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ON THE MUCKENCHAUPT CONDITION IN VARIABLE
LEBESGUE SPACES

T. KOPALIANI

ABSTRACT. Let P(R™), (n > 2) be the class of exponents p for which
the Hardy-Littlewood maximal operator M is bounded on LP() (R™).
We construct an example showing that sgp ﬁ Ix@llpeylIx@llp .y <oo

does not imply p(-) € P(R™).
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1. INTRODUCTION

Let p(-) : R” = [1,+00) be a measurable function. Denote by LP()(R™)
the space of functions f such that for some A > 0,

/ (@) AP@dz < oo,
Rn

with norm

Il = {3 05 [ @)/ < 1},
R‘n
The Hardy-Littlewood maximal function is defined for f € Ly,.(R") by

1
M) = s ! £ ()ldy,

where the supremum is taken over all cubes ) containing the point z.
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Assume that p_ = essinfyernp(x) and p; = esssup,cpnp(z). Let P(R™)
be the class of all functions p (1 < p— < p;y < oo) for which the Hardy-
Littlewood maximal operator M is bounded on LP()(R™).

In [1] L. Diening showed that p € P(R™) if and only if there exists ¢ > 0
such that for any family of pairwise disjoint cubes m and any f € LP()(R"),

H Z(VQDXQ‘ < el fllpe), (1.1)
Qen p(*)

where fo = ‘le‘ fQ f.
We say that dr satisfies the condition Ap.), (dv € A,y) if p— > 1,
p1 < oo and there exists ¢ > 0 such that for any cube Q and f € LPO)(R™),

[flelixellpey < clfxallse)-
It is easy to see that dz € A, if and only if supg, A(Q) < 0o, where

1
AQ) = @”XQHP(')HXQHP'(')’

and p'(z) = p(l;()ix)l (Note that this condition would be a full analogue of

the classical Muckenhoupt A, condition in the context of variable Lebesgue
spaces.)

It is natural to ask whether (1.1) can be replaced by dx € A,.. In [2]
was prowed that if p(-) is a constant outside some ball, then p(-) € P(R")
if and only if dz € Ay(.). A. Lerner prowed([3]) that following

Theorem 1.1. Let dz € Ay, and let E C R"™ be a measurable set of
positive measure. Then there exists a constant ¢ > 0 depending on p(:),n
and E such that for any f € LPO(R™),

1M F)xellp) < el fxelpe)-

Given a function p(-), we say that M is weak type (p(-),p(-)) if there
exists ¢ > 0 such that for any f € LP()(R"),

SUp o/l Xa: v (2)>allpe) < Cllf [l
a>0

It is easy to see that weak (p(-),p(-)) property of M implies dx € A,(.).
A. Lerner [3] prowed following

Theorem 1.2. Let p(-) be a radially decreasing function with p— > 1
and py < oo. Then M is of weak (p(-),p(+)) if and only if dx € Ay..

We prove following

Theorem 1.3. Let n > 2. There exists a exponent p(-) such that:
1) dx € Ap(.);
2) p(-)EP(R");
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3) Operator M is not weak (p(-),p(-)) type;
4) dr€Aqp(y for any a where 1/p_ < a < 1;
5) dx€A,y_q for any o where 0 < a < p_ — 1.

Remark. Note that the following are equivalent:
Dp(-) € P(R™) and
2) ap(-) € P(R™) for some 1/p_ < a <1 (see [1]).

2. PROOF OF THEOREM 1.3

We consider the case n = 2; the same proof with trivial modifications
works for n > 2.
Let p1, po are positive constants satisfying the conditions 1 < p; < ps < 00,

2 1
and — — — < 1 (& — > —). Fix a function p € C*°(R) such that

/. — /

2

p(x) = p1 ]i)f T € R\[O;?)]% p(x) Z pe if x € [1,2]; and p1 < p(x) < pg for
x €[0;1]U[2;3].

Define p(xz,y) = p(z); (z,y) € R%. We are going to show that dz € A, .).

Note that if |Q@ N ([0;3] x R)| = 0 then A(Q) = 1. Let QN ([0;3] x R) # ()
and |Q| > 100. Next, let 4QN([1;2] xR) = M, 4QN((R\[0,3]) xR) = N and
4Q \ (M UN) = K. Note That |M| = 2,/]Q], IN| = 2,/]Q| x (2\/|Q] — 3)
and | K| =44/]Q.

