Proceedings of A. Razmadze
Mathematical Institute
Vol. 139 (2005), 71-82

SOME PROPERTIES OF FUNCTIONS
FROM THE INTERSECTION OF
BESOV-MORREY TYPE SPACES

WITH DOMINANT MIXED DERIVATIVES

A. NAJAFOV

ABSTRACT. In the present paper we study differential properties of
functions belonging to the intersection of Besov-Morrey type spaces
with dominant mixed derivatives.
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Sobolev and Nikolskii’s spaces with dominant mixed derivatives (with
the difference) S}DW and S;)H have been introduced and studied by S.M.
Nikolskii [1]. By different methods, A.D. Djabrailov [2] and T.I. Amanov [3]
have studied the Besov space with dominant mixed derivatives SZZ)B. The
Sobolev-Liuville space with dominant mixed derivatives SIZ,L were investi-
gated by P.I. Lizorkin and S.M. Nikolskii [4].

Later on, V.P. Il’yin [5] introduced and studied the Sobolev-Morrey space
W! . .(GQ). The Nikolskii-Morrey spaces H]lgy » were introduced and studied

p,a,®

by I. Ross [6]. By Y.V. Netrusov [7] were introduced the Besov-Morrey

space B;),G,a,ae(G)' The spaces of Besov-Morrey type Bé797a7%’T(G) and of
Lizorkin-Tribel-Morrey type Fé,e,a,ae,'r(G) were introduced by V.S. Guliev

and studied in [8,9]. The space of Besov-Morrey type with dominant mixed
derivatives Sf)797a7ae,TB(G) was introduced and studied in [10].

In this article, from the point of view of the imbedding theory we study
some properties of functions f(z) belonging to the intersection of Besov-
Morrey type spaces with dominant mixed derivatives Sg;ﬁu,a,ae,TB (GQ) (=
1,2,...,N), where the domain G C R", p, € [1,00)"; 0,,7 € [1,00]; a €
[0,1]"; &, € (0,00)", u=1,2,...,N.

Let e, = {1,2,...,n}, e C ep, m = (mq,ma,--- ,my), m; be natural,
k= (k1,k2,- -+, kn), kj be integers for j € en; k® = (k7, kS, - ,k;,), k§ = k;
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for j € e; k§ = 0 for j € e, \e = €'; [t;]1 = min{1,¢;}, for j € e,; and let ho,
to € (0,00)™ be fixed positive vectors and

7f(w)dwe -(1I 7 ;) 1),

JEeaj

i.e., the integration takes place only with respect to the variable x;, whose
indices belong to the set e.

We say that the open set G C R™ satisfies the condition (4;), if for any
x € Gand T € (0,00)™ there exists the vector-function

p(t,x) = (p1(t1,1’),p2(t2,1'), cee 7pn(tnaz))a0 < tj < Tjaj € én,

with the following properties:

1) for all j € e,, the functions p;(¢;,z) are absolutely continuous with
respect to ¢; on [0,7}], and ‘p;(tj,z)| < 1 for almost all ¢; € [0, T}], where
Pty x) = gp;(ty, v);

2) p;j(0,2) =0 for all j € e,,

r+V(zw)=a+ U [p(t,x) + twl] C G,
0<t;<Tj,
Jj€en
where w = (w1,wsa,...,wy), w; € (0,1] for j € ey, I = [-1,1]", twl =
{(tlwlyl,tgwgyg,...,tnwnyn) LYy € I} If t1 = tkl,...,tn = t)\”, A=
A1, A2, -5 A), plt,x) = p(th,2), w* = (WM, w2, ... W), w € (0,1],
then V(A z,w) = U [p(t*, ) + t*w*I] is a flexible A-horn introduce
0<t<T

by O.V. Besov [11].

