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APPROXIMATION IN WEIGHTED LEBESGUE AND
SMIRNOV SPACES WITH VARIABLE EXPONENTS

D. ISRAFILOV, V. KOKILASHVILI AND S. SAMKO

ABSTRACT. The paper deals with the approximation problems for pe-
riodic and analytic functions in weighted Lebesque spaces with vari-
able exponents.
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In this survey paper we present the basic theorems of approximation
theory for weighted Lebesgue spaces with variable exponents in the one-
dimensional periodic setting. These spaces have been studied intensively by
many mathematicians (see e.g. the papers [28], [22], [26] and the surveys
[7], [21] and [27]). The study of these spaces has been stimulated by various
problems of elasticity, fluid mechanics, calculus of variation and differential
equations with nonstandard growth conditions. Nowadays both the problem
of denseness of nice functions in variable Sobolev spaces and the problem
of boundedness of integral operators in Lebesgue spaces are solved (see for
example the above mentioned surveys). The approximation problems in the
spaces with nonstandard growth conditions are studied not so much. We
refer to the pioneering paper of I. I. Sharapudinov [29], see also [30].

Let T :=[0,27] and w: T — R'be a weight function, i. e., almost every-
where positive and integrable function on T.

In the sequel the set of all measurable functions p : T — (1, 00), for which

p:=essinf p(z) >1 and P:=esssup p(x) < o0
= xeT xzeT

is denoted by g.
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For a given p € p and weight w, by Lﬁ(') (T) we denote the set of mea-
surable functions f, for which

/ 1 (@)w (@) do < oo;
T

equipped with the norm

(z)
110y = inf{A >0 /\M\” ds < 1}

T
it is a Banach space.

It is known [19] that the set of trigonometric polynomials is dense in
e (T), if [w (ac)]p(m) is integrable on T.

Let p(x) and w(x) be the functions, such that the Hardy-Littlewood
maximal operator

1 x+h
Mf(z):= sup — [ |f(t)]dt
0<h<m
x—h

is bounded in LA (T). By R we denote the class of such pairs.

In particular, we consider the weight

)"

where zr, k =1,2,... are the distinct points on T and

w(zx):= II{ sin —
i 2

=1

1 < < 1
- <ap < 57—,
p (k) P (zr)
for some p € p. It is known [17] that if there exists a positive constant ¢ > 0
such that

k=1,2,...,n.

Ip(z) —p(y)| < m

for arbitrary « and y on T with the condition |z — y| < 1/2, then (p,w) € R.

Definition 1. For f € LIV (T) and (p,w) € R we define the k-th
generalized modulus of continuity ,(s) .. (f,-) in the space ) (T) as

k

Q) wik (f,6):= sup || Il (E—op,)f :
0<h;<d i=1 Lf,(')(T)
where
1 x+h;
. = t)dt
on. f (x) 2, f(t)
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Since (p,w) € R, it is clear that Q) o, (f,-) is well defined.
For f € L2V (T) we set

E"(f)Li('>(T) = inf||f — Pk”Li(')(T) , n=12 ..

where inf is taken over all trigonometric polynomials of degree not exceeding
n.

The order of approximation by trigonometric polynomials have been
studied by several authors. The elegant presentation of the corresponding
results in the nonweighted and weighted (for some special weights) Lebesgue
spaces LP, 1 < p < oo, can be found in [31], [4] and [25]. Problems of
best approximation by trigonometric polynomials in weighted spaces with
weights satisfying the Muckenhoupt A, (T) —condition were investigated in
the papers [10], [23], [24]. In particular, using LP (T,w) version of the k—th
modulus of continuity €,y .« (f,-) some direct and inverse theorems in
weighted Lebesgue spaces were obtained in [10].

The order of polynomial approximation were also considered in the com-
plex domain, in the weighted and nonweighted Smirnov spaces. In particu-
lar, Walsh and Russel [32] obtained such results when I is an analytic curve.
For domains with sufficiently smooth boundary these problems were consid-
ered by S. Y. Alper [1]. The results obtained in this direction in nonweighted
and weighted Smirnov spaces were later extended to the more general do-
mains by several authors (see for example: [15], [2], [3] in nonweighted cases
and [11], [8], [12], [13] and [14],in weighted cases).

In this paper we consider the above mentioned approximation problems
in the weighted Lebesgue and Smirnov spaces with variable exponents.

