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ON ONE MIXED PROBLEM OF THE PLANE THEORY

OF ELASTICITY WITH A PARTIALLY UNKNOWN

BOUNDARY

R. BANTSURI

Abstract. An elastric square-like body weakened by a hole with an
unknown equidurable boundary, is considered. Neighborhoods of the
square vertices, cut by unknown equidurable arcs, are symmetric with
respect to diagonals of the square. Tangential stresses on the whole
boundary are equal to zero. Normal displacements on the linear parts
of the boundary are constant, while on unknown parts of the boundary
they are equal to zero. Using the methods of the theory of analytic
functions, the exact solution of the problem, as well as unknown parts
of the boundary are found.

îâäæñéâ. à�êýæèñèæ� ñùêë�æ å�ê��î�áéðçæùâ ï�ä�ãîæ�êæ ýã-

îâèæå öâïñïðâ�ñèæ áîâç�áæ çã�áî�ðæ, îëéèæï ûãâîëâ�æï éæ-

á�éë �éëüîæèæ� ñùêë�æ å�ê��î�áéðçæùâ ðëèæ ïæáæáæï îç�èâ-

�æå, îëéèâ�æù ïæéâðîæñèæ� çã�áî�ðæï áæ�àëê�èâ�æï éæé�îå.

ï�ä�ãîæï ûîòæã ê�ûæèâ�äâ éëóéâáâ�âê ïûëîòñúæ�êæ àèñãæ ýæï-

ðæ öð�éìâ�æ. ï�ä�ãîæï ñùêë�æ ê�ûæèæ å�ãæïñò�èæ� à�îâ ú��ãâ-

�æï�à�ê.

�ê�èæäñî òñêóùæ�å� åâëîææï éâåëáâ�æï à�éëõâêâ�æå éëúâ�êæ-

èæ� �éëù�êæï äñïðæ �éëê�ýïêæ á� ï�ä�ãîæï ñùêë�æ ê�ûæèâ�æ.

Let an elastic isotropic body on a plane z = x + iy occupy a doubly-
connected square region which is weakened by an unknown hole. Suppose
that the vertices of the square lie on the coordinate axes and its neighbour-
hoods are cut by the equal unknown arcs, symmetric with respect to the
coordinate axes. Length of the side of the square we denote by 2a.

Let to every segment of the boundary of the body be applied absolutely
smooth rigid stamps with rectilinear bases which move towards the normal
under the action of concentrated normally contracting force p applied to the
midpoint of the stamp. Unknown parts of the boundary of the body are
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free from external forces. On the whole boundary of the body the tangential
stress τns = 0.

We formulate the problem as follows: Find a stressed state of the body
and unknown parts of the boundary under the condition that the tangential
normal stress on them takes the constant value σs = k = const.

Since the problem is cyclically symmetric, therefore on the segments
A4A5, A6A1 the normal displacements and tangential stresses Vn = τns = 0.

To study the above-formulated problem it is sufficient to consider a
curvilinear hexagon which we denote by Dk. Since A1A2 ‖ A4A5 and
A3A4 ‖ A6A1, the value of the principal vector of stresses on the segments
A4A5, A6A1 will be equal to − p

2 . Introduce the notation: Γ1 = A1A2,

Γ2 = A3A4, Γ3 = A4A5, Γ4 = A6A1; Γ =
4
∪
j=1

Γj .

On the basis of Kolosov-Miskhelishvili’s formulas [1], the above-posed
problem is reduced to finding two analytic functions ϕ(z) and ψ(z) in the
domain D by the boundary conditions

Re [e−iα(t)(κϕ(t) − tϕ′(t) − ψ(t))] = 2µvn(t), t ∈ Γ, (1)

Re [e−iα(t)(ϕ(t) + tϕ′(t) + ψ(t))] = C(t), t ∈ Γ, (2)

ϕ(t) + tϕ′(t) + ψ(t) = B(t), t ∈ A2A3 ∪A5A6 (3)

Reϕ′(t) =
k

4
, t ∈ A2A3 ∪A5A6 (4)

where κ and µ are elastic constants, α(t) is size of the angle made by the
outer normal n and the 0X-axis,

C(t) = Re

t
∫

A1

(iσn exp(α(t0) − α(t)))ds0, t ∈ Γ,

B(t) = i

t
∫

A1

σn(t0)ds0, t ∈ Γ.

