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UPPER BOUND AND LOWER BOUND FOR INTEGRAL
OPERATORS ON WEIGHTED SPACES

D. FOROUTANNIA AND R. LASHKARIPOUR

ABSTRACT. The purpose of this paper is to study the problem of
finding an upper bound and a lower bound of norms of certain kernel
integral operators on weighted spaces. In fact, we consider Averaging,
Copson and Hilbert operators on weighted Lorentz space A(w,p).
Also, we study such constants on conjugate space M (w), of A(w,1)
with decreasing non-negative weight functions.
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1. INTRODUCTION

Suppose that 1 < p < 0o and w = w(z) is a decreasing non-negative
function on (0,1). We assume that W (z) = [, w(t)dt is finite for each x
and lim,_,., w(z) = 0 and also fooo w(x)dr = oco. Also the Lorentz space
A(w,p) is defined as follows:

Aw,p) = {f : 7w(x)f*(x)”dx - oo},

where f is real valued function on (0,00) and f*(z) is the decreasing re-
arrangement of |f(z)|. Moreover, we define norm of A(w,p) by

Il f 1A Gw,p) = (7w(m)f*(:v)pdm)l/p.
0
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We write A(w) instead of A(w, 1) and || - ||5(w) instead of || - ||x(w,1). The
conjugate space of A(w) is M (w), see [6]. In fact,

i)

B fomeas E w(x)dx

with fomeaSE w(x)dz > 0 and its norm is defined by
Jg 1f (@)|dx

fomeas E w(x)dx :

Here F signifies an arbitrary measurable subset of (0,00). If f € M(w) is
non-negative decreasing function, then
1
1 Fllargwy = sup JoF 1.
U fow(z)da

We write || B||A(v,w) for the norm of B as an operator from A(v) into A(w),
and || B|[o(w) for the norm of B as an operator from A(w) into itself. Also,
we write || B|| a7(v,w) for the norm of B as an operator from M (v) into M (w),
and || B[ ps(w) for the norm of B as an operator from M (w) into itself. Our
second concern is to settle lower bounds of the form

IBllacw) = LI fllawy,  (IBfllarewy = Ll fllaiw)),

valid for every non-negative decreasing function f (In fact, we restrict our-
selves to monotone decreasing functions) and L is a constant not depending
on f. We seek the largest possible value of the constant L, and denote the
best lower bound by L, ., for operators from A(v) into A(w). Also it is
denoted by L () on A(w). Moreover, we denote lower bounds of operators
from M (v) into M (w) by Lps(v,w) and Ly, for operators on M (w).

| f 1l a1 () = sup
E

2. INTEGRAL OPERATORS ON A(w)

We study the upper and lower bounds of certain operator from A(v) into
A(w) which is recently considered in [1]-[5] on weighted sequence spaces
for certain matrix operators such as Cesaro, Copson, Hausdorff and Hilbert
operators.

We begin with some definitions and lemmas which will be useful in the
sequel.

Lemma 2.1. Suppose that f, g are non-negative functions on (0,00) and
g is deceasing on (0,00). Assume that lim, . g(x) = 0. Then

7f<x> 9(2) do = 7( / Fe)dt (gl
0 0 0

The proof is trivial, therefore it is omitted.
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Lemma 2.2. Let f, g and w be non-negative functions on (0,00). If w
is decreasing and limy_,oc w(z) = 0, and for each 0 < x < oo, we have

]f(t)dt S]g(t)dt,

then
o0 (o)
/w £yt < / (t) g(t) dt.
0 0
Proof. Applying Lemma 2.1, we have the statement. O
Let B be an integral operator which is defined by
o0
(BH(@) = [ bw.w) 1) dv
0

where b(x,y) is a non-negative and measurable function. We define

r(ac,y):/yb(xt) c(x,y) /bty

0
Consider the following conditions:

(1) For each z and y (z,y are non-negative), b(x,y) > 0.

(2) r(z,y) decreases with z for each y.

(2*) b(x,y) decreases with z for each y.

(3) ¢(x,y) decreases with y for each z.

(3%) b(z,y) decreases with y for each z.