Let W;'(_) (Tw) (r =1,2,...) be the linear space of functions for which

#0=1 s absolutely continuous on T and f™ e LA (T). It becomes a
Banach spaces with respect to the norm:

1w, o = 17000y + 1730y
The weighted Lebesgue spaces with variable exponents may be also de-
fined on a Jordan rectifiable curve T', see [16], [20]. For any measurable
bounded exponent p(z) > 1 and any weight p > 0, such that

v{teTl: p(t)=0}=0,

the space LP() (T, p) is defined as the set of functions f, for which

&U%aﬂﬂ@mmwwwa<m
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where v(z) is the arc-length measure on I'. The norm in this space is defined

as
p(2)
larioe = int {2 05 [|FELE ) <1},
T
n
1<p(z) <p1 <o
and

()" e L1 (D),
then the set C* (T') (and the set of bounded rational functions on TI') is
dense in LP0) (T, p) [18].
In the case 1 < po < p(z) < p1 < oo, the space LP() (T') coincides with
the space of functions

{f: [r@seane)

<o forall geL?O(T) }

where )
’ YAV
p (2) = ————.
= 0m 1
Let f € E*(G). Then f has a nontangential limit a. e. on I' and the
boundary function belongs to L! (T'). This boundary function will be also
denoted by f.

Definition 2. The set
By (Gop)i={f € B (@) /) € 1O (T, p) }
is called the p— weighted Smirnov class of variable exponent p (-).

In case of r = 0 and p(-) = p we have the usual weighted Smirnov space
Ey, (G, p). The space Ep.) (G, p) becomes a Banach spaces with respect to
the norm:

o (r)
1715z, e 2= Wy + 1] e
In this paper we present basic theorems of approximation theory in the
spaces W;(_) (T,w) and E;(J (G,p) (r=1,2,...), respectively.
NEW RESULTS
The following theorems hold.
Theorem 1. Let sz(,) (T,w) (r = 1,2,...) be the space with the pair

(p,w) € R. Then for every f € W;(.) (T,w) the estimate

—r r 1
En(f)LEU(T) <¢n Qp(‘),w,k(f( )aﬁ)a k= 1a27"'a

holds with a constant ¢, > 0 independent of n.
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The inverse results are the following.

Theorem 2. Let W;'(_) (T,w) (r=0,1,2,...) be the space with the pair
(p,w) € RN,. Then for f € W;'(.) (Tw) and for every natural number n the
estimate

1
Qp(~),w k (fa _> <
1 - 2k—r—1 (r) r—1 T)
< C{W Zm Em (f )Lp<) + Z kB ( )Lp<»)(T)
m=1 m=n-+1 «

holds for a constant ¢ > 0 independent of n.

Theorem 3. Let sz(,) (T,w) (r = 1,2,...) be the space with the pair
(pw)eR. If f € Wi (T,w) then

(r) r r—1
En (f )Lgumgc{n En (£) 1200y + Z kB (f)L5<'><T>}’

k=n+1

with a constant ¢ = c(r).

Theorem 4. Let LE) (T,w) (r = 1,2,...) be the space with the pair
(p,w) € R. If for f € o (T,w) the inequality

Zm’“ ‘B, LP”(T) 00
holds for some r=1,2,..., then f € W;'(_) (Tw) and
1
Qp(.),W,k(f(T)a ﬁ> <
1 n (o]
2k4r—1 _
= C{W Dm0 B () ppogry + D KT B () o ) }

m=0 k=n+1

From Theorem 2, in case of r = 0, we obtain the following Corollary.

Corollary 1. Under the conditions of Theorem 2, if f € 7 (T) satisfies
the inequality

Em(f)Lg(«)(T):O(m_a), m:1,2,...,
for some o > 0, then for any natural number k and 6 > 0,

0 (5a) ) k> 04/2,
oy (f,8) = O(5%log (1/9)), k= a/2,
O (a%*) k< /2.
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Hence if we define the generalized Lipschitz class Lip a (p (+) ,w) for a > 0
and k:=[a/2] + 1 as

Lip a(p(),w) = {f € L (T) s Q)00 (£,6) < c8%,5 >0},
then from Corollary 1 we obtain the following

Corollary 2. Under the conditions of Theorem 2, if f € Li(') (T) satisfies
the inequality

Em(f)Li(‘)(T) =0 (m*a) , m=1,2,...,

for some ae > 0, then f € Lip a(p(+),w).
Combining this Corollary with Theorem 1 we obtain the following con-
structive description of the classes Lip a (p () ,w).

Theorem 5. Let Li(') (T) be the space with the pair (p,w) € R. Then
for a > 0 the following assertions are equivalent:

() f € Lip a(p(),0);

(i) Bn(f) 0 = O (m=2), m=1,2,....

Let G be a finite domain in the complex plane bounded by a rectifiable
Jordan curve L, and let D be the unit disk, T := 90D, G~ :=extL, D™ :=
ext T. We denote by ¢ the conformal mapping of G~ onto D~ normalized
by the conditions

¢(00) =00 and lim¢(z)/z>0.
Z—00

Let 1 be the inverse mapping to .

