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EXISTENCE THEOREMS OF THE BOUNDARY VALUE
PROBLEMS OF THE ELASTIC MIXTURE THEORY

L. BITSADZE

ABSTRACT. The purpose of this paper is to study the boundary value
problems of the elastic mixture theory for the equation transversally
isotropic body. The existence and uniqueness of solutions are proved.
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INTRODUCTION

In the present paper we consider a three-dimensional version of the theory
of elastic mixture for a transversally isotropic body. The idea to apply
singular integral equations to the boundary value problems (BVPs) is due
to M. Basheleishvili and D. Natroshvily [1]. In this paper we intend to
extend this result to BVPs of elastic mixture for a transversally isotropic
elastic body.

1. SOME PREVIOUS RESULTS

We use the following notation. Let E3 be a 3-dimensional Euclidean
space, DT € E3 be a finite domain bounded by the surface S. Let S be
a Lyapunov surface and D~ = FE3 N D+. In the theory of elastic mix-
tures, the displacement vector is usually denoted by U = U™ (u/,u"), where
u' (u), uly,uh) and u” (uf, uY,uy) are the partial displacement vectors. Ev-
erywhere below by T we denote transposition.

Basic Equations of Elastic Mixture. The basic equations of statics
of a transversally isotropic mixture can be written in the form [2]

CcM(9x) CB(ox) > Ueo
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where cg,{]) are the constants, characterizing the physical properties of the
mixture and satisfying certain inequalities which follow from the positive
definiteness of potential energy.

We introduce the following definitions:

Definition 1. A vector-function U(z) defined in the domain D (D™)
is said to be regular if it has integrable continuous second derivatives in
DT (D7), and the function U(z) itself and its first derivatives are contin-
uously extendable at every boundary point of the domain D (D~). Note
that for the infinite domain D~ the vector U(z) additionally satisfies at
infinity the following conditions:

_1, 9U
U(z) = O(|z| 1)’8_;
J

j=1,2,3; k=1,2,...,6.

= O(|:c|*2), |:43|*2 = :Ef + :L'% + :L'%,

The Stress Vector. Throughout this paper, n(z) = n(ni,n2ngz)) de-
notes the exterior to DT unit normal vector at the point z € S. Denoting
the generalized stress vector by P(9x,n)U, we have [2]

PM(9z,n) P®(dz,n
P(dz,n)U = ( P(3>E&C,n§ P(2)((8x,n)) >U, (2)

where PY)(9z,n) = HPISZ)H3I3,j = 1,2,3, is the generalized stress tensor
with the elements

; ; 0 ; 0 0
P = ez iy

81'1 8932

0 0
P = afm il aPnsl



EXISTENCE THEOREMS OF THE BOUNDARY VALUE PROBLEM 7

0 ; 0 ; 0
P1(3) _ (J) + 5(J)n3_, PQ({) _ aé])ng + ,Y(J)

Yoxs 0 P 0y 0z, 102’
P = cgim ai " 05]1)”28% +elling aas
P2(§): (()j)nQ%eréj)ngaian
PO — 49 ai O aixg’ PO — g0 ai + 69, G

0 0 0
P = & (gt magl )+ dlinsl

aé]) Jr,},(J) _ 0(1) céJG)’é‘(]) Jrﬂ(()J) _ C(113) Jrcé(é)'
When ﬂ(()j) cgj),fy(g]) =cY ),a(()j) = c(lji) - 2053{;),5(()3) = 04(1]4),] =1,2,3, we
have the stress vector. The stress operator we denote by T'(dz, n).

For equation (1) we pose the following BVPs. Find in the domain
DT (D) aregular solution U(z) of equation (1), satisfying on the boundary
S one of the following boundary conditions:

Problem 1. Ut = f(z),z € S;
Problem 2. (TU)* = F(z),z € S,

where () denote the limiting values from D*, f(z), F(z) is a given function
on S, T'u is the stress vector.

The Uniqueness Theorems. In this subsection we investigate the
question on the uniqueness of solutions of the above-mentioned problems.