Definition. By the space of Becov-Morrey type with the dominant
mixed derivatives Szl;ﬂ, a.00.- B(G1) is meant the Banach space of locally sum-

mable on G functions f with the finite norm (m; >1; —k; >0, j €e,) :

hg e e 1
171 >{/ {”Am (G DV 1 ”p,a,wr i
5! 60w B(GR) T I—k; (o
poosa, ! eCen ~(e H hj H h']
j€e JjEe
where
o, o,
p,a,e,T p,a,2,7;Gp
am (=TI 0))160), G = {o20+ 11 € ),
j€e
Hf| p,a,e,7;Gp =
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tor  ton

1
dt. T
—sup{ [ / g |f||p<ah>t£<m>} 11 t—?} l<reso, ()
zeG cen s
0 J j
@,8,00; = a,ae; = Sup = (T
11l 000160 = 151, xec,t>o(HH GM))

Jj€en

(Gp)i=(z) ={y:y+ax+hI+t ICG}

If we take A™ (h, G1,) f instead of A™" (h, G) f in the norm (1) we get the
norm of the space Sé797a7ae,TB(G). When 6 = oo the spaces S B(Gh) =

p,00,a,%,T

Sll)a w-H(Gp) will be called the Nicolski-Morrey type spaces with dom-
inant mixed derivatives, and if 7 = oo, the spaces S;l),e,a,ae,ooB(Gh) =

S;l;,a,a,aeB(Gh) will be is called the Besov-Morrey spaces with dominant
mixed derivatives.

Here we point out some properties of the spaces S;l;,e,a,ae,rB(Gh)-

1) The following embedding holds for arbitrary s; > 0 and 0 < a; < 1,
for j € ey:

Sl (Gh)_) pGaae (Gh)_) ;Z),GB(Gh)'

p,0,a,,7
2) For all real ¢ > 0 the expression
Mflls,, . miw = Iflst, s (3)
is valid.
3) For every &; > 0, where j € e, the relation
Il , o B = I ls, Ban (4)
is valid.
u 1 u Bu 1 u 8
Let 6# >0 (,LL = 1a27"'7N)a Zﬂu =1, P Z Ea 9 — Z _:7
p=1 pu=1 pu=1
N
l = lg s ﬁ;m €j = Hg thﬁu 7 1- %ja’j) (% - %) P Eg') = Mgl l?ﬁ;t -

vi — (1 —ja;);-

Let & € C°(R!°), M, € C$°(R™x R™) be uniformly finite with respect to
z from an arbitrary compact, i.e., S(M.) = supp (M) C I = {x : |z;| < 1,
j€ent,andlet 0 <T; <1, j€ e,. Suppose

_ ) Yy
V = U {y (W) ES(Me)}.
0<t;<Ty,
JEen
Clearly, V. C Iy = {z : |zj| < Tj, j € ep}. By U we denote an open set
contained in the domain G, and henceforth it will be always assumed that

U+ V C G. Further, let Gp=(U) = |J Gr=(x); note that if 0 < a&; < 1,
zelU
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0<T;<1,j€ey, thenlp C Ip=,sinceU+V C GandU+V C Gr=(U) =
Q.

Lemma 1. Let 1 < p,; < quy < rpj < oo, p=1,2,...,N, 0 <
xj S ]-7 0 < tj S Tj § 1;.7 € en; n = (7’1;7’27'6"77771)) 0 < Ui § Tja
v=(v1,v2,...,Vn), vj > 0-are integers, j € en, A" (t)f € Ly, a,20,+(G),

e

n
By = 117 [TI67 Ko 10, 9
jee’ 0e jEe
TC
cr@) =1 [ 117" Kelw te +T)ate, (6)
jeEe’ ne j€Ee
7 (e + 77 )
’ t + xr
Ko(z,t° +T¢) = YOl :
e(ma + ) / / e (te+Te” te+Te’ X

R™ —oo©

t 1 e
<6 (255 500 A Gu) oty +
Then the following inequalities hold:
N Bu
B¢ <
21618 H an’U‘YE(T) = E{ p#,a,&,fr} )

) (-5) 11
X HTj i ®ja; ( j J) H[’Yj]l i Hnjj(gj >O), (7)

jee’ JjEen jEe
}Bu
X
Pp,a,x,T

N
§1€18 HBn,THq,U@(a) <G H { Htj A™ (6 Q)f
T =1

1" a™ Q)

j€e

j€Ee
H T;j, €5 > 0,
7uj*(lfaejaj)(i*i) 2i% jeel T
P4 a4 P4 —_ s =
<[17 S Tl g e =00 ()
jEe’ Jj€en I1 77]€'ja g <0,
j€e

where C1 and Co are the constants independent of fy, n, T.
Proof. Assume first that py1 = pu2 = -+ = Pun = Dp> Qu1 = qu2 = -+ =

