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FREDHOLMNESS OF SINGULAR INTEGRAL

OPERATORS IN WEIGHTED MORREY SPACES

N. SAMKO

Abstract. We study the well known singular integral equations with
Cauchy kernel, in weighted Morrey spaces Lp,λ(Γ, ̺) on a curve Γ
on the complex plane. We give conditions for these operators to be
Fredholm and give the formula for their Fredholm index in these non-
separable spaces. Also, in relation with the wide usage of singular
integral equations in applications, we show how the known formulas
for the solution, adjusted for Morrey spaces, allow to easily control
these or those desired properties of solutions by means of parameters
p and λ and parameters of the weight ρ.

îâäæñéâ. ïð�ðæ�öæ öâïû�ãèæèæ� ç�îà�á ùêë�æèæ ïæêàñè�îñèæ

æêðâàî�èñîæ à�êðëèâ�â�æ çëöæï àñèæå çëéìèâóïñîæ ïæ�îðõæï

Γ ûæîäâ à�êï�ä�ãîñè ûëêæ�ê éëîæï L
p,λ(Γ, ̺) ïæãîùââ�öæ. á�á-

àâêæèæ� �é ëìâî�ðëîâ�æï òîâáÿëèéñîë�æï ìæîë�â�æ á� �é �î�-

ïâì�î��âèñî ïæãîùââ�öæ éæ�â�ñèæ� òîâáÿëèéñîë�æï æêáâóïæï

òëîéñè�. à�éëõâêâ�â�öæ ïæêàñè�îñèæ æêðâàî�èñîæ à�êðëèâ�â-

�æï éêæöãêâèëã�ê îëèå�ê á�ç�ãöæîâ�æå, ê�øãâêâ�æ� åñ éëîæï ïæã-

îùââ�äâ éëîàâ�ñèæ �éëê�ýïêâ�æï ùêë�æèæ òëîéñèâ�æ îëàëî æú-

èâãæ�ê é�åæ �é� åñ æé åãæïâ�â�æï à�çëêðîëèâ�æï ï�öñ�èâ��ï p
á� λ ì�î�éâðîâ�æï� á� ρ ûëêæï éâöãâë�æå.

1. Introduction

Singular integral operators

Au : = a(t)u(t) + b(t)(Su)(t), (Su)(t) =
1

πi

∫

Γ

u(τ)

τ − t
dτ, t ∈ Γ (1.1)

are well studied in various function spaces, for instance in the spaces Lp(Γ, ̺)
or Hλ(Γ, ̺), or in Orlicz spaces, see, for instance, [3], [8], [12], [13], [16],
[26]. Recently there appeared investigations of singular integral equations in
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some non-standard spaces such as generalized Lebesgue spaces with variable
exponent, see [15], [17], [18], [19], [27], [28].

Meanwhile, they exists a scale of rather ”standard” spaces, the scale of
Morrey spaces Lp,λ(Γ), 0 ≤ λ < 1, which never were used for the study of
normal solvability of singular integral equations, although there are widely
known and intensively used in Partial Differential Equations, see for in-
stance [9]. The modification of the Morrey spaces for λ ≥ 1, known as
Morrey-Campanato spaces, in the case 1 < λ ≤ 1 + p is isomorphic to the

Hölder space H
λ−1

p (Γ) of order λ−1
p

, so Morrey-Campanato spaces, with λ

in this interval, do not give a new scale for the theory of singular integral
equations. This is not the case in the interval 0 < λ < 1 we deal with in this
paper. Within this interval, the Morrey space is a subspace of p-integrable
functions, whose regularity is measured not in uniform terms like in Hölder
spaces, but in mean value terms.

As is well known, the nature of the solvability of the singular integral
equation Nu = f does not depend much on the choice of the space for so-
lutions u, provided that the curve Γ is closed, the singular operator S is
bounded and the coefficients are continuous functions and pointwise multi-
pliers in the chosen space. This is no more true when the coefficients a(t)
and b(t) are discontinuous or the curve is open, since solutions in general
have singularities at the end-points of the curve and at the points of dis-
continuity of the coefficients. In this case, the existence of various scales
of function spaces becomes more important: making use of the parameters
which define the space, one can control these or other properties of solu-
tions. The usage of the weighted Lebesgue spaces Lp(Γ, ̺) as in [12], [13]
allows to control the integrability properties of solutions, which in applica-
tion is usually reduced to controlling the order of singularities of solution at
end points of the curve. When singular equations are studied in weighted
generalized Lebesgue spaces Lp(·)(Γ, ̺) with variable exponent p(t), then in
the control of singularities of solutions, one should can restrict the values
of p(t) only at a given set of points, see [19], where there was also given
a certain general scheme of investigation of singular integral equations in
Banach function spaces. Looking for solutions in Hölder spaces with power
type singularities as in [8], [26] or in weighted Hölder spaces Hλ(Γ, ̺) as
in [4], [5], [6], allows to obtain solutions continuous everywhere except for
a certain set of points, with controlled singularities at those points and a
given order of smoothness (the Hölder exponent λ). An extension to the
case of generalized Hölder spaces Hω(Γ, ̺) with a prescribed majorant ω
of continuity modulus, may be found in [30], [29], [32], see also [33] for the
realization of this extension in cases important for applications.

