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THE MIXED PROBLEM OF THE THEORY OF
ELASTICITY FOR A RECTANGLE WEAKENED BY
UNKNOWN EQUIV-STRING HOLES

R. BANTSURI AND SH. MZHAVANADZE

ABSTRACT. In the present paper we investigate the mixed problem of
the elasticity theory for a rectangle weakened by equiv-strong holes,
when the tangential stresses on the outer boundary are equal to
zero and the normal displacements are constant, while the tangen-
tial stresses on the holes are equal to zero and normal stresses are
constant. We have to find the hole boundaries with the condition for
the tangential normal stress to take constant values.

Using the methods of the theory of analytic functions, the solution
is obtained in quadratures. The graphs of unknown contours are
constructed in the case of one hole.
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Let a middle surface of an elastic homogeneous isotropic plate occupy on
the plane z = x + iy the n + l-connected domain whose outer boundary
are straight lines © = +x9 and y = 4y, and inner boundary is a union of
simple closed smooth contours (a rectangle with holes).

Suppose that on the entire boundary of the domain S the tangential
stress 7z, = 0, the normal displacement on the rectangle sides take constant
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values, and the inner boundary is under the action of the constant normal
stress o, = p.

Consider the problem: Find a stressed state of the plate, a form and
mutual location of the hole contours so as the normal tangential stress o on
them to take constant value.

The problems of the theory of elasticity when the whole boundary or
some of its part on the domain S occupied by the body is unknown for
finite and infinite domains, have been considered by many authors (see, for
e.g., [1]-[5]). These problems are easily solvable in the case of simply con-
nected domains, but the solution of these problems for multiply connected
domains presents great difficulties. For example, in the case of a finite
doubly-connected domain the problem in [3] is reduced to the Riemann-
Hilbert problem for a circular ring. In the other cases, allowing supple-
mentary conditions (some kinds of geometric and force symmetries), these
problems can be reduced to the problem of simply connected domains.

In the case under consideration we assume that the domain S is sym-
metric with respect to the oz-axis. This allows us to consider a part of the
domain S lying in the upper half-plane. We denote it by S; (Fig. 1).

A iy
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Fig. 1

Owing to the symmetry, for the domain S; we have the same boundary
conditions as for S. The mathematical ground of this fact can be found
in [8].

Thus for the domain S; we obtain the following boundary conditions:

Ttn =0, up=u(t) on Lj+ Lo,

Tin =0, op=p, oy=k on Ly,

(1)
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where wu(t) is the given piecewise constant function, p is the given and k is
an unknown constant. The value k£ will be defined later on. Lg is a union
of unknown arcs, L; and Lo are the unions of segments which are parallel
with respect to the oz— and oy-axes.

n+2 1
L= U AopAogy1, L2 = UA(2n+2)k+1A(2k+2)k+27
k=0 k=0

n
Lo = | JAskt14okya, Ao = Aopys = yoi, A = —x0 + yoi,
k=1
Ao = —mo, Aspiz =m0, Azpta =0+ Yol

(The points and their affixes are denoted by one and the same symbols).

As is known ([6]), the stressed state of the body is described by two
analytic functions ®(z) and ¥(z) which on the boundary of the domain
satisfy the conditions

D(t) + 0(t) — W[/ (t) + U (1)] = 0y — Ty, (2)
X®(t) — (1) + W [T/ () + U(t)] = 2u(u, + iul,), (3)
4Re®(t) = oy, + 0y, (4)

where «(t) is the angle between the outer normal to the boundary of the
domain S; at the point ¢ and the ox-axis; ( and u are the elastic constants;
uh = 2 and u!, = Lo Tn our case, u/, = 0; a(t) = 0 or a(t) = m,if t € Lo,
a(t) =5 or aft) = =7, if t € Ly, and a(t) is unknown if ¢ €.

ds n ds
2

The functions ®(z) and ¥(z) satisfy in the neighborhoods of the points
A (k=1,2,...,2n+ 4) the following conditions:

const const

[@(2)] < [W(z)] < (5)

2=l 2=l

where 0 < § < 1.

Let the function z = w(¢) map conformally the upper half-plane of the
complex variable {( = £ + in onto the domain S;. Here we use the following
notation: w=(Ag) = ax (k =0,1,...,2n+5), w (L) = lg, k = 0,1,2.
We may assume that ag = —00, agpy5 = +00, ag = —1 and agpy3 = 1.