Qun =qu, and ryy =ryo =+ =714, =7, (p=1,2,...,N). For the given
T € U, applying the generalized Minkovskii inequality, we obtain

HB;Hq,U,Yae(T) <
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<cC T-*HJ/ 07 et + 7)) dc, (9
= H J 117 Noe@ ®)
JEe 0e jEe
Estimate the norm HKS(-,teJrTe/)H - Applying the Holder in-
q, U= (T

equality with the exponents
N N
1
aH:q—ua /1/2172)"'7]\[7 <Z_:qz&:1>a
6#‘1 =1 «y, o qu
for ‘Ke(:n,teJrTel)‘ we obtain

..

}ﬁ” . (10)

By virtue of the Holder’s inequality, with regard for ¢, <r,,n=1,2,...,N
we have

<C HK , ¢ —i—Te
q,U e () 2 H { ) q,Uqz (T)

<H,yﬁ_ﬁ HK teJrTe)

JEen

| et

. (11)

4, Uy (T) T, Uy (T)

Let x be the characteristic function of the set S(M.). Note that 1 < p,, <

r, < 00,58, <1y (i =1-2L 4 L) , and if we represent the integrand in

Pu T
the expression K(z,t¢ +T¢) in the form
oo® 1
‘ / MW A™ (§u) fdu ! ) " x
o 2
X (‘ / CeA™ (6u) fdu® ) e
—00¢

o

_ (‘ / CA™ ((5u) Fdu®

Pu L*.L

Y ) Pu T (‘M(V) Sp
X(te +T¢ ) ©
and apply Holder’s inequality for ‘Ke(:n, e + Te/)‘ (by virtue of %Jr (ﬁ - %
(i — %) = 1), we obtain
i

Su
u p ,
< sup /‘/C - t,w)x
T Uy (T ) €U = (T) ( ( )

1 1

Pu y Pn Ta
X(te+Te')dy> X

Pu

MW

HKe<»te+Te’>

X A™ (0u) f(z + y + u®)du’
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cop ([ | [ (3252 p0.0)

U= () —oo°

1

Pu T
X A™ (u) f (x4 y + u®)du® d:c> " x
X / Mm( y  op(t +T€/,:c)) °
€ te + Te"’ te + T€
R‘n.

Since U +V C Q, Qe e (7) C Qe pwer () for arbitrary 0 <ae; < 1,
0<t; <T; <1,j5€ep, and z € U, we have

“dy) B (12)

o
t 1 . Pu
J1 [ (G252 50 ) am o s+ |
Rn 7006
y ) < (g plt,z) 1, )
Xx(teJrTe, dy < / ‘/Ce 5o gl () )X
Qtae€+Ta=,€’ (@) —o0°
e Py
xA™ (0u) f(z +y +u)du®| dy <
<Ht”“’5+p“ Ht**me(t Q)f " v | (13)
=11 j ’ j i
j€e j€e Pp,a,® jece! jEe
where y € V

Pu
dr <

/ } 7 G (% 2D 2, 0)) A ) o+ 4 e

Uy () —00°

Pu
dr<

< ‘ [ o (B 2 L) A G Sy

t 2t 2

Qtaee Lpme! (T+y

<1I (Pl P
- J
j€Ee

(Y p(t”Te/’x))su SIS
/‘Me (te+Te/’ te £ T dy*HT]Htj M.

R» jee’ JjEe

b Pu
1t a™ Q)

j€e

[T b, (14)

Pus®:® jee,

(15)

Su
Sp
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It follows from (10)-(15) that

N By
’ 14 e
Ke(-,t°+1T° ’ < t.7A™ (t X
H (o + )q,Uwae(z)_ 3H{ H Q)fp m}
= JjEe @y
(1—eejaj) %7% aej:j
S N |
jee’ Jj€en
1_1 1 1_1
31 EI0 | R (16)

Jj€en jE€e

Taking into account the inequality [|-||,, , .. < ¢|*[|,, .. » and using (16) with
respect to every variable, we obtain the following inequality:

" B
, e
HKe(',te-i-Te )H H{ It a™ ey } X
q,U. a=(:c) jce Du,a,&,T
(1—eejaj) L,% aej?j
XHT 7 J(PJ J) Hh/j]lpj %
jee’ Jj€en
(F-2) o lit2-(-mia) (3, -4)
X H 5 I tj J (17)
Jj€en jee
fOI‘pu = (pul;pu% cee apun)a qu = (quv qu2y--- 7q;tn) and Tuw = (7““1,7“H2, e 7r;tn))
(p=1,2,...,N) Substituting (17) in (9) for r; = g;,j € en, we arrive at
(7). In a similar way we can prove inequality (8). O

Lemma 2. Let 1 < pu; < quy < oo, p=1,2,...,N; 0 < &e; <1,
0<t; <T;<1,j€ep; 1 <1 <1 <00andej > 0. Then for every
function BS.(z) defined by (5) the estimate

B
b

N
q,b,e,m2;U < c H {
p=1
is valid, where C is the constant, independent of f, and b = (by,ba,...,by),
bj is an arbitrary number satisfying the inequalities
0<b; <1, ifejo>0 forj€e;
0<b;<1,ifejo=0forjece 0<b; <a; forjce\e=¢;
0<b <1+M, ifejo0 <0 forjece.

1—aja;

It " am Q)

Jj€e

| B |

Pu,a,®,T

Theorem 1. Assume that an open set G satisfies the condition (A1),
1<pu <qu<o0,jEen,1<0,<oco,u=12... N;®=cee, 1=
maxljee;, v = (v1,v2,...,Vp), v; >0 be integers , j € e,, 1 <11 <1 < 00,
Jj€Een

fe ﬂ S]l)‘:“e”7a7%,TB(Gh)’ and let €; > 0 for j € e,. Then there exists the
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generalized derivative DY f in the domain G and the following inequalities
are valid:

, N Bu

1D Fllge < LA TT{Ifls, . @} (19)
p=1

N B

v H
1D* Fllypaeirse < Co TL{If s, mi} (20)

p=1
Puj S quj < 00, .7 € en,
where
, €, jEe
A= T o |
J ’ ] 1 — _ -1 1 _ 1 /
e vj — (1 — =ja ) (p,- qj) , jee.
In particular, if 50 > 0, j € ey, then DY f is continuous in G and

ol )

n
sup [D"f| < CLAT) [T {If s, )+ (@)

zeG p=1 Pu,Op,a,2,T
0 €35,05
where A(T°) = Y I T;%7, s2; = JjE€e ;
eCen j€en —v;—(1— aejaj)ﬁ, jee,
J

T; € (0,min(1,t0,5)], j € en, C1Cy are the constants independent of f, and
C1 is independent of T as well.

Proof. First of all, it should be noted that since & = ceae, ¢ > 0, using Prop-

N
erty 2), we can assume that f € ) Sll)i B(G},), and in inequalities

,04,a,coe,T
p=1

(19)-(21) and in the expression for ¢; we can replace &;, j € en, by &,
J € en. Here we will prove these very inequalities (the greater z;, the greater

N
£j,j €Een). Let fe N S B(G}), then f € SV B(G},) for
p=1

pu,eu,a,gﬂ' pu,eu,a,gﬂ'

all u =1,2,..., N. The existence of the generalized derivative D" f under
the conditions of the theorem follows from Theorem 1 of [10]. Then for
almost every point x € G the following equality holds:

D"f() =Y ()M ] 77"

eCen, jee’
T oo ’
it [ [ et B )
T ¢ \te 4T te+T¢
oe J R" —o00¢
j€e
u p(t,x) 1 e
cC (4 L)) A () f oy )y, (22)
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the support of the representation (22) is contained in the set z +V C G
and the parameter of the representation d > 0 is assumed to be sufficiently
small. Therefore A™ (u, Gs,)f = A™ (6u)f. On the basis of Minkovski’s
inequality, we have

ID" fllye < Cv Y 1Bl (23)

eCen

By means of (7), for U =G, n=T as v — oo, we find that

N B
Se,j
1Bl < 2 TT 27 T1 { b
Du,a,®,T

j€en pn=1
B
b
Pu,a,®,T

whence with regard for 1 <6, < oo, p=1,2,..., N we get inequality (19).
Similarly, using (18), we obtain estimate (20).

