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EQUIVALENT CONDITIONS FOR HARDY INEQUALITIES

DAULTI VERMA

ABSTRACT. A result is proved which gives the equivalence of five
higher dimensional integral conditions. As a consequence, new char-
acterizations for higher dimensional Hardy inequalities are obtained.

berdomagdoobo 3oemob temmmdgdob sbomo oboboomgdo.

1. INTRODUCTION

The celebrity Hardy inequality proved by G. H. Hardy in 1920 [4], in its
modern form, reads as

b T q é b %
</ <O/f(t)dt> U(x)dac) < C(a/f (x)v(:c)d:c) : (1.1)

where —oco < a < b <o00,1 < p, g <oo,u,v are weight functions and f
is a non-negative measurable function defined on (a,b). In this paper, we
are concerned with the case p < ¢q. Many different conditions are available
proved by different people at different times characterizing the inequality
(1.1). In particular, we mention the names of Muckenhoupt [10], Koki-
lashvili [5], Persson and Stepanov [12], Wedestig [13]. Since all these con-
ditions are characterizations of (1.1), they all are equivalent, however, via
(1.1). The up to date development of Hardy inequality has been described
in the monographs [6, 7, 9, 11].

In [2], Gogatishvili, Kufner, Persson and Wedestig proved a result which
gives, as a special case, the equivalence of the conditions under discussion
without involving the inequality (1.1). Precisely, the following was proved.

2000 Mathematics Subject Classification. 26D10.
Key words and phrases. Equivalent conditions, higher dimensional Hardy inequality,
conjugate Hardy inequality.



108 DAULTI VERMA

Theorem A. For —oo < a < b < 00, o, and s positive numbers and
f» g measurable functions positive a.e. in (a,b), let

and

As(z; . B, 8) =

Il
7 N

The numbers A; := sup Ai(z;a,8) and A; := sup Ai(z;a,8,s) (i =
a<z<b a<z<b
2,3,4,5) are mutually equivalent. The constants in the equivalence relations

can depend on «, B and s.

The aim of this paper is to prove the higher dimensional analogue of
Theorem A which would give, as a special case, the equivalent conditions
characterizing the higher dimensional version of the inequality (1.1). Also,
this theorem would yield the equivalent conditions for the higher dimen-
sional version of the conjugate of (1.1).

By weight functions on R", we shall mean positive locally integrable
functions on R™. The symbol B, denotes a ball in R” with radius |z,
x € R™ and centered at origin. By ), we shall denote the surface of By,
i.e., unit ball in R". By A =~ B, we shall mean that A and B are equivalent,
i.e., there exist constants ¢; and ¢o such that A < ¢;B and B < ¢ A.

2. EQUIVALENCE RESULT

Our main result, giving equivalence of several quantities, is the following:

Theorem 1. Let «, 3, s be positive real numbers and f,g be measurable
functions positive a.e. in R™.
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Denote

F(z) = / f)dy, Gla) = / o(w)dy.

R\ B, B,

The following quantities are equivalent:

(i) Bi:= sup Bi(z;a,3) := sup F*(x)G(x),

|z|>0 |z|>0
(ii) By := sup Ba(z;a,f3,s) := sup ( f(@) s(t)dt) G*(z),
|z|>0 |z|>0
R\ By
B
(iii) Bs := sup Bs(z;«,,s) ;= sup (/g )dt> F?(x),
|z|>0 |z|>0
B,
(iv) By := sup By(z;a, 3,5) := sup ( f@) 6“ )dt> G~ % (z),
|z|>0 |z|>0 3

(v) Bs = sup Bs(z:a, B,5) i= sup ( / g(t)F‘?s(t)dt)BFS(:c).

|z[>0 |z[>0

Proof. We shall show that the quantity Bj, is equivalent to B;, i = 2,...,5.

Blng

First consider the case whens < (3.
As % > 0 and therefore for |z| > |z|, we have

G5 (2) > G5 (a), (2.1)

since G is increasing. Therefore

Ba(as . B, 5) ( / fly dy)aG%x)z
R\ B,
/ f(y)dy)aGﬁ(w) — P )G ().
R\ B,

and so
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On the other hand if we write
b
W)= [ )6 Wiy =

R\B,
:/ / tn—lf(tr)é?(t)dtm:/W(t)dtzan(|x|) (2.3)
we have B :
G =cw( [ 106 WrT wr w) -
R\ B
:GS(:C)(/OO / ¢ _1f(tr)(/ / r”_lg(rp)drdp)ﬁsx
l=| 32 03X,

Iz 3.,
where
F,(t) 7/ / s 1f(ST)dsdT:/F(s)ds (2.4)
t oy t
and
Gn(t) = O/Z/ " g(rp)drdp = /G(r)dr (2.5)

ol
= (tS;lE GE(HE (t)) (g) G*(z)F 5 (z) <
(g owrw) " () (mowre)' s
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(2" s o

S |z|>0

Ba < <E>a51
s

and combining with (2.2) yields that By &~ Bs in the case s < .
Next, we consider the case when s > 8. Using W from above and (2.3),
we consider ,

which gives that

P@E@-00( [ 106 W W oW o) -
Re\B,
=GP (x) (lmlznl "L (tT) G (H)Gn® (H)W ® (t)VVnT(t)dtdr) <
< <tS>u|1:| Ga B, (t))Gﬁ(x){ W(t)(/W(s)ds) ’ dt}a _
|| ¢
- (e W) (2) eow e <
< (%)a(ljgﬁla‘%g)vva(y))lg (s GS(x)Wa(m))f <

< <i)a< sup Bg(x;a,ﬂ,S)),
B |z|>0

which gives that

By < <%>a82. (2.6)

On the other hand, since s > (. The inequality (2.1) holds in the reverse
direction and therefore

Bataia ) =6 [ f(y)G%(wdy)as

®\B,
scsw( / f(y)dy) 075 (x) = F*(2)C%(x)
R\ B,

By < By
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which when combined with (2.6), yields that By & Bs in the case s > ( too.
Thus the equivalence of B; and Bs is proved completely.