In this paper we consider singular integral equations in weighted Morrey
spaces Lp,λ(Γ, ̺). The nature of the solvability of singular integral equations
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in Morrey spaces was never explicitly observed, although the research follows
more or less the same lines as for other spaces used in the theory of singular
integral equations. Observe that the Morrey spaces Lp,λ(Γ, ̺) are non-
separable in the case λ 6= 0, which causes some known difficulties in the
study of their solvability in these spaces, thus the case of Morrey spaces
having common features with the case of other non-separable spaces, such as
for instance Hölder or generalized Hölder spaces. In this case the behaviour
of solutions is controlled by the parameters p, λ and also by the parameters
of the weight. We admit power or, more generally, weights of Bary-Stechkin
type. The exponent p and the weight allow to locally control properties
of solutions, while the parameter λ in a certain sense is more related to
properties expressed in the terms of mean value behaviour.

2. Preliminaries

2.1. On weighted Morrey spaces on Carleson curves. Let Γ be a
bounded rectifiable curve on the complex plane C. We denote τ = t(σ), t =
t(s) where σ and s stand for the arc abscissas of the points τ and t, and
dµ(τ) = dσ will stand for the arc-measure on Γ. We also use the notation

Γ(t, r) = {τ ∈ Γ : |τ − t| < r} and Γ∗(t, r) = {τ ∈ Γ : |σ − s| < r},
so that Γ∗(t, r) ⊆ Γ(t, r), and denote ℓ = µΓ = length of Γ.

Definition 2.1. A a curve Γ is said to be a Carleson curve, if µΓ(t, r) ≤
Cr for all t ∈ Γ and r > 0, where C > 0 does not depend on t and r. A
curve Γ is said to satisfy the arc-chord condition at a point t0 = t(s0) ∈ Γ,
if there exists a constant k > 0, not depending on t such that

|s − s0| ≤ k|t − t0|, t = t(s) ∈ Γ. (2.1)

Finally, a curve Γ is said to satisfy the (uniform) arc-chord condition, if

|s − σ| ≤ k|t − τ |, t = t(s), τ = t(σ) ∈ Γ. (2.2)

In the sequel Γ is always assumed to be a Carleson curve.
The Morrey spaces Lp,λ(Γ) on Γ are defined in the usual way, via the

norm

‖f‖p,λ := ‖f‖Lp,λ(Γ) = sup
t∈Γ,r>0

{
1

rλ

∫

Γ(t,r)

|f(τ)|p dµ(τ)

} 1
p

, (2.3)

where 1 ≤ p < ∞ and 0 ≤ λ ≤ 1. For a non-negative weight function ̺(t)
the weighted space Morrey space is introduced as

Lp,λ(Γ, ̺) = {f : ̺f ∈ Lp,λ(Γ)} (2.4)

with

‖f‖p,λ;̺ := ‖f‖Lp,λ(Γ,̺) = ‖̺f‖Lp,λ(Γ). (2.5)
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Embeddings of non-weighted Morrey spaces ([22], Theorem 4.3.6 or [9],
Chapter III, Proposition 1.1) known for bounded domains in Rn, hold also
on Carleson curves, the proof being the same, based only on the usage of
the Hölder inequality and the fact that µΓ(t, r) ≤ Cr. Hence we have the
following embedding for weighted spaces as well.

Lemma 2.2. Let Γ be bounded Carleson curve, ̺ a weight function, let
1 ≤ p ≤ q < ∞, 0 ≤ λ ≤ 1 and 0 ≤ µ ≤ 1. If

1 − λ

p
≥ 1 − µ

q
(2.6)

then

Lq,µ(Γ, ̺) →֒ Lp,λ(Γ, ̺). (2.7)

Corollary 2.3. Let Γ be bounded Carleson curve, ̺ a weight function,
1 ≤ p < ∞, 0 ≤ λ ≤ 1. Then

Lp,λ(Γ, ̺) →֒ Lp1(Γ, ̺) for any 1 ≤ p1 ≤ p

1 − λ
, (2.8)

where →֒ stands for the continuous embedding.

2.2. On admissible weight functions. In the sequel, we will deal with
weights of the form

̺(t) =
N∏

k=1

ϕk(|t − tk|), tk ∈ Γ. (2.9)

Although the functions ϕk should be defined only on [0, d], where d =
diamΓ = supt,τ∈Γ |t− τ | < ℓ, everywhere below we consider them as defined
on [0, ℓ].

Let W be the class of continuous functions ϕ on [0, ℓ], positive on (0, ℓ],
and let W0 be the subclass of almost increasing functions ϕ ∈ W vanishing

at the origin: ϕ(0) = 0. By W̃ we denote the class of functions ϕ ∈ W such
xαϕ(x) ∈ W0 for some α = α(ϕ) > 0.

