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ON ONE MIXED PROBLEM OF THE PLANE THEORY
OF ELASTICITY WITH A PARTIALLY UNKNOWN
BOUNDARY

R. BANTSURI

ABSTRACT. An elastric square-like body weakened by a hole with an
unknown equidurable boundary, is considered. Neighborhoods of the
square vertices, cut by unknown equidurable arcs, are symmetric with
respect to diagonals of the square. Tangential stresses on the whole
boundary are equal to zero. Normal displacements on the linear parts
of the boundary are constant, while on unknown parts of the boundary
they are equal to zero. Using the methods of the theory of analytic
functions, the exact solution of the problem, as well as unknown parts
of the boundary are found.

&gbomdy.  aobbormmos 13bmdo 00bod@omdiyo3g bobrmg@oobo ba-
o PHyod3gdo. bobrmz@mob mibmdo boffomo mogobmmomos a0y dodgg-
dobog ob.

00 0dcm(30b0b brybio 2dmbobbbo o bobrmamob «)3bmdo bofformgdo.

Let an elastic isotropic body on a plane z = x + iy occupy a doubly-
connected square region which is weakened by an unknown hole. Suppose
that the vertices of the square lie on the coordinate axes and its neighbour-
hoods are cut by the equal unknown arcs, symmetric with respect to the
coordinate axes. Length of the side of the square we denote by 2a.

Let to every segment of the boundary of the body be applied absolutely
smooth rigid stamps with rectilinear bases which move towards the normal
under the action of concentrated normally contracting force p applied to the
midpoint of the stamp. Unknown parts of the boundary of the body are
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free from external forces. On the whole boundary of the body the tangential
stress m,s = 0.

We formulate the problem as follows: Find a stressed state of the body
and unknown parts of the boundary under the condition that the tangential
normal stress on them takes the constant value o, = £ = const.

Since the problem is cyclically symmetric, therefore on the segments
A4As, AgA; the normal displacements and tangential stresses V,, = 7,5 = 0.

To study the above-formulated problem it is sufficient to consider a
curvilinear hexagon which we denote by Dj. Since AjAs || A4As and
AsAy || AgAq, the value of the principal vector of stresses on the segments

AyAs, AgA; will be equal to —g. Introduce the notation: I'y = A;As,

4
FQ = A3A4, F3 = A4A5, F4 = A6A1; I'= 4U1Fj.
j=

On the basis of Kolosov-Miskhelishvili’s formulas [1], the above-posed
problem is reduced to finding two analytic functions ¢(z) and 1(z) in the
domain D by the boundary conditions

Re e "0 (sep(t) -t/ (t) — ¥(1))] = 2pwn(t), teT, (1)
Re[e U (p(t) + ¢/ (t) + (1)) = C(t), teT, (2)
o(t) +to' (1) + ¢(t) = B(t), te AyAsU AsAg (3)
Re (pl(t) = E te Ay Az U AsAg (4)

4 Y
where s and p are elastic constants, «(t) is size of the angle made by the
outer normal n and the 0.X-axis,

C(t) = Re / (0w explalto) — a(t)))dso, €T,
Ay

¢ (5)
B(t) :i/an(to)dso, teT.
Ay
Taking into account that o, (t) =0, t € As A3 U A5 Ag,
) — 1
a(t):ajzgﬁr(jT), tel; (j=1,2,34) (6)
we obtain
-z telyUul
c)y=4 . % e (7)
0, telTuly
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Combining (1) and (2) and then differentiating with respect to s, as well
as taking into account that a(t), C(t) and wv,(t) are piecewise constant
functions on I', we get

Imy'(t) =0, tel. (9)

In the sequel, the function ¢(z) will be assumed to be continuous in a
closed domain D, and ¢'(z) and 9(z) are continuously extendable on the
boundary of the body S, except possibly of the points Ay, As, As, Ag in
the neighbourhood of which the estimate

W' (), W) <lz— 4,77, j=1,2,5,6 (10)

is quite admissible.
Equalities (4) and (9) is, in fact, the Keldysh-Sedov problem for the
domain D (see [2]).

k
Rey/(2) = —, t€ AgAs U AsA
ep(z) = 2A3 U A5 As (1)
Imy'(t) =0, teTl.
The problem (11) has the unique solution [3]
k . ™
o(z) = T (141i)e+". (12)

If we substitute the values (t), C(t), B(t) into the boundary conditions
(2) and (3), then we can find that

Ree"'“"(gtw@)):‘% tely, j=123/4 (13)
S ST S

5 i 7 _ 4 ? ].4

e (2 + ( )) {%(14—2’), t € AsAg -

If t €Ty, then (t — A;) = ilt — A;|e'*, whence
Re(e't) = Re(e™ A;),
that is,

Ree®t=a, tel;, j=1,34. (15)
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Taking into account equality (6), we rewrite the conditions (13)-(15) in the

form

»I'E

R tely

Re{— 4t—|—e4w teT
3

»Jkl'@

%, tels

k
I _4t_ 4¢(t)
m[Q ¢ {— tely

»b'@

tely
tCI'g

tely
tely

m(e 4’t

The condition (14) can be represented as

-z te Ay As
t € AsAg

te Ay As
g, t € AsAg

Combining equality (19), multiplied by k, and equality (17) with the changed

sign, we obtain

2+ ka, teTy

Im |-
[ —(& +ka), tely

2cf%it + e%iw(t)} = {

Analogously, from equalities (16) and (18) we get

k T t:|: %—l—ka, tGFQ
—(%—l—kza), t€F3.
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under which the boundary conditions (16),(20), (22) and (17), (21), (23)
can be written as

-2 teI'; UAyA;

Rep(t) =4 4 25

e¢() {;5—4), teT'sU AsAg ( )

P p

Im(b(t) _Ja + ka, teIT'yUAyAs (26)
—(§+Fka, tCTy
_D

I (1) e tel'yUAyA;s (27)
%, teTyU AsAg
p

Rew(t) = 1 tely (28)
—(8+ka), teTls

Thus we have come to the Keldysh-Sedov problem [2]. Let the function
z = w((), ¢ = &+ in map conformally the domain D onto the upper half-
plane Im¢ > 0, ( = £ +in. Denote by a; the image of the point Aj,
j =1,...,6 and assume that ag = 1, a5 = —1, while a midpoint of the
arc AsAs transforms into ¢ = oco. Since the domain D is symmetric with
respect to the Oy-axis, we have —ay = a3, —a; = aq.