Bi = B3

It follows similarly as the case of By & Bs. One needs to change the roles
of F and G.

B = By
Let

B+s

Wo(a) = / F)GZE (y)dy =

Ba
o] 2|
:/ / t"—lf(tr)c%(tr)dtm:/Wo(t), (2.7)
0 Znil 0
where
Wo(t) = / ()G (tr)dr,

S
By(z;a, 8,5) = G ()W (),

and, using (2.5) and (2.7), we have

Bl(x;oaﬁ):Gﬁ(w)( / f(x)GBiS(x)GﬁZ“(x)dm)a:

= G(x) 7/ tn1f(tT)GBZS(tT)G(B;rs)(t’r)dtd’r>a
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ly|>0
(6% 00+ L2 o - o) =
B
_ . B+s ([, B+s)( G\
iu>pOB4(y,aaﬂvs)|: a +<1 o ><G(OO)) ] =
g(1+f) sup By(y; @, (3, 5).
B >0

Thus

sup Bi(z;a,8) < (1 + i) sup By(x;a, 8, ).
|z[>0 B |a>0

To prove the opposite inequality, we assumes that

sup Bl(m;aaﬂﬂs) < 09,

|z|>0
Ba(w:a, 3, 5) = G—*(2) ( B/ G2 () f(x)dx) _
] o .
GS(x)< O/ G (t)d< / F(s)ds)dt) -
- G—S(x)(éﬁ (&) En(6)]0) + 5:5 x

<o s GHOR0 )~

0<t<|z|

x (525 7léél(t)d(/té(r)dr) dt)a <

< <ﬂ+ S>a sup Gﬁ(y)Fa(y)GS(x)@Gi(m))a B

@ ly|>0 S
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G

«a |z|>0

Hence, we have

sup By(z;a, 3,8) < (1 + %)a sup B (x;a, 3).

|z[>0 |z|>0
It follows
B ~ Bj.
B1 = Bs
It follows similarly as the case of By = B4. One needs to change the roles
of F and G. O

3. EQUIVALENCE CONDITIONS OF HARDY INEQUALITIES

In this section, first we give several conditions all are necessary and suf-
ficient for the higher dimensional Hardy inequality.

Theorem 2. Let 1 <p < g <oo,s € (0,00) and u,v be weight functions
defined on R™. Let

U = [ udy and Vie) = [ Gy
R\ B, B,

Then the inequality

</</f dy> u(e d:c) <c{/fp dx}; -

holds for all non-negative measurable functions f if and only if any one of
the following equivalent conditions holds

® D1 = sup {UH OV ()| <,

|z[>0

(ii) Dy := sup
|z|>0

/ WtV (t)dt) %Vs(x) < 00,

R™\ B,

/u HviG ’+S) )dt) V= (z) < o0,
B

x

Q=

|z[>0

4
I

[ e v < .

@

(
-
(

(iv) D4 := sup
|z|>0
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1
(v) Ds := sup < / vlp’(t)Up’<%+s>(t)dt> " U~=%(x) < oc.
|z|>0 & B,
Proof. In Theorem 1, if we take f(z) = u(z), g(z) = v' 7 (z), @ = L
0= ﬁ, then we find that
Dy =Dy ~D3~D3~0Ds.
But it is known, see [1] that supD; < oo is a necessary and sufficient

condition for the inequality (3.1) to hold. Hence the assertion follows. O

Now, we give several equivalent conditions corresponding to the higher
dimensional conjugate Hardy operator.

Theorem 3. Let 1 <p < g < o0, s € (0,00) and u,v be weight functions
on R™. Let

U(x) = / w(y)dy and V(x)= / o7 (y)dy.
Ba R\ B,

Then the inequality

q q P
{J( ] rwa) @l <cf [ree)” 62

R Rn\B, R
holds for all non-negative measurable functions f if and only if any one of
the following equivalent conditions holds

(i) D} := sup {Ué(t)vﬁ(t)} < o0

|z[>0

(i) D3 = zu>po{ /u(t)Vq(ﬁ_s)(t)dt}éVs(ac) <0

-

(iii) Dj := sup < / u(t)v‘Z(zf'*S)(t)dt) "Vs(2) < oo
|z|>0

T

(iv) D := sup { / ul—p’(t)Up’GS>(t)dt}p_1'US(x) < 00

|z|>0
R™\B,
1 s
(v) Di := sup {/vlp’(t)Up’<%+S>(t)dt} U™%(z) < 00
|z|>0

T

/

Proof. In Theorem 1, if we take f(z) = v 7P (2), g(z) = u(x), a = %
0= %, we find that

* A * AL * as * AL *
D! ~ D} ~ D ~ D} ~ D} .



116 DAULTI VERMA

But it is known, see [1] that supDf < oo is a necessary and sufficient
condition for the inequality (3.2) to hold. Hence the assertion follows. [
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