Let x, y ∈ (0, ℓ] and x+ = max(x, y), x− = min(x, y). By V++ and V−+

we denote the classes of functions ϕ ∈ W defined by the following conditions

V++ :

∣∣∣∣
ϕ(x) − ϕ(y)

x − y

∣∣∣∣ ≤ C
ϕ(x+)

x+
, (2.10)

V−+ :

∣∣∣∣
ϕ(x) − ϕ(y)

x − y

∣∣∣∣ ≤ C
ϕ(x−)

x+
. (2.11)

Example 2.4. Let α, β ∈ R1 and A > ℓ. Then

xα

(
ln

A

x

)β

∈
{

V++, if α > 0, β ∈ R
1 or α = 0 and β ≤ 0

V−+, if α < 0, β ∈ R1 or α = 0 and β ≥ 0.
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For brevity we denote ‖f‖p =

(∫
Γ

|f(τ)|pdµ(τ)

) 1
p

, so that

‖f‖p,λ = sup
t,r

∥∥∥∥
χΓ(t,r)(·)

r
λ
p

f(·)
∥∥∥∥

p

. (2.12)

2.3. Matuszewska-Orlicz type indices of weights. It is known that the
property of a function to be almost increasing or almost decreasing after the
multiplication (division) by a power function is closely related to the notion
of the so called Matuszewska-Orlicz indices. We refer to [14], [20, 21], [23]
(p. 20), [24], [25], [30], [31] for the properties of the indices of such a type.
For a function ϕ ∈ W0, the numbers

m(ϕ) = sup
0<x<1

ln

(
lim sup

h→0

ϕ(hx)
ϕ(h)

)

lnx
= lim

x→0

ln

(
lim sup

h→0

ϕ(hx)
ϕ(h)

)

lnx

and

M(ϕ) = sup
x>1

ln

(
lim sup

h→0

ϕ(hx)
ϕ(h)

)

lnx
= lim

x→∞

ln

(
lim sup

h→0

ϕ(hx)
ϕ(h)

)

ln x

are known as the Matuszewska-Orlicz type lower and upper indices of the
function ϕ(r). Note that in this definition ϕ(x) need not to be an N -
function: only its behaviour at the origin is of importance. Observe that

0 ≤ m(ϕ) ≤ M(ϕ) ≤ ∞ for ϕ ∈ W0.

It is obvious that

m[xλϕ(x)] = λ + m(ϕ), M [xλϕ(x)] = λ + M(ϕ), λ ∈ R
1. (2.13)

Consequently,

−∞ < m(ϕ) ≤ M(ϕ) ≤ ∞ for ϕ ∈ W̃ .

Definition 2.5. We say that a function ϕ ∈ W0 belongs to the Zygmund

class Zβ , β ∈ R1, if
∫ h

0
ϕ(x)
x1+β dx ≤ cϕ(h)

hβ , and to the Zygmund class Zγ ,

γ ∈ R1, if
∫ ℓ

h

ϕ(x)
x1+γ dx ≤ cϕ(h)

hγ . We also denote

Z
β
γ := Z

β
⋂

Zγ ,

the latter class being also known as Bary-Stechkin-Zygmund class [2].

The following statement is known, see [14], Theorems 3.1 and 3.2.

Theorem 2.6. Let ϕ ∈ W̃ and β, γ ∈ R1. Then

ϕ ∈ Z
β ⇐⇒ m(ϕ) > β and ϕ ∈ Zγ ⇐⇒ M(ϕ) < γ.
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Besides this

m(ϕ) = sup

{
δ > 0 :

ϕ(x)

xδ
is almost increasing

}
, (2.14)

and

M(ϕ) = inf

{
λ > 0 :

ϕ(x)

xλ
is almost decreasing

}
. (2.15)

Remark 2.7. Theorem 2.6 was formulated in [14] for β ≥ 0, γ > 0 and
ϕ ∈ W0. It is evidently true when these exponents are negative, and for

ϕ ∈ W̃ , the latter being obvious by the definition of the class W̃ and
formulas (2.13).

2.4. On the boundedness of the singular operator in weighted Mor-

rey spaces. The following theorem was proved in [34].

Theorem 2.8. Let the curve Γ satisfy the arc-chord condition, 1 < p <
∞, 0 ≤ λ < 1, and ̺ be weight (2.9).
I) The operator SΓ is bounded in the Morrey space Lp,λ(Γ, ̺), if

λ − 1

p
< m(ϕk) ≤ M(ϕk) <

λ

p
+

1

p′
, k = 1, 2, . . . , N. (2.16)

II) in case of power weights ϕk(r) = rαk , under the additional assumption
that Γ is smooth in neighborhoods of the nodes tk of the weight, the con-
ditions λ−1

p
< αk < λ

p
+ 1

p′ , k = 1, 2, . . . , N, are also necessary for the

boundedness.