Since the contours of the hole are smooth, the function w(¢) in the neigh-
borhoods of the points Ax (k=1,2,...,2n+4) is representable in the form

w(¢) = (¢ = &) 2wo(¢) + wle), (6)
where wo(¢) is the function, holomorphic in the neighborhood of the point

¢, and wp(c) # 0 (c denotes any of the points ax (k =1,2,...,2n+4)). In
the neighborhood of the point ( = oo we have

W) =cot 2+t (7)

¢ ¢
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where ¢ (k=0,1,...) are the constants.
The change of the variable z = w(() results in

eQia(t) _ _M ) (8)
w'(€)
Taking in (2), (3) and (4) into account the fact that z = w(¢) and also
the condition (1), we easily obtain

Im@o(g) =0 on l1+12,

Req)o(f):i(k:—i—p) on o,

where ®4(¢) = ®(w(()).

Taking into consideration (5), (6) and (7), we establish that ®¢(¢) is
bounded as ( — oo and in the neighborhood of the points a; (k=1,2,...,
2n + 4) satisfies the conditions

const 1
¢ <—7, 0<d< . 9
| O(C) |C—C|6’ = 2 ( )

Consider the function F(¢) = ¥o(¢) — 1 (k + p). To define F(¢), in view
of (9), we get

ImF() =0 on I+l
ReF(§) =0 on .

F(¢) has the same estimates as ®¢(().

(11) is, in fact, the homogeneous Keldysh-Sedov’s problem for the half-
plane, and under the above conditions this problem has only a trivial solu-
tion F(¢) = 0. Therefore

(10)

20(Q) = § (k1) (1)

Taking into account (12) and (8), the boundary conditions (2) and (3)
take the form

a-w(C) +w'(§) To(§) =0 on o, (12)
ImWo(§) =0 on I+ (13)

Obviously,
Rew(§) = A(&) on Iz, Imw(&) =DB() on I, (14)

where a = 1 (k —p), A(¢) and B(€) are the piecewise constant functions, in
particular, A(§) = zo for € € (aan+3, a2nt4), A(&) = —xp, for € € (a1, a2),
n+2
B(&) = yo for § € (—00,a1)U(azn+4a,+00), B(§) =0for £ € U (azk, azk+1)
k=1
Introduce the notation

1 1

U(©Q) =301+ (0], V©O=3@[1 -1 w(©)]  (5)
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It is not difficult to state that |(| — oo, as

U(()=0(™?), V() =0, (16)

and in the neighborhood of the points a, (k =1,2,...,.2n+4) they satisfy
the conditions

U] < 2220 v < 22 g<s<

. 7
I I "

N~

Taking into account (13)—(18), to find U(¢) and V({) we obtain the
boundary problem: Find the functions U(¢) and V'({), analytic in the upper
half-plane (n > 0), which on the axis 7 = 0 satisfy the boundary conditions

ReU() =0 on lyp+1lz, ImU(E) =0 on I, (18)
ImV(€)=0 on ly+1l;, ReV()=0 on I, (19)

and also the conditions (17) and (16) in the neighborhoods of the points
(=ocand a; (k=1,2,...,2n+4).

The problems (17)—(20) are, in fact, the homogeneous Keldysh-Sedov’s
problems for a half-plane. The solution of these problems is given by the
formulas ([7])

U(§) = X1(¢Q) Pu(C), V(&) = X2(C) Qo(C), (20)
where
2n-+4 -1
X1(0) = [ 11 (<ak>} ,
=1 (21)

: -3
X2(¢) = {H(C — a@nt2)k+1)(C = G2nt2)kt2) |

k=0

P,(¢) = I;OCka, Qo(¢) = Dy, Cy,Ch,...,Cp and Dy are the real con-

stants, under X (¢) and X2(¢) are understood the one-valued branches
satisfying the conditions X(¢) < 0 (k = 1,2), when n = 0 and & > agp44.
From formulas (16) we find that

SO =T+ VO, To(0) =a 57“) . (22)
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Taking into account the fact that Uy(¢) = T(w(¢)) = ¢'(w(¢)) and
Do(¢) = 2(w(Q)) = ¢’ (w(Q)), from (12) and (23) we obtain

¢
w0 = [ 0+ V(©]de +wlco)
o
¢ (23)
vlw(e) =a [ [U) = VIOLdE + b(w(G)).
o

pw(C)) = bw(¢) + C,

where ( is an arbitrary point of the domain Sy, b = % (k+p), and C is the
constant to be defined.
Consider in detail the following particular cases.