We assume that I' is a smooth Jordan curve and 6 (s) , the angle between
the tangent and the positive real axis expressed as a function of the arc
length s has modulus of continuity €2 (6, s) satisfying the Dini condition

5
/Q(a’s)ds<oo7 d>0. (1)
0

S

For f e LP() (T, p) we define the function
Jo(w) :==(for) (w), weT.

It is clear that under the condition (1), if f € LP() (T, p), then fo (w) €
LPO) (T, po) with pg := pop. It is also easy to show that under the condition
(1) the conditions (p, p) € R and (pg, po) € R are equivalent.

We define the k—th modulus of smoothess of the function f € LPC) (T, p)
by

Qyrp (£,8) = Dy, (f50), 6 >0,
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where the function

1 fo (T)
+ R
fof ()= o= [ =—dr, weD,
T

has nontangential boundary values a. e. on T.
For f € E, (G, p) we set
En(f)LP('>(F,p) =inf || f — Pk||LP(')(F7p) , n=12,...,

where inf are taken over all algebraic polynomials of degree not exceeding
n.

The E;(_) (G, p) versions of the above presented results are formulated as
follows.

Theorem 6. Let G be a simply connected domain with the boundary,
satisfying condition (1). Let also E} \(G,p) be the space with the pair

(po,po) € R. If f € EJ (G, p), then

En(f) oo () < crn*’”Q’;(,)I,p(f(’”), —), k=1,2,...

with a constant ¢, > 0.

Theorem 7. Let G be a simply connected domain with the boundary,
satisfying condition (1). Let also E;(.)(G,p) (r=20,1,2,...) be the spaces
with the pair (p,p) € R. If f € E;(.)(G,p), then

1 1 ¢
& 1 L 2k—r—1 (r)
Qp('%r‘,p (f’ n) S c{n2k 'rnz::lm Em <f )LP(A)(FJ)) +

00
N Z mrflEm (f(r))me(p,p)} '

m=n+1
Theorem 8. Let G be a simply connected domain with the boundary,
satisfying condition (1). Let also E;(_)(G,p) (r=1,2,...)be the space with
the pair (p,p) € R.If f € E;(_)(G,p) then
E, () <

LrO)(T,p) —
< Cr{nTEn (Freor @) + Z K B (F) pooyr.p) }v
k=n+1

with a constant ¢, > 0.
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Theorem 9. Let G be a simply connected domain with the boundary,
satisfying condition (1) . Let also E,y(G,p) (r =1,2,...) be the space with
the pair (p, p) € R. If for f € E, (G, p) holds

Zmr_lEm (f)Lp(‘)(pr) <0
m=1

for somer=1,2,..., then f € E;(_)(G, p) and
1
k T
Qp<~>,np(f( ), g) =

1< 2htr—1
SC{WZ (m+1)™"" By (Frrera,p) +
m=0

o0
+ Z mrilEm (f)LM-)(nP) }

m=n+1

with a constant ¢ > 0.
From Theorem 7 in case of r = 0 we obtain the following result.

Corollary 3. Let G be a simply connected domain with the bound-
ary, satisfying condition (1). Let also E,.y(G,p) be the space with the pair
(p,p) € R.If f € Epy(G, p) satisfies the inequality

En(f) sy =0 (m™ %), m=12,...,

for some a > 0, then for any natural number k and § > 0,

0 (6%), k> a/2,
Qkip, (£.8) =3 0(6°log(1/8)), k=a/2,
O (6°%) k< a2

If we define the generalized Lipschitz class Lip,. a (p (-) , p) for some a > 0
and k := [a/2] + 1 as

Lip ra (p () ap) = {f € Ep(~)(Ga P) : Ql;;(~),1“,p (fa 5) < Caaa §> 0} )
then, taking Corollary 3 into account, we have the following result.

Corollary 4. Under the conditions of Corollary 3, if f € Ep.y(G,p)
satisfies the inequality

Em(f)Ep(,)(G,p) =0 (mfa) , m=1,2,...,
for some a > 0, then f € Lip_ a(p(-),p).

Now combining this corollary with Theorem 6 we obtain the following
constructive description of the classes Lipra (p(+),p) .
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Theorem 10. Let G be a simply connected domain with the boundary,
satisfying condition (1). Let also E,.\(G,p) be the spaces with the pair
(p,p) € R. If a > 0, then the following statements are equivalent:

(i) f e Lipra(p(-),p),
(i) En(f)e,. (cp=0m %), m=1,2,....

The statement of Theorem 11 for the nonweighted Smirnov spaces E,(G),
and constant p > 1, in terms of the usual modulus of continuity in the spaces
LP(T) of f o1, was obtained by Alper in [1] .
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