2.5. On some basics related to Fredholmness. We recall that a linear
operator A in a Banach space X is called Fredholm if its kernel kerA :=
{u ∈ X : Au = 0} has a finite dimension α := dim(kerA) < ∞, the range
R(A) := {f ∈ X : f = Au, u ∈ X} is closed in X and has a finite dimension
β := dim(R(A)) < ∞. Following [10], the ordered pair (α, β) will be referred
to as d-characteristic of the operator A. The difference IndXA := α − β is
called the index of A.

We will need some notions known in the Fredholm theory of singular in-
tegral operators with piecewise coefficients and presented in the form most
convenient for our goals in [19]. The following definitions are some modifi-
cations of notions taken from [19], the main modification being related to
omission of the assumption that ”nice” functions are dense in the space X .
What is exposed below, will be used in Section 3 for the case X = Lp,λ(Γ, ̺).

Let X = X(Γ) be any Banach space of functions on a closed simple
Jordan rectifiable curve Γ satisfying the following assumptions:

(1) C(Γ) ⊂ X(Γ) ⊂ L1(Γ),
(2) ‖a f‖X ≤ sup

t∈Γ
|a(t)| · ‖f‖X for every a ∈ L∞(Γ),

(3) the operator S is bounded in X(Γ),
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(4) for the space X(Γ) there exist two functions α(t) and β(t), 0 <
α(t) < 1, 0 < β(t) < 1, such that the operator |t − t0|γ(t0)S|t −
t0|−γ(t0)I with t0 ∈ Γ is bounded in the space X(Γ) for all γ(t0) ∈
(−α(t0), 1 − β(t0)).

Let D+ = int Γ, D− = ext Γ, z0 ∈ D+. For a function a ∈ PC(Γ) with
jumps at tk, k = 1, 2, . . . , N , we put

γ(t) =
1

2πi
ln

a(t − 0)

a(t + 0)
and ω(t) =

n∏

k=1

(t − z0)
γ(tk)
k (2.17)

where the functions ωk(z) = (z − z0)
γ(tk)
k stand for univalent analytic func-

tions in the complex plane with the cut passing from z0 to infinity through

the point tk ∈ Γ and which crosses Γ at tk only. The function a1(t) = a(t)
ω(t)

is continuous on Γ independently of the choice of the branch for

ℜγ(tk) =
1

2π
arg

a(tk − 0)

a(tk + 0)
. (2.18)

Definition 2.9. ([19]) Let X(Γ) be a Banach function space satisfying
the above assumptions 1.-3. A function a ∈ PC(Γ) is called X-nonsingular
if inf

t∈Γ
|a(t)| > 0 and

1

2π
arg

a(tk − 0)

a(tk + 0)
/∈ [α(tk), β(tk)] + Z (2.19)

where [· · · ] + Z stands for the set
⋃

ξ∈[··· ]{ξ, ξ ± 1, ξ ± 2, . . . }. When a is

X-nonsingular, the integer

indX a =

n∑

k=1

[θ(tk) −ℜγ(tk)] (2.20)

is called X-index of the function a, where θ(tk) = 1
2π

tk+1−0∫
tk+0

d arg a(t) are

increments of the argument and ℜγ(tk) are chosen in the interval β(tk)−1 <
ℜγ(tk) < α(tk).

In the case X = Lp,λ(Γ, ̺), according to Theorem 2.8 we have

α(t)=
1−λ

p
+

{
m(ϕk), t= tk
0, t 6= tk

, β(t) =
1−λ

p
+

{
M(ϕk), t= tk
0, t 6= tk.

(2.21)

Observe that in the case where ϕk(r) = rαk is a power function, the values

α(t) =
1 − λ

p
+

{
αk, t = tk
0, t 6= tk

, β(t) =
1 − λ

p
+

{
αk, t = tk
0, t 6= tk.

(2.22)
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are exact, that is, the operator |t − t0|γ(t0)S|t − t0|−γ(t0)I is not bounded
in the Morrey space X = Lp,λ(Γ, ̺) when γ(t0) /∈ (−α(t0), 1 − β(t0)), see
Theorem 2.8.

A function a ∈ PC(Γ), infΓ |a(t)| > 0, is X-nonsingular with X =
Lp,λ(Γ, ̺), if

1

2π
arg

a(tk − 0)

a(tk + 0)
− λ

p
/∈

[
−1

p
− m(ϕk),

1

p′
− M(ϕk)

]
+ Z (2.23)

which turns into

1

2π
arg

a(tk − 0)

a(tk + 0)
6= λ − 1

p
− αk (mod 1) (2.24)

in the case ϕk(r) = rαk .

3. Formulations of the Main Result

We assume that a(t), b(t) ∈ PC(Γ) and tk, k = 1, 2, . . . , m, are points
of discontinuity of a(t), b(t). When saying in the following theorem that a
point tk ∈ Γ is not a whirling point of Γ, we mean that

sup
t∈Γ

t6=t0

| arg(t − t0)| < ∞.