Let the first BVP has in the domain D two regular solutions U(") and
U®?). We write u = UV — U®). Evidently, the vector u satisfies (1) and
the boundary condition ™ = 0 on S. Note that if u is a regular solution of
equation (1), we have the following Green’s formula:

// Euuda—// (Tuy*ds,

where E(u,u) is a potential energy [2]:
E(u,u) = EM(u,u) + E® (u,u) + 2E® (u, u),

1) ()2 1 2 2 1) ()2
ED (u,u) = cigel)® + o) (e53” + eb®) + i) el +
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3 !’ 12 3 !’ 1" 7 1"
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’ "

3 7 12 ’ 1" 3
+ 04(14) (e13€13 + €23€93) + Cé6)€12@12+
3 1" !’ ’ / 1" 1"
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3 3 1" !’ 1" ’
+ (0(11) - 2Cé6))(@11@22 + ege11),

e and e’

i i; are the components of the strain tensor.

Using (3) and taking into account the fact that the potential energy is
positive definite, we conclude that u = const, z € Dt. Since ut = 0, we
have v = 0,z € D*. Thus the first BVP has in the domain DT at most one
regular solution. The vectors v and «” in the domain D~ must satisfy the
condition at infinity. In this case the regular vector u = u(") — u(?) satisfies
(1) and hence formula (3) is valid and u(z) = const, x € D~, but u~ =0,
which implies that « = 0, x € D~. Thus the first BVP has at most one
regular solution in the domain D~.

Let (TU)™ =0 on S. Then applying (3), we have
W =a+ba], v =c+|da], DT,

where a, b, ¢, d are arbitrary real constant vectors.

The vector v in the domain D~ must satisfy the condition at infinity. In
this case, from (3) we obtain u = 0. Therefore we can formulate the final
results.

Theorem 1. A regular solution of the BVP (2)T is not unique in the
domain DT. Two regular solutions may differ by an additive vector of rigid
displacement.

Theorem 2. Problems (1)* and (2)~ have at most one regular solution.

Matrix of Fundamental Solutions. The matrix of fundamental solu-
tions of equation (1) can be represented as follows:

6
F(Z - y) = Z ||F§;];)||6:667
k=1
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where
k k k AR Ry 02y
FL(DQ) :Ft(zp)a Fz(ﬂz) :5PQT+A52)8$ 0z’ =12 ¢=12;
p q
2 (k) 2
k) _ 40 0"k ) Aly (k) 0" Py
Y =A Y =0,——+A =1,2
p3 13 6$p6$3’ p4 pzk)rk‘ 42 6$p6 1) p )
2 2
®) _ 40 0Pk k) _ Agg (k) O~ Py,
iy =4, —— T,/ =——+A
15 42 6x218$2’ 44 Th + 45 GI%;
(k) _ 4(k) 0Py &) k) 0Py
=AY, ———— =12 T/ =Ay) ———
p6 3 9z,0x3 p T3 34 911013
0Py, k ry 0@
) _ 4 ) _ 4
35 34 8:823%37 45 45 axlax27
0Py, k k) O0°Pk k A
1) _ 4 ) _ 4 (k) _ Asg
46 46 81’181'3 52) 46 81‘2(?%'37 33 r
r® _ Az 0 _ A ) _ Al 400 0Pk
36 » Lgg = y Lgg = 5 552
Oy = (3 —y3) In(zz — y3 + 1) — 7%,
7= a[(z1 — y1)® + (w2 — y2)?] + 23,
The coefficients A](g];) have the form
2 2
A0 _ DRl — cigar)
11 TO(al . a2) )
(b _ (=Dl — cian)
A14 = - ) k= ]-a 27
7“0(@1 - a2)
k k k
A0 _AY A w AW
12 ag ’ 24 ak ) 45 ak 9
A0 _ CDMB() —egdar)
44 ) — L4
ro(a1 — az)
) ;
Al = G—Z[*%Cﬁ) +agtiz — atin + ¢} qaal],
)
ALy = Q—Z[%Cﬁ) +aktis — ajter — ¢} qua),