(5)

Taking into account that σn(t) = 0, t ∈ A2A3 ∪A5A6,

α(t) = αj =
π

4
+
π(j − 1)

2
, t ∈ Γj (j = 1, 2, 3, 4) (6)

we obtain

C(t) =

{

− p
2 , t ∈ Γ2 ∪ Γ3

0, t ∈ Γ1 ∪ Γ4

(7)

B =

{

− p
2 ie

π
4
i, t ∈ A2A3

p
2e

π
4
i, t ∈ A5A6.

(8)
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Combining (1) and (2) and then differentiating with respect to s, as well
as taking into account that α(t), C(t) and vn(t) are piecewise constant
functions on Γ, we get

Imϕ′(t) = 0, t ∈ Γ. (9)

In the sequel, the function ϕ(z) will be assumed to be continuous in a
closed domain D, and ϕ′(z) and ψ(z) are continuously extendable on the
boundary of the body S, except possibly of the points A1, A2, A5, A6 in
the neighbourhood of which the estimate

|ϕ′(z)|, |ψ(z)| < |z −Aj |
−

1

2 , j = 1, 2, 5, 6 (10)

is quite admissible.
Equalities (4) and (9) is, in fact, the Keldysh-Sedov problem for the

domain D (see [2]).

Reϕ′(z) =
k

4
, t ∈ A2A3 ∪A5A6

Imϕ′(t) = 0, t ∈ Γ.
(11)

The problem (11) has the unique solution [3]

ϕ(z) =
k

4
z + (1 + i)e

π
4
i. (12)

If we substitute the values ϕ(t), C(t), B(t) into the boundary conditions
(2) and (3), then we can find that

Re e−iαj

(k

2
t+ ψ(t)

)

= −
p

4
, t ∈ Γj, j = 1, 2, 3, 4 (13)

e−
π
4
i
(k

2
t+ ψ(t)

)

=

{

− p
4 (1 + i), t ∈ A2A3

p
4 (1 + i), t ∈ A5A6

(14)

If t ∈ Γj , then (t−Aj) = i|t−Aj |e
iαj , whence

Re(eiαj t) = Re(eiαjAj),

that is,

Re eiαj t = a, t ∈ Γj , j = 1, 3, 4. (15)
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Taking into account equality (6), we rewrite the conditions (13)-(15) in the
form

Re
[k

2
e−

iπ
4 t+ e

iπ
4 ψ(t)

]

=

{

− p
4 , t ∈ Γ1

p
4 , t ∈ Γ3

(16)

Im
[k

2
e−

iπ
4 t− e

iπ
4
ψ(t)

]

=

{

− p
4 , t ∈ Γ2

p
4 , t ∈ Γ4

(17)

Re(e−
π
4
it) =

{

a, t ∈ Γ1

−a, t ⊂ Γ3

(18)

Im(e−
π
4
it) =

{

a, t ∈ Γ2

−a, t ∈ Γ4

(19)

The condition (14) can be represented as

Re(e−
π
4
it+ e

π
4
iψ(t)) =

{

− p
4 , t ∈ A2A3

p
4 , t ∈ A5A6

(20)

Im(e−
π
4
it− e

π
4
iψ(t)) =

{

− p
4 , t ∈ A2A3

p
4 , t ∈ A5A6

(21)

Combining equality (19), multiplied by k, and equality (17) with the changed
sign, we obtain

Im
[k

2
e−

π
4
it+ e

π
4
iψ(t)

]

=

{

p
4 + ka, t ∈ Γ2

−(p4 + ka), t ∈ Γ4

(22)

Analogously, from equalities (16) and (18) we get

Re
[k

2
e−

π
4
iψ(t)

]

=

{

p
4 + ka, t ∈ Γ2

−(p4 + ka), t ∈ Γ3.
(23)