1. Two Holes. Suppose that the domain S is likewise symmetric with
respect to the oy-axis. In this case we can put n = 2, (, = 0, a5 =
—Aa4 = )\17 ag — —asz — )\27 a7y = —Qa = 1, ag = —ap = 7, w(O) = 0,
w(—00) = w(+00) = iyp.

A1, A2 and v are the unknown real constants. Taking all this into account,
from formulas (22) for X;(¢) and X3(¢) we obtain

X1(Q) = [(€* = AN = M) = (= )] 7,

X(0) = [(C =D -] >
It can be easily verified that

=

(24)

X1(=8) = X1(8), Xao(—¢) = X2(8)- (25)

Owing to the symmetry, we have w(—¢) = —w(&). Taking in these equali-
ties into account the first one, from (24) and (26) we obtain Po(—§) = P(§).
Thus C; = 0, P2(¢) = Cp + C2¢? and

¢
w(¢) = / [(Co + CaE2)X,(€) + DoXal€)] dt. (26)

For the sake of definiteness, we assume that w’(0) > 0 i.e., arg(w’(0)) = 0.
Then we should have Im(w(A;)) = 0 and Im(w(A2)) = 0. These conditions
imply that Cy = —Cam;, where

s WS .
s = J €2X, (€)d [ J Xl(@df] . (27)

Here A1 < my < A2. Moreover, Xo(&) > 0 for £ € (A1, A2), hence Dy > 0.
On the other hand, since X;(0) < 0, therefore Cy < 0, and we find that
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Cy > 0. Taking all this into account in (24)—(27) and introducing the

notation g—i =mgy >0, Cy = R > 0, we finally get

¢
w(Q) =R / (€ — m) X(€) +ma - Xa(6)]de,
bw(¢) + (28)

¢
P(w(Q) =a [ [(€% —m1)X1(§) +ma - X2(§)]dE + Ch,
0

where C' and C; are the constants.
The well-known Kolosov-Muskhelishvili’s formulas ([6]) yield

Reeiia(t)(x (t) —t'(t) ())—2uun on Ly + Lo,
() + (1) + o(t) on L.

If we take into account that ¢ = w(€), the above formulas will take the
form

(29)

Re ((x = Dbw(€) + xC — ¢ (w(€))) =2nus  for & € (1,7),
aw(§) + C +P(w(§)) for €€ (A,)2), (30)
Im ((x — Dbw (&) + xC — p(w(§))

0
f©)

)
€€(0,M1) U (A2, 1) U (v, 400),

)
where £(€) = 2puuz for & € (v,+00) and £(€) = 0 for € € (0, 1) U (A, 1),
b=1(k+p).
From the conditions (23) we immediately find that InC = 0 and C; =
—aw(A1) — C. Since Im(aw(A1)) = 0, therefore

for

¢
a/ f — m Xl(g) — NXQ(&)]df — aw()\l) — C,
0

where C' is the real constant.
The constants k and C' can by virtue of (3) be expressed in terms of A,

Ao and vy as follows:
KO SM

k=—-p—+us —

K K’ (31)

Here

K = (x— 1)yo+2 / [(€2 — ma)| X1 (6)] — ma| Xa()]] de,
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Ko = (x — 1)y — 2 / [(€2 — ma)| X1 (€)] — ma| Xa(€)]] e,

Xil <2W1—(k+p)( ~ 1)eo+
1
/ (€2 —my) X1 (€) — m2X2(§)]d€). (32)
0
Taking into account that [, |w’(£)] = yo and f &)| = o, we obtain
o0 -1
R=ao( [ (€ - miixiol + m2|X2<e>|]d£) , 53

€@ - mpa©les - [ - m1>|X1<s>|ds) x

SH\QQ

mo = (Ro
1

< ( [ 1xa(lde - o / |X2<§>|d<§)_ ,

where Ry = z"

Formulas (30), (34) and (35) provide us with the solution of the above-
formulated problem.

For different values of the constants A1, A2 and « satisfying the conditions
0 <A < A2 <1<, myg >0 we obtain different variants of equi-strong
hole contours.