(4) For each z, limy, . b(z,y) = 0.

Condition (1) implies that for each 2z > 0, |Bf(z)| < (B|f])(x) and hence
non-negative functions are sufficient for determine norm of B. Condition
(2*) is stronger than (2), and (3*) is also stronger than (3). Condition
(2*) clearly implies that Bf is decreasing for any non-negative function f,
while (2) implies that B f is decreasing for decreasing, non-negative function
f € A(w), since by Lemma 2.1

o0 o0

Bf(x) = / b, y) £ (y) dy = / r(z,y) d(—f(1)).
0 0

The following statement deduce that non-negative decreasing functions are
sufficient to be determined norm of integral operators on A(w).

Proposition 2.1. Suppose that B is an integral operator with conditions
(1), (3) and (4). Then

I Bfllacw) < NBf || aw)
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for all non-negative functions f belong to A(w).

Proof. By Lemma 2.1, for each 0 <! < oo, we have

!
O/Bf(ac)dac:

bz, y) f(y) dy da = / e(ly) f(y) dy =
0

0/ F6) e )at—(.),

S g O —
VR

Similarly, we deduce that

l
[Br
0

o

O/b wdydo = [ cll.y) £(5)dy =

0

( / 7 (1) dt)d(o(z,y».

Since [ f(t)dt < [ f*(t)dt for all y, we have f Bf(x)dx < fol Bf*(z)dz
Then Lemma 2.2 1mphes that IBfllaw) < IIBF* M aw) and so we have the
statement. O

0\8 S — _

Theorem 2.1. Suppose that B satz’sﬁes conditions (1), (2), (3) and (4).
Let u(y) = [;° w(z)b(z,y)dz, U(y) = [ u(t)dt and V(y) = [ v(t)dt. If

U(y)
M = sup < 00,
y>0 V( )
then B is a bounded integral operator from A(v) into A(w) a
U(y) Uly)
B = su R L B) = in
|| HLb(U,’w) y>FO) V(y) A('u,w)( ) y>0 V( )

Proof. Denote the stated infimum by m and let f € A(v) be a decreasing
non-negative function.
Since lim,_,o f(x) = 0, applying Lemma 2.1 we have

o0

1Bl = | w<x>(7b<x,y> ) dy) g = 7f(y)u
0 0 0

/ Uy) d(—fw)).
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Thus -
m / V) d(— @) < |1 Bf |y < M / (—1 ).
Since ’ - -
1 g = / o(y) f(y) dy = / V() d(—f (),
0 0
we have
mllflae) < 1B lacw) < M Fllacw)
Hence

||BHA(U,'LU) <M, LA(v,w) (B) = m.
Further, for each y > 0 suppose that f is the characteristic function of [0, y].
Then

[fllaw) =V @), IBfElaw) =Uy).

Therefore

||BHA(7j,w) > M7 LA(v,w) (B) <m.
This complete the proof of the theorem. O

It is also essentially a smoother version of the above proof for the discrete

case, see [1]. In the sequel we assume that the integral operator B satisfies
conditions (1), (2), (3) and (4).

Proposition 2.2. Suppose that v(x) is an arbitrary weight function and
w(z) = 1/x%, where 0 < a < 1 and b(zx,y) satisfies

bz, ) = 1 (2,0)

for all z,y, A\ > 0. Then U(y) = (1 —a)U(1)W(y) and
w

1Blagu = (1 = ) U(1) sup 8.
LW

Lo (B) = (1= ) U(1) fuf 3

Proof. We have
Ay Y Y
r(Az, Ay) = [ b(Az,t)dt = | b(Ax, \u) Adu = [ b(z,u)du = r(x,y).

[rocom [rone]

Hence
oo oo

1 yi 1
— = t dt =y~ [ —r(t, 1) dt
/za r(z, y)? /ata r(yt, y)Py y' /tar(,) 7
0

0 0
so that U(y) = (1 — a)U(1)W (y). Theorem 2.1 completes the proof. O
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Corollary 2.1. Suppose that V(z) = ﬁ%ﬁ@ and w(z) = 1/z°,
where 0 < a < 1 and b(z,y) satisfies

1
for all x,y, A > 0. Then
[ Bllaww) =21 —a)U(1), La@uw(B)=(1-a)U(1).