O
Al = a—k[—qwﬁ) +agtas — altas + ¢ quad),

A = Glqucsy) — artaz + adtas — ) qrad),

Ag;) = 5k[—q4c§‘?’3) — aptes + aitGG + cﬁ)qlai],

AB 5 1o eD)  arten a2 ee — oDy o3
66 = Oklqacsy — aitse + agtss — cyf qrag),

k
A§3) = Sk[viz — vi1ak + vi2al],
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Ag? = 5k[w13 — Wi20ag + ’Unai], k? = 3, P ,67 Z A(lg) = O7
Aé’i) = O [vaz — varag + v22a}],

Afllé) = 5k[w34 — Wi40k + w24ai], k= 3,...,6, ZAg? =0,

k=1
~ A 0 )
k k k

ZA45 :0’ ZA?A :Oa ZAlG =
k=1 k=1 k=1

6
ZAEI? =0, 6k = dk(al - ak)(ag — ak),
k=1

ax, k =1,...,6 are the positive roots of the characteristic equation

(roa® — coa + qay(boa* — bia® + bia® — bya + by) = 0.

ro = e — 3, co = el + Dl — 2ol
The coefficients dy, bg, vij, - - ., t;; are given in [3].
It is evident that all elements of I'(x) have the singularity
const
IThe (@)] <
||

Singular Matrix of Solutions. Applying the operator P(dz,n) to
the matrix I'(z — y), we construct the so-called singular matrix of solu-
tions. Let us consider the matrix [P(dy,n)I']* which is obtained from

6
POz,n)T(z—y) = Z(M,S’;))M by transposition of the columns, rows and
1

the variables x and y. It is not difficult to prove that every column of the
matrix [P(dy,n)I']* is a solution of the system (1) with respect to the point
x, if  # y and all elements MZSZ) have singularity of type |z|~2.

The elements M,Sl;) are given as follows:

M =2 gy D 0 T
TR AENTE K SR A
)~y DLy D O
M® = g9 Ly gy 0 0?0 ) 0 0Py

4 9n 1y, 24 95y Ox173 14 0s3 Ox179
0 i_ (@i@Q@k (k) 0 0°d,
5 953 1 14 Js3 O3 24 9sy Oxoxs’
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k o 0 020 B 0 1
MI(G) - _q£6)8_8381'21'3 ( )85 Tk
M = g9 2L gy DO i 0 T
083 1), Osz Oz 0s1 0x123
P L g 0 PO 0 0,
on 12 881 81‘21'3 12 853 81'11‘2,

o 1 w0 0 023,
13 9ss 1y %3 0s3 Ox1x3’

o) <k>i1+(k>33‘1’k7<k>33@k
24 15 9ss 1 14 9sq 0z? 24 9sy 013’
O 1 o 0 0°® o O 0°®
M(k) R(k)__ _ plk) Y (k) Y
25 4 an 24 9sy Oxoms 1 0s3 Ox 1T’
0 1 o 02 <I>k
y® _ _p 91w
26 16 951 7y 16 833 6301303
0 1 O, 0%®
M g 9 L pe) Ok 9Py
31 3L 9sg 1 32 9n dxqas’
p® _ g 91 ok O 0P
32 31 a 32 an 83321'37
0 1 0 1 O 0%®
MW gk O 1k o R O 0%y
33 3 9sgry’ 04 34 g 1, 35 On dxqas’
0 1 O, 02 q)k k k) O 1
M® — g 0L a0k POy i O L
35 34 9sy 1y + s on Oxaxs 36 36 On 1y
Bl w0 P00 0P
M(k) _ *R(k)—— R( ) Y (k) Y
4 T On ry 42 sy Oz A Dy Oxqzo’
o 1 0 PO g O 0
M(k) __, kY L (k) Y U ¥k R( )
42 Haz 083 Tk 4 9 Ox3 42 832 83@2303
B _ g 0 1 ) 0 0P
M® =grpH L b2
43 43 9sq 1y 13 9ss Oxoxs’
) <k>%i () 0 0P k) 0 Oy
44 44 on 45 882 81'11'3 Q4a 853 8331332’
VI ) 1 0 0 P Ly 0 0y
45 115 By 083 11, — aa Js3 Ox? 45 9sy Oxoxs’
9 1 o 0%
Ay g 01y O 0P
46 46 Dss 14, 46 9sq Oxoxs’
DTN I N (N (O WA 0
51 = Haz 083 1y, a Ds3 O0x? 42 9sy Ozixs’
k Ok 1 K 0 82@k K 0 82(I)k
Még) R()——*R()—— (k) _ Y