2. One Hole. Suppose that in this case the domain occupied by the
body is symmetric with respect to the ox- and oy-axes. Thus we can put
n=12¢=0a4=—az =\ a5 = —az =1, ag = —a1 = v, w(0) = ir,
w(—o0) = w(+0) = iyo. Here r, A and v are the unknown real constants.
The functions X;(¢) and X2(¢) are expressed by the formulas

N

X1(¢) = [(¢F = M) =D =) 2,

1

X2(Q) = [ =1)(¢* =) 7.

Again, we take here those branches for which X (€), X2(&) < 0 for £ > ~.

It can be easily verified that the relations X;(—¢§) = —X;(¢) and
Xa(=¢&) = X2(§) hold, and therefore P;(¢) = C1¢ (Cy = 0). This result

can likewise be obtained from the condition (28) owing to which m; = 0.
Taking all this into account, we obtain the formulas, analogous to formulas
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(30):
¢
~R / EX1(E) +ma - Xa(O)]de +ir, p(w(2)) = Ww(C) + C,
0
¢
Pw(Q) = a / [€X41(€) + ma - Xa(6)]dE — aw(N) — C. (34)
0

In our case Imw(\) = 0, whence we have

A
r=R [ £Xi(E]dE. (35)
/

Applying the conditions (31) to our case, formulas (33), (34) and (35)
take the form

K
k:*p?OJruz

)

=€

K=(x-1yo+2 [ [§X1(&)] — ma|Xa(8)]]de,

Ko=(x—Dyo—2 [ [{|X1(&)] — ma|X2()]] .

T T— T

1

X | (2/w1 - —(k +p)(x — 1)zo+ (36)

[\D|H

1
) [ [£6(6) - maXal)] df),
0

1

</5|X1 )|+ NIXs (¢ >|]ds> |

( WI/X1 )lde - / eIxie |d§)
(7 €)lde — R / Xl )

v

-1

Formulas (36), (37) and (38) provide us with the solution of the above-
formulated problem.
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For different values of the constants A\ and ~ satisfying the conditions
0 < A<1<~, mg >0, we obtain different variants of equiv-strong hole
contours.

Assume there is a square xg = yo, and also u; = us = u. Then there
exists the cyclic symmetry with the angle 3 = % (a picture of stress distri-
butions does not change if we turn the coordinate system by the angle, equal
to B). As is known ([4]), the functions ® and ¥ in this case satisfy the con-
ditions ®(eP2) = ®(z) and ¥(e’P2)e?” = W(z). Using the second formula
from the above ones, we obtain ¥(w(1)) = —¥(c0) and ¥(—v) = —U(7).

These relations allow us to find v = v/1 4+ v1 — A2 and my = 3/1%7 Thus
it remains only one parameter A, 0 < A < 1.

The structure of mapping functions makes it possible to see that the form
of the equiv-strong contour does not depend on whether the stressed state
is induced by the action of normal stress o,, = p on the hole contour, or
by normal displacement wu,, = u on the square sides, or by the both factors
together.

It should also be noted that we can choose ¢, and u,, is such a way that
on the hole boundary oy is equal to zero.

In Fig. 2 we can see equiv-strong contours corresponding to different
values of A. Our calculations show that for fixed values of the elastic con-
stants and sides length of the square the value o1 = k decreases as the hole
size increases, and vise versa, it increases as the hole size decreases (the
hole size is denoted by r). In the figure are given the values of r and the
corresponding values of k for zp =5, p=1,u =0, x = 2 and pu = 10°.

r=3.34 k=-0.131
—— =252 k=-0411
L 1721 k=-0B85

J——r=0723 k=-0936

Fig. 2
All calculations have been performed on the Personal Computer by using
the program Mathcad 2000 professional.

A:=0.999, v:=\14+vV1-X2 zo:=5, p:=1, x:=2,
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w:=0, p:=10° X(z):= [(:E2 =N (2% = 1)(z® — 72)}70'57
Xo() = (2% = 1)(2? = 9%)] "7, ma = (1-A2)702,

I(z,y,j) := {/ (2| X1 ()| + jme| Xa(2)|)dz |,

R:=20l(y,00,1)7 %, q:=2I(1,7, —1)[[(1,7, 1)(x — 1)}_1,
a1 = 8puu[(x — Do + 2RI(1, 7, ~1)]

k:=—-p(1-q)(1+ q)fl +q, t:=0,001...A,
1 A t

x(t) :== Rm2/|X2(t)|dt, y(t) == R/t|X1(t)|dt — R/t|X1(t)|dt.
0 0 0
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