W(y) 2y+1

Proof. Since Vi) = ity and it is an increasing function with respect y,
and moreover, limy,_,o 21yT+yl = 2, we deduce
w W
sup €) =2, inf ﬂ =1. O
v>0 V(y) v>0 V(y)

Corollary 2.2 ([1], Proposition 3). Suppose that w(x) = 1/x%, where
0<a<1andb(z,y) satisfies
b(Azx, \y) = ;b(ac,y)
for all x,y, A > 0. Then
IBlla@w) = Laq)(B) = (1 =) U(1).

Proof. Applying Proposition 2.2 for v(z) = w(x) = 1/x%, we get the
proof. O

The Hilbert operator H is given by the kernel b(z,y) = 1/(z + y), this
kernel satisfies all conditions mentioned in Proposition 2.2 and so we obtain
the following result.

Proposition 2.3. Let V(r) = e 204e) g w(x) = 1/z* where
O0<a<landb(z,y)=1/(x +vy). Then

HHHA(v,w) = 2(1 - Oé) / 1'_0‘ log (1 + E)dm’
0
o0
1 1
L) = () [ g (14 1)
0
Proof. We have
o0 %) 1
0 0
Applying Corollary 2.1, we have the statement. 0

Also, if we have same weight function in above statement, we have
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Proposition 2.4 ([1], Proposition 4). . Letw(x) = 1/x* where0 < a < 1
and a(z,y) =1/(x +y). Then

(oo}
1 1
1H | aw) = Lauy(H) = (1 - a) / Ltog (14 L)
0

The averaging operator A is given by (Af)(x) = %fox f(y)dy, so that

1/z for y<u,
b(z,y) = { /
0 for y>zx.

This function satisfies all conditions mentioned in Proposition 2.2 and so
we have the following result.

Proposition 2.5. Suppose that V(z) = —— %ﬁl) and w(z) =1/x%,
where 0 < a < 1 and A is the averaging operator. Then
2 1

A =2, Lyw(4)==.
lAlaww) = = Low(4)

Proof. We have

1 for z<1;

so that

oo

1 1
Uull)= | — 1) dx =
(1) /Zar(ac,)x a(l —a)

0

This completes the proof of the statement. O

In the same way, one can show the following result.

Proposition 2.6 ([1], Proposition 6). Let w(z) = 1/x%, where0 < o < 1
and let A be the averaging operator. Then
1
1Al A@w) = Lagw)(4) = =

o0

The Copson operator C is given by (Cf)(z) = [

x

1/y for =z <y,
b(z,y) = /
0 for x>y.

%dy, so that

We define the 1-regularity constant of w(z) to be

r1(w) = sup W(z)

2>0 Tw(T)

and say that w = w(z) is l-regular if this is finite.
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Proposition 2.7. If w is 1-reqular, then the Copson operator C' maps
A(w) into itself. Also we have
1CA@w) < 71(w).

Proof. Since

u(y)zTys (w)w(y) (Vy>0)
then
Uty) = [ult)de < [ ri(w) w)dt =) W)
Hence

C| A(w) = sup
y>0

Proposition 2.8. If

su /W dt < o0,
y>18W

then the Copson operator C is a bounded operator from A(w) into itself.

Also we have
Yy
1 / we) .
Y) t
0

C = su
Il = sup g7

Proof. Since

Mw=/wﬁ(xwd E%L
0
then
Uly) Wit
HCﬂw—fsup = sup O
W(y y>0 W J t

Proposition 2.9. Let C be the Copson operator, and w(y) = 1/y%,
where 0 < a < 1. Then the Copson operator C' is a bounded operator from
A(w) into itself and

1
C =—.
1A = 7=

Proof. With our standing notation,

uy) _ W) 1
w(y) ywly) 11—«

?
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Ul _ 1
W(?;) =1 a and

hence
1

1Cla) = 72—

3. INTEGRAL OPERATORS ON M (w)

In this section, we study the upper and lower bounds of certain integral
operator from M (w) into M (v).