Theorem A. Let a closed curve Γ satisfy the arc-chord condition, let
a(t), b(t) ∈ PC(Γ) and ̺(t) be weight (2.9). Suppose also that the points
tk are not whirling points of Γ. The operator A is Fredholm in the space
Lp,λ(Γ, ̺), 1 < p < ∞, 0 ≤ λ < 1, if inft∈Γ |a(t) ± b(t)| 6= 0, and

1

2π
arg

g(tk − 0)

g(tk + 0)
− 1 − λ

p
/∈ [m(ϕk), M(ϕk)] + Z, k = 1, 2, . . . , n, (3.1)

where g(t) = a(t)+b(t)
a(t)−b(t) . The index of the operator A in the space Lp,λ(Γ, ̺)

is equal to the Lp,λ-index of the function g:

IndLp,λ(Γ,̺)A = −indLp,λ(Γ,̺)g(t) := κ

(and the d-characteristic is equal to (κ, 0), if κ ≥ 0 and (0, |κ|), if κ ≤ 0).

4. Proof of Theorem A

Observe, that the statement of Theorem A is like a particular case of
general Theorem A in [19] for Banach spaces X(Γ). However, Theorem C in
[19] was proved for separable spaces X(Γ), which is not the case when X(Γ)
is Morrey space. It may be also observed that the proof of the sufficiency
part in [19] after some modifications is valid for non-separable spaces X as
well. For the completeness of the presentation we present a direct short
proof of our Theorem A without the usage of dense sets in X = Lp,λ(Γ, ̺).
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4.1. On compactness of the commutator Sg − gS in Lp,λ(Γ, ̺).

Lemma 4.1. Let the curve Γ satisfy the arc-chord condition, let g ∈ C(Γ)
and ̺ - weight (2.9). Under the assumptions 1 < p < ∞, 0 ≤ λ < 1 and
condition (2.16), the commutator SΓg − gSΓ is compact in the weighted
Morrey space Lp,λ(Γ, ̺), with weight (2.9).

Proof. The statement of the lemma follows from Theorem 2.8 and the fact
that continuous functions may be uniformly approximated on Γ by rational
functions. The latter is valid for an arbitrary Jordan curve Γ, as is known
from the famous Mergelyan’s result, see for instance [7], p. 169. This fact
is known, having being observed in [19], p. 71, for an arbitrary Banach
function space X(Γ) on an arbitrary curve Γ in which the singular operator
S is bounded. �

4.2. Standard lemmas. For a function G(t) = a(t)−b(t)
a(t)+b(t) we put

G(t) = W (t)G0(t), W (t) =
n∏

k=1

(t − z0)
γk =

n∏

k=1

W+
k (t)

W−

k (t)
,

where W±

k (t), t ∈ Γ, are the limiting values of the functions W±

k (z) =

(z− tk)γk , W−

k (z) =
(

z−tk

t−z0

)γk

analytical in D+ and D−, resp. As is known

[8], G0(t) ∈ C(Γ) under the choice γk = 1
2πi

ln G(tk−0)
G(tk+0) independently of

the choice of a branch of the logarithm. (Recall that tk are assumed to be
different from whirling points of the curve). In the operator form we have

Au = A(t)

(
a0I + b0W

+S
1

W+

)
(P+ + WP−)u (4.1)

where P± = 1
2 (I ± S), W+(t) =

∏n
k=1 W+

k (t), a0(t) = 1+G0(t)
2 , b0(t) =

1−G0(t)
2 , A(t) = a(t)+ b(t). The following lemma justifies the usage of (4.1)

for u ∈ Lp,λ(Γ, ̺).

Lemma 4.2. Let Γ be a curve satisfying the arc-chord condition, ̺ be
weight (2.9) and a(t), b(t) ∈ PC(Γ). Under condition (2.16), representation
(4.1) is valid for u ∈ Lp,λ(Γ, ̺), 1 < p < ∞, 0 ≤ λ < 1, under the choice

λ − 1

p
− m(ϕk) < ℜγk <

λ

p
+

1

p′
− M(ϕk), k = 1, 2, . . . , N. (4.2)

Proof. To verify (4.1) on Lp,λ(Γ, ̺), we first note that it is valid, as is known,
on ”nice” functions u(t), and the operators P± and W+S 1

W+ involved in

representation (4.1) are bounded in Lp,λ(Γ, ̺), which follows from Theorem
2.8.



60 N. SAMKO

This is not yet sufficient for the justification, since the space Lp,λ(Γ, ̺)
is not separable, no set of ”nice” functions being dense in Lp,λ(Γ, ̺). To
justify the validity of (4.1) for all u ∈ Lp,λ(Γ, ̺), it suffices to observe that

Lp,λ(Γ, ̺) ⊂ Lp1(Γ, ̺), p1 =
p

1 − λ
(4.3)

according to embedding (2.8) and inequalities (4.2) may be rewritten as

− 1

p1
− m(ϕk) < ℜγk <

1

p′1
− M(ϕk),

which also guarantees the boundedness of the operators P± and W+S 1
W+

in the space Lp1(Γ, ̺) according to the same Theorem 2.8 with λ = 0 and p
replaced by p1. �

Lemma 4.3. Let Γ be a curve satisfying the arc-chord condition, ̺ be
weight (2.9) satisfying assumption (2.16), and a(t), b(t) ∈ PC(Γ). Under
condition (4.2), the operator P+ + WP− is invertible in Lp,λ(Γ, ̺).