4 9n ry 42 sy Oxoms 1 Dy Oz 20

11
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0 1 (k) 0 0%,
a5 T 443 77— s
0s1 1) 0s3 0x123

k k
M5(3) = _R4(13)

M® w0 0Ly 0 POy 0 Oy
o4 4 Os3ry, M Osy Ox? 15 9sy 013’

Ok 1 0 0°® 0 0%°®

M(k) _ k% 2 R(k)_ k (k) _Y k
b5 = Haa on ry, 45 981 Oxaxs Q4a 0s3 Ox1z9’

0 1 (k) 0 0°®,
o . T4 7 )
651 Tk 883 6$1$3

k k
# 0 1 (k) Ok 2Py,

MR R il
61 61 Dy 1y 62 9n Oxyx3’
8 1 8k 82@k k k ak 1
MP — gk 9 - pk) Tk (k) _ pk) Tk 2
62 51 9sy 1y + fe on Oxoxs’ =~ 03 63 On ry’
0 1 O 0°®y,
ME — gk Z 2 (k) Yk
64 64 sy 14, 65 On Oxqxs’
0 1 O, 0%y, k B Ok 1
ME _pk Y 2 pk) Tk ME) _ pk) Ok 2
65 64 851 - 65 an al’gl'37 66 66 an Tk7
where
% _, 0 0 .0 9 _ 0 0
on ‘o 2 0y 3 0rs 981 20y 2 0ys’
o _, 90 90 9 _ 9 0
dsy oy Yoys  Bss ' Oya Yoy
The coefficients R,(,];) ... are constant and they are expressed by the

Hook’s constants
RYY =g ATy +egg ALy, Ry =06V AL 057 A6 +cf) AT + el AL,
aiy = (06" + ce) AR + (06" + et )AL iy =7 ALY + 67 AL,
Ry = 60V Ay + 367 Ay + il AT + AL,
ai5 = (06" + et AT + (0" + i) AL, Ry = g A + g ALY,
Ry = 867 Al + 057 AL + ) A + AL
a1y = (0" + e AL + (06 + e AL RS = 75" ALY + 467 AL
dis’ = (06" + cbe )AL + (06" + c6e) Al
Rig) = 86" Ay + 057 AGe) + b ARy + ¢ AL
Ryy =867 AT +057 ALY, Rl =657 AR +667 Afy) i) AT+ AR
Ryy) =867 Ay +057 AL + i) A+ AR Ry =560 AR 657 ALY
Ry = 667 A + 057 A + ) Al + 7 A

Y

(7)
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Ry = 60V AR + 867 Al + i) A + A,

Ry =cig Ay +eie ARy Rip =607 Ay 1007 Agy) i) ALy i AL,
ain’ = (06" + e )AL + (06" + et )AL |

aii = (0" + iAW + (067 + )AL s i) =77 ALY 07 ALY,
ais' = (06" + e AT + (06" + el )AL |

Ry =667 Ay 057 Agy) i A+ AL L ll) = e ALY g ALY,
Ry = 667 AL+ 057 Alg) + i A% + AL

uie = ALY+ A RAS =07 Agy) 607 A+ AR + e AL,
die = (0 + i) A + (07 + g AL

Ry = 667 AY) 4 657 Al + AT + i AT

Ry =667 A 1607 ALY RS =07 A 667 AL+l AR+ AG
e =67 AR +037 AL, Ry =667 AL +607 ALY ) Al AL
Rig = 657 Ay + 637 Alg) + i AR + i) Age,

We introduce the following definitions.

Definition 2. The vector defined by the equality

o) =5 [ [T = whds
S

is called a simple-layer potential, where h is a real 6-dimensional vector.

Definition 3. The vector defined by the equality

wla,g) = o= [ [Pz mT@ - ) a)ds,
S

is called a double-layer potential, where g is a real 6-dimensional vector.

These potentials are the solutions of the system (1) both in the domain
D% and in the domain D™, v,w € C*(D%).
The following theorems are valid and we cite them without proof.