Introduce the notation

φ(z) = e−
iπ
4 z + e

iπ
4 ψ(z), Ψ(z) = e−

iπ
4 z − e

iπ
4 ψ(z). (24)
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under which the boundary conditions (16),(20), (22) and (17), (21), (23)
can be written as

Reφ(t) =

{

− p
4 , t ∈ Γ1 ∪A2A3

p
4 , t ∈ Γ3 ∪A5A6

(25)

Imφ(t) =

{

p
4 + ka, t ∈ Γ2 ∪A2A3

−(p4 + ka, t ⊂ Γ4

(26)

ImΨ(t) =

{

− p
4 , t ∈ Γ2 ∪A2A3

p
4 , t ∈ Γ4 ∪A5A6

(27)

Re Ψ(t) =

{

p
4 + ka, t ∈ Γ1

−(p4 + ka), t ∈ Γ3

(28)

Thus we have come to the Keldysh-Sedov problem [2]. Let the function
z = ω(ζ), ζ = ξ + iη map conformally the domain D onto the upper half-
plane Im ζ > 0, ζ = ξ + iη. Denote by aj the image of the point Aj ,
j = 1, . . . , 6 and assume that a6 = 1, a5 = −1, while a midpoint of the
arc A2A3 transforms into ζ = ∞. Since the domain D is symmetric with
respect to the 0y-axis, we have −a2 = a3, −a1 = a4.

Denote

W1(ζ) = φ(ω(ζ1)), and W2(ζ) = Ψ(ω(ζ)). (29)

Taking into account notation (29), the boundary conditions (25), (26) and
(27), (28) take the form

W1(ξ) +W1(ξ) =

{

− p
2 , ξ ∈ (−∞,−a2) ∪ (a1,∞)

p
2 , ξ ∈ (−a1, 1)

W1(ξ) −W1(ξ) =

{

i(p+4ak)
2 , ξ ∈ (−a2,−a1)

− i(p+4ak)
2 , ξ ∈ (1, a1)

(30)

W2(ξ) −W2(ξ) =

{

− ip
2 , ξ ∈ (−∞,−a1) ∪ (a2,∞)

ip
2 , ξ ∈ (−1, a1)

W2(ξ) +W2(ξ) =

{

− (p+4ak)
2 , ξ ∈ (−a1,−1)

p+4ak
2 , ξ ∈ (a1, a2)

(31)

Multiplying (31) by u and introducing the notation Q(ξ) = iW2(ξ), we
obtain

Q(ξ) +Q(ξ) =

{

p
2 , ξ ∈ (−∞,−a1) ∪ (a2,∞)

− p
2 , ξ ∈ (−1, a1)

Q(ξ) −Q(ξ) =
{

− i(p+4ak)
2 ,

i(p+4ak)
2 , ξ ∈ (a1, a2)

(32)
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The solution of the obtained boundary problems (30), (32) is given by the
Keldysh-Sedov formula (see [4], §95), and in our case it has the form

W1(ζ)=
X1(ζ)

4πi

(

−

−a2
∫

∞

pdξ

|X1(ξ)|(ξ − ζ)
−

−a1
∫

−a2

(p+ 4ak)dξ

|X1(ξ)|(ξ − ζ)
+

1
∫

−a1

pdξ

|X1(ξ)|(ξ − ζ)
+

+

a1
∫

1

(p+ 4ak)dξ

|X1(ξ)|(ξ − ζ)
−

∞
∫

a1

pdξ

|X1(ξ)|(ξ − ζ)
+ C

)

(33)

Q(ζ) =
X1(ζ)

4πi

(

−

−a1
∫

∞

pdξ

|X2(ξ)|(ξ − ζ)
−

−1
∫

−a1

(p+ 4ak)dξ

|X2(ξ)|(ξ − ζ)
−

a1
∫

−1

pdξ

|X2(ξ)|(ξ − ζ)
+

+

a2
∫

a1

(p+ 4ak)dξ

|X2(ξ)|(ξ − ζ)
+

∞
∫

a2

pdξ

|X2(ξ)|(ξ − ζ)
+ C

)

, (34)

where

X1(ζ) =

√

(ζ + a2)(ζ − 1)