Proof. The equalities

W+

(
P+ +

1

W
P−

)
1

W+
(P+ + WP−) u =

= (P+ + WP−)W+

(
P+ +

1

W
P−

)
1

W+
u = u

are well known, see for instance [11], p.352, or [13], being easily verified on
nice function. Extension of these equalities to functions in Lp,λ(Γ, ̺) can be
done in the same way as in the proof of Theorem 10.1, basing on imbedding
(4.3). �

Lemma 4.4. Let Γ be a curve satisfying the arc-chord condition and
a, b ∈ C(Γ), a(t) ± b(t) 6= 0. The operator A = aI + bS is Fredholm in the
space Lp,λ(Γ, ̺) with weight (2.9) satisfying assumption (2.16), its index is
equal to κ = ind G(t), where ind G(t) is the winding number of G(t), and
its d-characteristics is (κ, 0) when κ ≥ 0 and (0, |κ|) otherwise.

Proof. Similar statements in case of continuous coefficients are well known
for a more general setting of a class of Banach function spaces, the Fredholm-
ness of the operator not depending much on the choice of the space when
coefficients of are continuous, see for instance [19], p. 71. Observe that
the Fredholmness itself is a consequence of the existence of the regularizer

1
a2−b2

(aI − bS), which in checked directly thanks to the compactness of the
commutator provided by Lemma 4.1. The statement on the d-characteristic
follows from the embeddings

Hλ(Γ) ⊂ Lp,λ(Γ, ̺) ⊂ Lp(Γ, ̺)
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and the fact that the d-characteristic of the operator aI + bS in the spaces
Hλ(Γ) and Lp(Γ, ̺) is exactly the same. �

4.3. Proof itself of Theorem A. This proof is prepared by Lemmas 4.2-
4.4. By condition (5.4), we can choose the numbers ℜγk in the interval (4.2).
Then by Lemma 4.2, the representation (4.1) is valid. For Fredholmness of
the operator A = aI + bS it remains to refer to Lemmas 4.2-4.4. As regards
the index, by Lemmas 4.3 and 4.4, we have Ind A = ind G0(t) and it remains
to note that ind G0(t) is nothing else but −indLp,λ

1
G

, by the construction
of G0(t).

5. The Case of an Interval of the Real Line

Because of applications, the case of an interval of the real line is of especial
interest. We consider equations over the interval Γ = [0, 1] of the real line:

Aϕ(x) := a(x)ϕ(x) +
b(x)

π

1∫

0

ϕ(t) dt

t − x
= f(x), 0 < x < 1 (5.1)

and assume that a(x) and b(x) are continuous real-valued functions.
For this case we derive the corresponding corollary to Theorem A. So

we may apply Theorem A and deal with two points t = 0 and t = 1 of
discontinuities of the coefficients and the weight with nodes at the end-
points of the interval:

ρ(x) = ϕ0(x)ϕ1(1 − x). (5.2)

5.1. Conditions of normal solvability and formula for the index.

Let

θ(x) : = arg
a(x) − ib(x)

a(x) + ib(x)
(5.3)

with the choice θ(0) ∈ [0, 2π). From Theorem A we obtain the following
statement, accompanied also by formulas for the general solution in the next
subsection.

Corollary 5.1. Let a, b ∈ C([0, 1]) and ̺(t) be weight (5.2). The operator
A is Fredholm in the space Lp,λ([0, 1], ̺), 1 < p < ∞, 0 ≤ λ < 1, if

inf
0<x<1

(|a(x)| + |b(x)|) 6= 0,

and
θ(0)

2π
− 1 − λ

p
/∈ [m(ϕ0), M(ϕ0)] + Z,

θ(1)

2π
+

1 − λ

p
/∈ [−M(ϕ1),−m(ϕ1)] + Z.

(5.4)
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Under these conditions, the Fredholm index of equation (5.1) in the space
Lp,λ([0, 1], ρ) is given by the formula

κ =
1

2π
∆θ(x)

∣∣∣∣
[0,1]

+
θ(1)

2π
− θ(0)

2π
(5.5)

where ∆θ(x)|[0,1] is the increment of θ(x) along [0, 1] and the values of θ(0)

and θ(1) are chosen by the rules

M(ϕ0) − 1 <
θ(0)

2π
− 1 − λ

p
< m(ϕ0),

m(ϕ1) <
θ(1)

2π
+

1 − λ

p
< 1 − M(ϕ1).

(5.6)

If κ ≥ 0, the number of linearly independent solutions in Lp,λ([0, 1], ρ)
of the homogeneous singular integral equation is equal to κ, and the non-
homogeneous equation is unconditionally solvable. If κ < 0, then for the
non-homogeneous equation there exist |κ| linearly independent solvability
conditions.