Theorem 3. If S is a closed Lyapunov surface, i.e., S € Li(a) and
g€ CH(S),0< B <a<l, then w(x,g) is reqular in DF; there exist
boundary values of the vector w inside and outside of the surface S, and
there take place the equality

w(eg) = F9() + 5= [[IPOnmG - otds.(8)
S
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Theorem 4. If S is a closed surface of the class Li(c), and h € C%P(S),
0 < B < a <1, then (a) the vector v is regular in D*; (b) there exist
boundary values of the vector P(Ox,n) inside and outside of the surface S,
and there take place the equality

[P(0z, n)v(z)}i = +h(z) + % //P(@x,n)l’(x —y)h(y)ds. (9)
S

Integral Equations of BVPs. A solution of the BVP (1)* is sought in
the form of a double-layer potential, while the solution of the BVP (2)* is
sought in the form of a simple-layer potential. To determine the unknown
real vector functions g and h from (8) and (9), we obtain the following
singular integral second kind equations:

F9() 45 [[ MO -] gwids = 1. (10
S

£h()+ 5 [ [ TOG - ph)ds = Fo). (11)
S

The integrals appearing in (10) and (11) are understood in a sense of the
principal value [4].

2. CALCULATION OF A SYMBOLIC MATRIX

Consider the operator

K'" = —g(2) + % //[T(ay, n)I(y — z)]* g(y)ds. (12)

S

We follow the results obtained in [1]. According to [1] (for details, see [1]),
we have

0 920, 0 020,
- R() ~ Ok R .
0s; Z P4 9z, 0x s Z P4 9z, 0x
J = q0%p 1 a9 ) e
Now we can construct a symbolic matrix for the operator K. We have
ot — 011 013 (13)
012 044 ’
where
I(1+&&8)Ar (Br — Ar)i&s &0k
ore = | (=Br+&Ar)iks (1 —&1&8)Ar —i&iCk |, k=1, k=4,
€2 Dy, —i&1 Dy, 0
§16283 Ak, (Bl — & Ax)i&s &0

o = | (—Br + & Ap)i&s —£16263 A —i&1Cr |, k=3, k=2,
1&2 Dy, —i&1 Dy, 0
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The coefficients Ay, By, Cy, Dy, are written in the form

Rk k
ka 12 qlg n), ka 24 - q§4)nk)
ka R42 Q41 nk), ka R45 - qi’Z)m)
q k = R - k
B = Z @ Z g5 mipepe, Br = —5 " g mupipe,
T PE 1 T PE 1
2 b 5. 2 0B
By=)_ f - Zqil)mkpkps, Bi=)_ ﬁ - Zqz(m)mkpkp&
1 1
2 R(l;) 2 R(’Z) 5
Ci=— Z —" +Z R31 miprps, Co=— Z —34 +ZR35 MEPkP6,
T Pk 1 T Pk 1
2 R(l;) 2 R(’Z) 5
C3=— Z —5L +Z Rﬁg M Pk P6, 04——2 L +ZR65 Mk PkLP6;
T PR 1 T PE 1
6 (k) 5 6 (k)
R R
Dl:Zﬁ_gzqg)mk’ DQ:Z —= -G qu ks
1 3 1
6 (k) 5
R R
Do > S gme, =y egzqm .
1 3 1
ap — ag agpPr + arPs 2 2
= N = ——, =a + + .
epo(on & 7o) k 26+ Pk Pk k(§1 &) 53

Since &2 + €3 4 €2 = 1, it is possible to take \/m = cosf,&3 = sin .
From (13) we have
det o't = (1+CyDy cos? 6 — ky B, sin® 0)(1+C1 D, cos? §—ky By sin? O+
+ (D2C5 4+ D3C5) cos? 6 + (sin2 0B,ky — cos® 9D204)(cos2 0CDs—
—sin? 6B, ks)+ (sin2 0 Bykq +cos? 0D1C2)(—C3Dy cos? 0+ Bsk, sin® OH
+ cos? O sin? O(ka Dy — kyD2)(C3By — C4B3) + B3 Ay — By Az+
+ (D1ks — D3k1)(CoBy + C1Bs)]+
+ (sin? @Byks + cos® #D3Cs)(cos? §C3 Dy — sin® 0 Bsks), (14)
kj =B; — A;j cos? 6.

