uso =const, W, =const 14

We can see from (25) that the skin friction 7 = ug—Z|y:0 does not depend on
the circumferential constituent Wo,, and (26) shows that the skin friction
T = u%—Z’|y = 0 depends not only on the axial constituent, but also on the
circumferential constituent of the external velocity and their derivatives. If
these values are constant, then the skin frictions depend on u., and W
only in the first degree and also on the parameter of the external magnetic
field N—1/2. For strong magnetic fields the skin frictions grow just as N /2,
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