Remark 5.2. Formula for the Fredholm index κ may be recalculated in
terms more convenient for applications:

κ =

[
ξ0 −

θ(0)

2π

]
+

[
ξ1 +

θ(1)

2π

]
(5.7)

where the brackets denote the integer part of a number, θ(0) and θ(1)
are the end-point values of an arbitrary, but the same branch of θ(x) =

arg a(x)−ib(x)
a(x)+ib(x) , while ξ0 and ξ1 are arbitrarily chosen points of the intervals

[
1 − λ

p
+ m(ϕ0),

1 − λ

p
+ M(ϕ0)

]
,

[
1 − λ

p
+ m(ϕ1),

1 − λ

p
+ m(ϕ1)

]
,

(5.8)

respectively.

Remark 5.3. The right-hand side of formula (5.7) does not depend on
the choice of auxiliary parameters ξ0 and ξ0, because by conditions (5.4)

the numbers θ(0)
2π

and − θ(1)
2π

are not allowed to take values from the inter-
vals where ξ0 and ξ1 are chosen. In the case where the weight functions
have coinciding index numbers: m(ϕ0) = M(ϕ0) and m(ϕ1) = M(ϕ1),
the ”prohibited” intervals (5.8) degenerate to the points 1−λ

p
+ m(ϕ0) and

1−λ
p

+ m(ϕ1), and the formula for the Fredholm index κ takes the form

κ =

[
1 − λ

p
+ m(ϕ0) −

θ(0)

2π

]
+

[
1 − λ

p
+ m(ϕ1) +

θ(1)

2π

]
. (5.9)
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5.2. Formulas for solutions.

Theorem 5.4. Let 1 < p < ∞, 0 ≤ λ < 1, let ̺ be weight (5.2) and

1 − λ

p
+ m(ϕj) > 0,

1 − λ

p
+ M(ϕj) < 1, j = 0, 1,

be satisfied. Let also minx∈[0,1](|a(x)| + |b(x)|) > 0, conditions (5.4) be
fulfilled and κ given by (5.5) or (5.7). In the case κ ≥ 0, the general
solution of equation (5.1) in the space Lp,λ([0, 1], ̺) is given by the formula

ϕ(x) =
b(x)

a2(x) + b2(x)
xµ0(1 − x)µ1Z(x)Pκ−1(x) +

a(x)f(x)

a2(x) + b2(x)
−

− b(x)

a2(x) + b2(x)
· xµ0 (1 − x)µ1Z(x)

π

1∫

0

f(t) dt

tµ0(1 − t)µ1Z(t)(t − x)
(5.10)

where Pκ−1(x) =
κ−1∑
k=0

ckxk is a polynomial of degree κ − 1 with arbitrary

coefficients,

Z(x)=exp Ψ(x), Ψ(x)=
1

2π

1∫

0

θ(t)dt

t − x
+

θ(0)

2π
lnx− θ(1)

2π
ln(1−x)∈C([0, 1])

and the exponents µ0 and µ1 are given by the formulas

µ0 =





− θ(0)
2π

, if 0 ≤ θ(0)
2π

< 1−λ
p

+ m(ϕ0)

1 − θ(0)
2π

, if 1−λ
p

+ M(ϕ0) < θ(0)
2π

< 1

(5.11)

and

µ1 =





{
θ(1)
2π

}
, if 0 ≤

{
θ(1)
2π

}
< 1 − M(ϕ1) − 1−λ

p

{
θ(1)
2π

}
− 1, if 1 − M(ϕ1) − 1−λ

p
<

{
θ(1)
2π

}
< 1

(5.12)

where
{

θ(1)
2π

}
= θ(1)

2π
−

[
θ(1)
2π

]
is the fractional part of θ(1)

2π
.

Proof. Formulas of such a kind for the general solution are well known in
the theory of singular integral equations. The main point now is of technical
nature - to calculate the exponents µ0, µ1 in dependence on the parameters
p, λ, m(ϕ0), M(ϕ0), m(ϕ1), M(ϕ1) of the space Lp,λ([0, 1], ̺). We recall that
under the initial choice of arg θ(0) ∈ [0, 2π), the exponents µ0 ∈ (−1, 1) and
µ1 ∈ (−1, 1) always - for any space - have the form

µ0 = −θ(0)

2π
+ k, µ1 =

θ(1)

2π
−

[
θ(1)

2π

]
+ ℓ (5.13)
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where k and ℓ are integers depending on the space of solutions, and they
may have the only values k = 0, 1 and ℓ = 0,−1 and the choice of the
values of these integers is determined by the fact that the singular operator

xµ0(1− x)µ1

1∫
0

f(t) dt

tµ0 (1−t)µ1(t−x) involved in (5.4), should be continuous in the

space Lp,λ([0, 1], ̺). According to Theorem 2.8, we arrive at the conditions

λ − 1

p
− m(ϕj) < µj <

λ − 1

p
− M(ϕj), j = 0, 1.

Then according to (5.13) we easily arrive at formulas (5.11)-(5.12). �

It remains to mention that in the case κ < 0, the equation is not al-
ways solvable in the corresponding space and the necessary and sufficient
condition on the right-hand side f(x) in this case is the following:

1∫

0

f(t)tk−1 dt

tµ0(1 − t)µ1Z(t)
= 0, k = 1, 2, . . . , |κ|.