Let us now prove that if V6 € [0,2n] then deto’t(z,0) # 0. For this
reason, we derive some auxiliary formulas.
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A general representation of a regular solution of equation (1) in the half-
plane 7 > 0 has the form

u(z) = % // [(T(@y,n)l’(y —z))*ut —T(y — x)(Tu)ﬂdygdyg, (15)
s

where (u)t and (Tu)® are the boundary values of the displacement and
stress vectors on the plane 1 = 0, I'(y —z) and (TT)* are given by formulas
(5) and (6), for n(1,0,0), (()J) = 0(1J3), fy(g]) = cé]G), aéj) = cgjl) - 20&36), 5(()]) =
4.

Formula (15) is obtained under the restriction that u* and (Tu)* are the
continuous functions and satisfy at infinity the conditions u(z) = O(|z|~%),
Tu= O(|z|~17%).

Taking into account the identities [1]

1 i 1 < dund _exp(—x1 Ry,) <
g//geXP (zz;pjyj) yadys = ——p—— exp (zgpj$j>,
—o0
(16)

1 +oo 3 ( R ) 3
. EXp{—T1lvg .
L oo ) (5,

where pi, k = 1,2, 3 are independent variables,

T = \/ak[xf + (2 — y2)?] + (x3 — y3)?,

Py = (23 —y3) In(w3 —ys + i) — 7%, Rip = \/D3+ arp3,

After performing the Fourier transforms and substituting x; = 0 from (15),

we obtain
pA() + B(Tw) =0, (17)

where 47T, (T&)*‘7 A and B are the Fourier transforms of u, Tu, (PT)* and T,
6 1(k 3(k
=y ( B B
Bys” B

o0 0
BW =1 0 ol ol |, 1=1,2,3 ij=1,23 i=123,

k k
1 _ A _ a0 Bay aéék):Agl) + AW P} al®) — 40 _P2
p3 R, P3Ry p3 Ry,

(k) (k) (k)
0 _ Asy s _An B sey_An 4w P

a = « =2
33 » O 42 T Qi 42 )
Ry, Ry, P} Ry, P3 Ry
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k k k k
Q30 _ AR Q30 _ AR sy AR AW B 2w _ Al P2
33 Rk ’ 23 pst y Q1 Rk 45 % ) 23 p3Rk )

A(k) 2 A(k)
2(k k) P 2(k
o = e +A§15>p§12~2k’ 05’ = R P PR

After certain simplifications, we obtain det A(6 + ) = det olt
According to the uniqueness theorem, we get det B # 0, and from (17)
we obtain

(Tu)* = =B~ L A(u)*p. (18)

We rewrite (4) in a bilinear form with respect to the vectors u and @ (u
is the complex conjugate of the vector u) and assume that

3

u(z) = M (21, p2,p3) exp ( - injxj),
2

M = (MI;M27M3;M4;M57M6)'

(19)

After calculation we obtain

dM aM
B0 = (4 -2 i (12 - 1,20

2 dacl
Y 2
W g @Mz M, 20p 2 o |42
+ “66 |:Zp2 ( ! dx1 ! dacl +p2| 1| + dacl +

) r [p3|M1|2+p3|M2|2

dM, |?
+ct (p2|M|2 ‘—1

3
+p2|M3|2 ‘—

dMs, dM; )
+

M — M
+ZP3( 1 o ld:cl

+ paps (M2 Ms + MsMs) (cfy) + i)+

dM dM
+ 0(13)Zp3 <M3 d ! — M3 d 1> +C:(3?p§|M3|2,
_ 2 2)\ .
E(Q)(u, u) = (cgl) - 20&6)) ip2 <M4 e M; ar

— dM5 dM5 2 2 dM5
M., — M. M, —
i 2( i ey >+p2| 4l” + 4z,

dMs dM4)

2

+ cé%)