Denote

Wi(¢) = ¢(w(C1)), and Wa(¢) = T(w(()). (29)

Taking into account notation (29), the boundary conditions (25), (26) and
(27), (28) take the form

)-8, e (—o0,—az) U (a1, 00)
WI(EHWI(E){%Q €€ (—ap,1)
i(pt+dak) (30)
W) @ =t 2, E€(Can—a)
_z(p+24ak) : € c (17 al)
Wae) - W@ =4 2§ € (0@ Ulao0)
2 € S (_1,a1)
(31)

7@7 56 (7031771)
§ € (a1,a2)

Multiplying (31) by u and introducing the notation Q(§) = iWa(&), we
obtain

_ {% ¢ € (—o0,—ay) U (ag, )
-5 fe(-1l,am) (32)

Q(g) - W = {7 i(p+24ak) ’ i(p+24ak) ; 5 S (ala a2)
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The solution of the obtained boundary problems (30), (32) is given by the
Keldysh-Sedov formula (see [4], §95), and in our case it has the form

= ( SO0 jufiMGk B / G
s 1|)£+4ak: de /|X1 pd§ ) 53)
Q(Q:%@(j 1|X2<s];|d(€sc> ‘/ b3 ﬁ?f”% / mee=g"
. a2|)§;+4ak d€ /|X2 ) (34)
where
Xl(C)\/%, Im(¢ >0, (35)
X2<<>=\/%, ¢ >0, (36)

X1(o0) = x2(00) =1

It can be easily seen that

X1, § € (—o0, —az) U (—a1,1) U (a1, 0)
le= { X €€ (an-a)U(La) 7
_ |X2( )|7 §€ (_OO’_al)U(_l;al)U(Gano)
ele) = {|X2< ) €€ (—an—1) U (ar,02) %)
X(6)] = 1Xa(=6) (39)

Since the functions X1 (£) and X2 (&) have singularity of order % at the points

& = =a, therefore for W1 (£) and Q(¢) to be bounded in the vicinity of the
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points —aq, a1, it is necessary and sufficient that the conditions

0 (p—|—4ak; d¢
(/|X1 N(E £ ar) +/ plX1(8)(§ £ ar) /|X1 §ﬂ:a1)

T (p+dak)de T d¢ N
+Jdem&iaﬂ+/ﬁ&@ﬂ@im) C>0 (40)

ay

—a1

—1
- (p + dak)dé
(/ | X (&) fith) /p|X2 N(E +ar) /|X2 fim)

—ail

T (p+ dak)de >
Jr/I7|X2 (€ +ay) / | X2 (¢ §i a1) 0 (41)

ay

be fulfilled.

If in the condition (41) we replace £ by —¢ and take into account the
condition (39), we obtain the condition which coincides with the condition
(40) which is, in fact, the system of two equations containing unknown
parameters aj, az, C, k. Omitting C' from that system, we obtain

prdak( [ de T de _
» </ G @)

o —a2 dé‘ 1 dé‘ o] df
4 XOIE ) *[ @ &) */ e - @

Equation (42) contains aq, ag, k as unknowns. If we fix k, then with respect
to the unknowns a; and as we obtain a nonlinear equation whose solution is
connected with great difficulties. Therefore we can act as follows: we endow
the unknowns a; and as with the values from the interval 1 < a7 < as < 400
and find the unknown k. Introducing the notation

—a aq

- e e
A= / |X1<£>|(£2a%>+/|X1<£>|(a%£2>’ (43)

—az

—ao

_(_ZO|X1(§)|(X1 —af) /|X1 —e2) /|X ))7 (44)

equation (42) takes the form

Bp
dak = ——.
p+4a 1
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We can easily show that A > 0 and B > 0, and hence p + 4ak < 0. By
the condition of the problem, k < 0, but we have found that not only k& < 0,
but also p + 4ak < 0.

REFERENCES

1. N. I. Muskhelishvili, Some basic problems of the mathematical theory of elastic-
ity. Fundamental equations, plane theory of elasticity, torsion and bending. Nauka,
Moscow, 1966.

2. M. V. Keldysh and L. I. Sedov, Effective solution of some boundary value problems
for harmonic functions. (Russian) DAN SSSR, 16(1937), No. 1, 7-10.

3. R. D. Bantsuri and R. S. Isakhanov, A semi-inverse problem of elasticity theory for a
finite doubly connected domain. (Russian) Trudy Tbiliss. Mat. Inst. Razmadze Akad.
Nauk Gruzin. SSR 90(1988), 3-15.

4. N. I. Muskhelishvili, Singular integral equations. (Russian) Nauka, Moscow, 1968.

(Received 03.01.2006)

Author’s address:

A. Razmadze Mathematical Institute,
Georgian Academy of Sciences,

1, M. Aleksidze St, 0193 Thilisi
Georgia