It is easy to see that || x|,y < |K|Y/P* < ¢|Q[Y/P and we get || x40 ||p() =
sl + el + Il = (VIADY72 +1QI"™ + (VIQD/™ =
QP

Analogously || xaqllyy = IxXarlly ) vl ) HlIxa ey = (V/1QD) 72+

(|Q|)11/f’1/+(\/|@|)1/f”2 = (VIRDY#+(/IQD V72 + (/IR = (VIR
= QI
Combining these estimates yields A(Q) < cA(4Q) < ¢ if |Q| > 100. If

1
1 < |Q] < 100 then the estimate A(Q) < ¢ is trivial. It remains to consider

1
the case when 0 < |Q| < 1 and |@ N ([0; 3] x R)| > 0. In this case we have

(see [1])

L 4
Ix@llp(y < 1Q17¢ and |xqlly ) < |Q|"®

1 1 1 1 1 1
where — =— [ — dz and —=-— [ —— dz, and therefore A(Q) < c.
be 1@ M T v

o0 o0
Fix a sequence a; > 0, i € N such that } a?”> < co and Y a!' = oo.
=1 =1

Define the function f(z,y) = _ aiX[1;2)x[i;i+1]- Note that f € LPO(R™).
i=1
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It is obvious M f(x,y) > %ai for (z,y) € ([3,4] x [i,i+ 1];¢ € N and
consequently M fELP()(R?). Consequently p(-)EP(R?).

Fix € > 0 such that p—17p—275>0. Let ai:i_%_e;iEN. Then f €
LPO(R?). Let E,, = {M f(z,y) > ll—oan}; n € N. Note that [3,4]x[1,n]C E,
and [|xE, |lp) > nt/P1. We have a,||xg, [[p) > n/P1=1/P2=¢ — oo when
n — oo. Consequently operator M2not 1hauve weak (p(+),p()-) type.

Note that if 1 < p; < py < 00, > 1 and Q| > 1 then ||x4q|lp () =

|Q['/P+ and I xaqlp () = (+/IQ])*/72. In this case we have
]_ ’ /I — —
Asg = T lQIPH(VIQNYP = QP ER L = ((/]QI)Hm e,

Q|
Since A4 — 00, when |Q| — 0o, we obtain dx€A,(.).
2 1
Assume that 1 < p; < ps < o0 and — — — = 1. In this case we
P P2
have do € Apy. If 1/p_ < a <1 then — — —— > 1 and consequently
api Qap2 1
dr€A,py. Analogously if 0 < o < p; — 1 then - > 1 and
— bhr—a p2—c
d:CGAp(.)_a. O

Remark. Lerner showed in [4] that if the exponent p(-) : R™ — [1,400),
(1 < p- <py < o0) satisfies
1 c
Mg(-) <
“\p/ = log(e + max(|QL QI [center])

for all cubes @, where

1 1 1 1 1 1 1
a3) = o1 7t el e =01 7

then for some large o, a + p(-) € P(R™). Note also that if p(-) € P(R")
then

1 c
M) <
“\p/ = log(e + max(|QL Q1))
(see [5]). Let p(-) exponent is from theorem 1.3. For any cube Q C R%, Q =
I x J we have

1 1 1 1 1
MQ(—> —/‘——‘dxdy—/
p/ Q) |p(z,y) pg 1]
Q T
It is not difficult to show that

1 c
M (:) <
\B/ = log(e + max(|I], [I|-1))

(2.1)

1 1
p(x)  pq
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and for exponent p(-) we have (2.1) estimate, but for any a > 0 a +
p(-JEP(R™).

Note that if for exponent p(-) we have (2.1) estimate and it is constant
outside some ball, then o + p(-) € P(R") for some a > 0 (see [5]).

ACKNOWLEDGEMENT

This work was supported by the Grant GNSF/STO7/3-171.

REFERENCES

1. L. Diening, Maximal function on Musielak-Orlicz spaces and generalized Lebesgue
spaces. Bull. Sci. Math. 129(2005), No. 8, 657—-700.

2. T. S. Kopaliani, Infimal convolution and Muckenhoupt Ap(,) condition in variable LP
spaces. Arch. Math. (Basel) 89(2007), No. 2, 185-192.

3. A. K. Lerner, On some questions related to the maximal operator on variable LP
spaces (preprint).

4. A. K. Lerner, Some remarks on the Hardy-Littlewood maximal function on variable
L? spaces. Math. Z. 251(2005), No. 3, 509-521.

5. E. Kapanadze and T. Kopaliani, A note on maximal operator on Lp(')(Q) spaces.
Georgian Math. J. 15(2008), No. 2, 307-316.

(Received 20.08.2008)

Author’s address:

Faculty of Exact and Natural Sciences
I. Javakhishvili Thilisi State University
2, University St., Thilisi 0143, Georgia