+

dMy

2
2
oy )+C44 [p3|M5|2+p3|M4|

Jrc11 <p2|M |2 '

dM,
+ p3|Me|* + ‘—6

— My

d’JJl d’Il

) +
d’JJl

+ ip3 (M



18 L. BITSADZE

_ - , dM. dM.
+paps (MsMs + MgMs)] +C§? [lm (MG dz, 2 Mg d:c14) +

+ paps (M5 Mg + MeMs) ] §3)p§|M6|2,

=

O _ dM, dMs  dMg dM1>

= \Ip2 (M3Mg + MeMs) + ¢
033])3( 3Me + Me 3) ten dzr, dry i dry dry
(3) . — dMG . - dMB
—gpa My + — My +——
+ cyy [( 1p3 My + dz, ) (lp3 1+ 4z, +
_ 4N, ~_dM,
+ ( —ipsMy + =2 ) —ipsMy + == ) | +
dxq dx,

dM M .
+ipsctd) | My L ipaMy ) — Mg [ S22 +ipa My | +
dz; dzq

- dM, M, _
+ Mz (=2 —ipaMs ) — Ms [ =2 +ipsMs | | +
dzy dzy
_ dM. dM-
+ Cég) ipaMy+ =)  —ipaMy + —2 ) +
dxy dzy

) dMs .= M,
+ <2p2M4 + d—xl) (ZpQMl + d—ml>:| + ng(c(n)

dM; - dM, dMs Y dMG} '

— Ms—— + Ms——

5 .(3)
2¢60 ) [ME) dxy dzy dxq > dx,

Let

1 o0 o0 3
=5 / /M 1, p2, p3) exp( Z%:pjm]dPQdPS
—00 — 00

The vector u(x) to be a solution of system (1), it is necessary and sufficient
that

diM, _
> =0, j=0,1, k=1,6.
dx? _

C(al‘, 77:p27 7Zp3)M = 0,1’1 > 0; [

h6
Consider the expression [ Y My[C(dx, —ips, —ip3)M]rdx1, where h is
0 k=1
an arbitrary positive number. After transformation we obtain

/E w, B)day = —(u)H(Tu)*, (20)
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Substituting (18) into (20), we get
[ Bt ade = pla) B A (1)
0

Taking into account the fact that the energy F(u,u) is positive definite,
from (21) we can conclude that the matrix B~1A4 is also positive definite.
In particular, from (21) we have det B~*A # 0, that gives det A # 0, hence
det o'+ # 0. Analogously, we obtain det o'~ # 0. det o>+ # 0.

Finally, we have singular normal type integral equations of second kind
for which Fredholm theorems are valid.

Problems (1)Tand (2)~. To define the vectors g and h, from (8) and (9),
using the boundary conditions, we obtain the following Fredholm integral
equation of the second order

9@+ o [[m@n G- o) ewis =) 22)

S
)+ 5 [ [ TG - 2)h)as = Fe) (23)
S

where f(z) € CY8(S), F(z) € C%P(S) are the given vectors on the bound-
ary.
Let us prove that the homogeneous equation corresponding to (23) has

only a trivial solution. Assume that it has a nontrivial solution denoted by
ho(z). ho(z) € C%P(S). Consider the potential

o(z) = % //F(z ~ 2)ho(y)ds.
S

Obviously, C(dz)v(z) = 0, x € DY U D~, [T(0z,n)v]” = 0, v(z) €

C%8(D~), v(z) = O(|z|71), 8871] € O(|z|™?), k = 1,2,3. This implies that
k

v(z,ho) =0, x € D™, whence [v]” = [v]" =0, and v(z) =0, z € D*. Thus

v(x) vanishes on the whole space and therefore hy = 0. Due to the Fredholm
theorem we conclude that the nonhomogeneous equation is solvable for an
arbitrary Holder continuous vector F'(z).

Finally, from the solvability of equations (22) and (23) it follows that the
solutions of the problems (1)* and (2)~ are representable in the form of the
second kind double and single-layer potentials, respectively. On the basis
of the general theory, the following theorem is valid.

Theorem 5. If S € Ly(a) and f € CYA(S), then the BVP (1)F
has a unique solution. Moreover, this solution is given in the form of the
double-layer potential w(x,g), where g is a solution of equation (22). If
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F € OY8(s), then the BVP (2)~ has a unique solution satisfying the condi-
tion u(x) = O(|z|~1), and 88—;2 = O(|z|7%), k = 1,2,3 in the neighborhood
of a point at infinity. Moreover, this solution is given in the form of a
simple-layer potential v, where h is a solution of equation (23).