(ζ + a1)(ζ − a1)
, Im ζ > 0, (35)

X2(ζ) =

√

(ζ − a2)(ζ + 1)

(ζ + a1)(ζ − a1)
, Im ζ > 0, (36)

X1(∞) = x2(∞) = 1

It can be easily seen that

X1(ξ) =

{

|X1(ξ)|, ξ ∈ (−∞,−a2) ∪ (−a1, 1) ∪ (a1,∞)

−|X1(ξ)|, ξ ∈ (−a2,−a1) ∪ (1, a1)
(37)

X2(ξ) =

{

|X2(ξ)|, ξ ∈ (−∞,−a1) ∪ (−1; a1) ∪ (a2,∞)

|X2(ξ)|, ξ ∈ (−a1,−1) ∪ (a1, a2)
(38)

|X1(ξ)| = |X2(−ξ)| (39)

Since the functionsX1(ξ) andX2(ξ) have singularity of order 1
2 at the points

ξ = ±a, therefore for W1(ξ) and Q(ζ) to be bounded in the vicinity of the
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points −a1, a1, it is necessary and sufficient that the conditions

(

−a2
∫

−∞

dξ

|X1(ξ)|(ξ ± a1)
+

−a1
∫

−a2

(p+ 4ak)dξ

p|X1(ξ)|(ξ ± a1)
−

1
∫

−a1

dξ

|X1(ξ)|(ξ ± a1)
+

+

a1
∫

1

(p+ 4ak)dξ

p|X1(ξ)|(ξ ± a1)
+

∞
∫

a1

dξ

|X1(ξ)|(ξ ± a1)
− C

)

= 0 (40)

(

−a1
∫

−∞

dξ

|X(ξ)|(ξ ± a1)
−

−1
∫

−a1

(p+ 4ak)dξ

p|X2(ξ)|(ξ ± a1)
−

a1
∫

−1

dξ

|X2(ξ)|(ξ ± a1)
+

+

a2
∫

a1

(p+ 4ak)dξ

p|X2(ξ)|(ξ ± a1)
+

∞
∫

a2

dξ

|X2(ξ)|(ξ ± a1)
+ C

)

= 0 (41)

be fulfilled.
If in the condition (41) we replace ξ by −ξ and take into account the

condition (39), we obtain the condition which coincides with the condition
(40) which is, in fact, the system of two equations containing unknown
parameters a1, a2, C, k. Omitting C from that system, we obtain

p+ 4ak

p

(

−a1
∫

−a2

dξ

|X1(ξ)|(ξ2 − a2
1)

+

a1
∫

1

dξ

|X1(ξ)|ξ1(a2
1 − ξ2)

)

=

= −

−a2
∫

−∞

dξ

|X1(ξ)|(ξ2 − a2
1)

+

1
∫

−a1

dξ

|x1(ξ)|(a2
1 − ξ2)

+

∞
∫

a1

dξ

|X1(ξ)|(ξ2 − a2
1)
. (42)

Equation (42) contains a1, a2, k as unknowns. If we fix k, then with respect
to the unknowns a1 and a2 we obtain a nonlinear equation whose solution is
connected with great difficulties. Therefore we can act as follows: we endow
the unknowns a1 and a2 with the values from the interval 1 < a1 < a2 < +∞
and find the unknown k. Introducing the notation

A =

−a1
∫

−a2

dξ

|X1(ξ)|(ξ2 − a2
1)

+

a1
∫

1

dξ

|X1(ξ)|(a2
1 − ξ2)

, (43)

B=−

(

−a2
∫

−∞

dξ

|X1(ξ)|(X1(ξ)−a2
1)

+

1
∫

−a1

dξ

|X1(ξ)|(a2
1−ξ

2)
+

∞
∫

a1

dξ

|X1(ξ)|(ξ2−a2
1)

)

, (44)

equation (42) takes the form

p+ 4ak = −
Bp

A
.
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We can easily show that A > 0 and B > 0, and hence p+ 4ak < 0. By
the condition of the problem, k < 0, but we have found that not only k < 0,
but also p+ 4ak < 0.
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