Theorem 3.1. Suppose that B satisfies conditions (1), (2), (3) and (4).
Let S(z) = [;° w(y)c(z,y)dy and

S
M =su < 00.
220 V(@)
Then B is a bounded operator from M (w) into M (v) and

S(x)
B = .
1Bl = 508 )

Proof. Let f € M(w) be a decreasing non-negative function and || f{|y7(w) =
1. Hence

/lfé/lw (V1)

Applying Lemma 2.1, we have

73 f(t)dt = 7C(x,y) fy)dy = 7(7]”@) dt) d(—c(z,y)) <
0 0 0 0

0oy
< [ [ o) at-ctoa = 5t0) < 2rvia
0o 0
hence || B f| vy < M, and || B[ ar(w,v) < M. If f = w, then
[y =1 1 Bfllarw) = M.
Therefore
I Bllas(w,vy = M.
This completes the proof of the theorem. O

Proposition 3.1. Suppose that v(x) is an arbitrary weight function and
w(x) =1/z* where 0 < o < 1 and b(x,y) satisfies

b Ny) = 5 bl )
for all z,y, A\ > 0. Then S(z) = (1 —a)S(1)W(x) and

1Bl arw,w) = (1 —a) S(1) sup V‘Z((;c)) 7
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Proof. In the same way as in Proposition 2.2, We have c(Az, \y) = c(z, y).
Hence

oo oo o0

1 1 1
S(x):/y—ac(:c,y dy:/x a c(x,xt)zdt:xlfa/t—ac(l,t) dt,
0 0

0

)
so that S(z) = (1 — ) S(1)W (z). O

Corollary 3.1. Suppose that V(z) = %ﬁx) and w(z) = 1/z°
where 0 < a < 1 and b(z,y) satisfies

1

for all x,y, A > 0. Then
Bl 1w,y = 2(1 — ) S(1).
Corollary 3.2. Let w(x) = 1/x* where 0 < o < 1 and a(x,y) satisfy

1

for all x,y, A > 0. Then
Bl as(w) = (1 — ) S(1).

Proposition 3.2. Suppose that V(z) = %ﬁx) and w(zr) = 1/z%,

where 0 < a < 1 and b(z,y) =1/(x +y). Then

o0

1 1
Hlrty =200 =) [ 2 tog (14 7).

0
Proof. We have

7 1 7 1 1
Slz/—cl7 d:/—{lo 1+—}d.
(1) " (1,y)dy " g( y) y
0 0
Applying Corollary 3.1, we have the statement. O

In particular, if v(z) = w(z) = 1/2%, we have the following statement.

Proposition 3.3. Let w(x) = 1/x%, where 0 < o < 1 and b(x,y) =
1/(x+vy). Then

7 1 1
[Hlascy = (1~ 0) / s (143 |av.
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Proposition 3.4. Let C be the Copson operator, and let 0 < a < 1 and
w(z) =1/z% and V(z) = %ﬁz) Then
2
C ww) — -
1Cl3r(y = >
Proof. We have

1 for > 1,
(L) { /v y

1 for y<1,
so that
1 1
S(1)= | —c(l,y)dy = ——. O
( ) / ac( 5y) y O[(].*Oé)

Y
0

Applying Corollary 3.2 for Copson operator we have

Proposition 3.5. Let C be the Copson operator, and let w(x) = 1/x®
where 0 < o < 1. Then

1
1€y = -
Proposition 3.6. Let C be the Copson operator from M (w) into itself.
Ifw(z) =1, then
L) (C) = 1.

Proof. Suppose that f € M(w) is a decreasing non-negative function,

l
/b dy)d:c =
0

Hence
l

l
/Of(sc)da: > /f(y)dy, (V1>0),

and so, we have
NCfllarqwy = 1f 1 arcw)-

Therefore Lys,,)(C) > 1. If f = w, then ||f[[rprw) = 1 and Cf(z) = f(x)
for each 2 > 0; hence ||Cf||ar¢w) = ||fllar¢w)- This completes the proof of
the statement. g
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