Problems (1)~ and (2)". Consider the first external BVP. Its solution
is sought in the form

wo.g) = 5 [ [IN@unL ~ o) g(wds - 3P, (20)
S

where

o= 5n [ [IN@unrw) g
S

[N(0y,n)T'(z — z)]* is the Fredholm kernel.

The origin is assumed to lie in the domain DT. Taking into account
the boundary behavior of the potential w(z) and the boundary condition,
to define the unknown vector g we obtain from (24) the Fredholm integral
equation of second order

9(2)+ 5 [ [N @y - 2 g(wds - JTEa = f). (25
S
Its conjugate equation is

h(z)—i—% é / [N(@y,n)l’(y—z)—i—% é / N (92, n)T(=)ah(y)ds = F(2), (26)

Let us show that equation (25) is always solvable. For this it is sufficient
that the homogeneous equation corresponding to (25) has only a trivial
solution. Denote the homogeneous equation by (26)y and assume that it
has a solution hg different from zero.

From (26)g we get .
o [ Twhis—o (27)
s

and equation (26)¢ takes the form
1
h(z) + o //N(ay,n)F(y — 2)h(y)ds = 0. (28)
S

Construct now the potential

Via)= o /S [ 1 - s

here (Nv)™ = 0 and v(0) = 0. Hence we get v(z) = 0,z € D™, since
h(z) = 0. Thus our assumption is not valid. Equation (25) has a solution
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for an arbitrary right-hand side. We can notice that a solution of equation
(25) exists if S € La(a), f(2) € CVP(S),0 < B < a < 1. The solution of
the BVP (2)* is sought in the form
1
— y)ds — =T'(z)A — =To(z)B. 29
2W// 2)h(y)ds — 2T (x)A — LTo(a) (29)

To define h(z), we have the integral equation

/ Oy, n)T'(y — z)h(y)ds — %T(az,n)F(z)A—

_ ZT(az, n)Lo(2)B = F(z), (30)

where A, B and F' are defined as follows:

A =u(0) = % //F(y)h(y)ds
S
B= (fgttg,/,) = %//Fo(y)h(y)ds
x=0 S

Fl
F(Z): <F11>7 F/: (F15F25F3)T; FN: (F4;F57F6)T-

(31)

Let us now show that the integral equation (30) is always solvable. Let
h(y) # 0. From (30) we have

A= // F(z)ds, (32)
s
[ (&) &

where By = [[[z, F'|ds, By = ff ,F"ds. If F =0, then A =0, B =0,

S
(Tu)t =0,u' = a+ [b,r], w =c+ [d,r]. If the principal vector A and the
principal moment B are equal to zero, we have v’ = 0, v” = 0, h = 0. Thus
(28) is solvable for any right-hand side.
Consider the conjugate equation

z)+%//T(ay,n)l“(yfz)*g(y)dsf%F( )a—lFo( )8 = [f(2), (34)
S

where

_ iﬂ /S/[T(ay,n)r(y —2)|"g(y)ds, B = % /S/[T(ayvn)Fo(y)]*g(y)ds'
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The equation (34) is always solvable if f € C1(S), S € La(a), 0 < 8 <
a < 1. If the solution of the BVP (1)~ is sought in the form

1 1

u(w) = 5 [ [T@y I - 2 gwids - FP)a - {To@s, (35
S

then to define the unknown vector g, we obtain the integral equation (34).
Thus we formulate the final result.

Theorem 6. The problem (1)~ is solvable for an arbitrary vector f(y) €
Ch2(9), for S € La(a), and its solution is representable by formula (35).

Theorem 7. The problem (2)T is solvable for the vector F € C%%(S)
if and only if the principal vector and the principal moment of external
stresses are equal to zero, A =0 and B = 0. A solution is represented by
formula (29).

For the proof of Theorems 1,2,3,4,5,6 and 7 we used the method given in
[4] which is applied to the proof of analogous theorems for isotropic media.
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