6. The Case of Constant Coefficients

6.1. Formulas for solutions. Let a(x) = a = const and b(x) = b =
const, a2 + b2 6= 0. We denote

θ = arg
a − bi

a + bi
∈ [0, 2π) and α =

θ

2π
∈ [0, 1).

For constant coefficients, conditions (5.4) of normal solvability take the
form

α /∈ [u0, v0] ∪ [1 − v1, 1 − u1] , (6.1)

where

uj =
1 − λ

p
+ m(ϕj), vj =

1 − λ

p
+ M(ϕj), 0 < uj ≤ vj < 1, j = 0, 1.

The index κ is calculated by the formula

κ = [u0 − α] + [u1 + α] ,

following from (5.7), where the brackets stand as usual for the entire part
of number. This index κ may take only three values 1, 0,−1.

In the next corollary, derived from Theorem 5.4, we explicitly present
these values in dependence on the parameters of the space, supposing for
simplicity that the weight functions ϕj(x), j = 0, 1, have coinciding indices:

m(ϕj) = M(ϕj), j = 0, 1.

so that uj = vj , j = 0, 1 in this case.
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Corollary 6.1. Let 1 < p < ∞, 0 ≤ λ < 1, let ρ(x) be weight (5.2) with
m(ϕj) = M(ϕj), and

0 <
1 − λ

p
+ m(ϕj) < 1, j = 0, 1.

Equation (5.1) is normally solvable, if α 6= u0 and α 6= 1 − u1. The index
κ is equal to

κ = 0, if 0 ≤ α < min(u0, 1 − u1) and max(u0, 1 − u1) < α < 1

and

κ =

{
−1, if u0 < 1 − u1 and u0 < α < 1 − u1

+1, if 1 − u1 < u0 and 1 − u1 < α < u0

in the case u0 6= 1 − u1. Solutions are given by formula (5.4) with

µ0 =

{
−α, if 0 ≤ α < u0

1 − α, if u0 < α < 1,
µ1 =

{
α, if 0 ≤ α < 1 − u1

α − 1, if 1 − u1 < α < 1.

6.2. The case of the Sönghen equation. The equation

1

π

1∫

0

ϕ(t) dt

t − x
= f(x) (6.2)

referred sometimes as Sönghen equation, is known in Aerodynamics, due
to the papers by H.Sönghen, see for instance [35]; as is welll known, this
equation is an essential tool in various problems of Aerodynamics, see for
instance the paper by A.V.Balakrishnan [1]. For equation (6.2) we have
α = 1

2 . From Corollary 6.1 by direct calculations we obtain the following
statement, which we also give for the case m(ϕj) = M(ϕj), j = 0, 1.

Corollary 6.2. Equation (6.2) is normally solvable in the space Lp,λ([0, 1],
̺), 1 < p < ∞, 0 ≤ λ < 1, ̺(x) = ϕ0(x)ϕ1(1 − x), ϕ0, ϕ1 ∈ Φ2, if

m(ϕi) 6=
1

2
− 1 − λ

p
, j = 0, 1.

The index κ of the equation in this space is calculated by the following
formula

κ =





0, if
(
m(ϕ0) + 1−λ

p
− 1

2

)(
m(ϕ1) + 1−λ

p
− 1

2

)
< 0

−1, if m(ϕj) + 1−λ
p

− 1
2 < 0, j = 0, 1,

1, if m(ϕj) + 1−λ
p

− 1
2 > 0, j = 0, 1.
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Correspondingly to the cases κ − 0,−1, 1, the solution is given by the fol-
lowing familiar formulas

ϕ(x) = − 1

π

√
1 − x

x

1∫

0

√
t

1 − t

f(t) dt

t − x
,

if m(ϕ0) >
1

2
− 1 − λ

p
, m(ϕ1) <

1

2
− 1 − λ

p
, (6.3)

ϕ(x) = − 1

π

√
x

1 − x

1∫

0

√
1 − t

t

f(t) dt

t − x
,

if m(ϕ0) <
1

2
− 1 − λ

p
, m(ϕ1) >

1

2
− 1 − λ

p
, (6.4)

(κ = 0 : the cases of unique and unconditional solvability),

ϕ(x) = −
√

x(1 − x)

π

1∫

0

f(t) dt√
t(1 − t)(t − x)

,

if m(ϕj) <
1

2
− 1 − λ

p
, j = 0, 1, (6.5)

(κ = −1 : the case of unique but conditional solvability:
1∫
0

f(t) dt√
t(1−t)

= 0),

ϕ(x) =
C√

x(1 − x)
− 1

π
√

x(1 − x)

1∫

0

√
t(1 − t)f(t) dt

t − x
,

if m(ϕj) >
1

2
− 1 − λ

p
, j = 0, 1, (6.6)

(κ = 1 : the case of unconditional but non-unique solvability: C is arbitrary).
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