Assume now that €0 > 0, j € e,. Let us show that D" f is continuous
in G. On the basis of identity (22) and inequality (18), for ¢; = o0, €; =
€50 >0, 7 € e, we have

}Bu
Pu,a,®,T ’

whence it follows that the left-hand side of the inequality tends to zero as
T; — 0, j € e. Since D" fr is continuous in G, in this case the convergence
of Loo(G) coincides with the uniform convergence and, consequently, the
limit function D" f is continuous in G. O

—I# e
It 7 am s

jEe

Then from inequality (23) we have

N
|mﬂws@23Hﬁ”H{

eCen j€en p=1

—lu me
It 7 a™¢.Gf

j€e

IDYf = D" frllo g <

<o ¥ o1

O#eCen, jEen n=1

—M me
H tj A (t7 Gt)f

j€e

Let & be an n-dimensional vector.

Theorem 2. Let the domain G, the vectors p,,q,, (v =1,2,...,N), &,
v and parameters T, 8, (u=1,2,...,N), satisfy the conditions of Theorem
1. Ife; > 0,5 € en, then the derivative DY f satisfies the Holder condition
in G in the metric of L, with exponent 0‘J1», or more ezactly,

N
Bu 1
186D oo < CTT{Iflse , o) IIIGI7. @)
p=1

PuOp,a,z,7 k
J€en

where ot is an arbitrary number satisfying the inequalites:

j
Oga}gl, ife; > 1 for j € e
O§UJ1»<1, ifsjzlforjee;Oga}§1f0rj€e’;

0<0; < ¢gj,ife;<1forjce.
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Ifej0>0 (j €ey), then

N
ﬁu 1‘,0
sup [A(E, D" f < CT[{Ifllsye, oy TTI6I77, (29)
TE n=1 j€en
where 0;’0 satisfy the same conditions as 0]1-, but with the substitution of ¢,

by €4,0-

Proof. Just as in the proof of Theorem 1, below we can replace the vec-
tor & by ® = cee. By Lemma 8.6 [11], there is a domain G, C G (z =
(21,22, ., 2n), 25 = ajr(z), aj > 0, j € ep, r(z) = dist(z,0G), z € G).
Suppose that |£;] < z; (j € en), then for every € G¢ the segment with
endpoints « and x + £ lies in G. Consequently, (22) is valid for all points
of that segment with the same kernels. After several transformations we
obtain

INET R Bl | E vt

eCen jee!

1€°1 oo¢

e e e’
[ = [ e (e 2
H thruj te +Te te + Te
OE

R™ —o0©

- j€e

G (5282 L) [ @A™ (Gu) sy + )

X ) [P
t 2t 2

du®dy+

Te

e ST L [ =%

eCe, jee’ j€e
=€nJ J lge| jée

b te+ T ) u p(t,z) 1
M<”+1>( y ) )‘ e(_ 2) L, )‘
X//‘ < Ner T e Ml Ty g )X
R7L_oo€

1
x /Ame (Ou) f(z +y + u® +vi& + vl + - - V& ) dvdudy =
0

=Cy > Bi(x,6) +Cy Y B§(x,8); (26)

eCen eCen

where [£°] = (|7, €3], -, [€31), 1€7] = [€5] for j € e, [€5] = 0 for j € €], and
0 < T; < min(1,to,;) for j € e,. We can consider, that |£;| < T} for j € ey,
cosequently, |&;] < min(z;,T}), j € e,. if x € G\G;, then by definition,

A(¢, G)D” f(x) = 0.
By (26) we have
A G)D" fllge = I1AEGD fll,q. <
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<O Y IBS GO ya. +Co DB O (27)

eCep, eCen,
Using inequality (7) for U = G, n; = |;]|, as v — oo, we obtain
1B )l 0. <

<Cs [T &1~ ﬂ{

Jj€en pn=1

=% e
Ht] A (taGt)f

j€e

Bu
},<m
Pu,@,%,00

and by inequality (8) for U = G, n; = |§;|, as v — oo, we find that
1B5C-Ollgc. < Ca TT 1617 TT 1l

j€el, j€en

Bu
b <
P @, 88,00

}ﬁ“
Dy, @,88,00

B
It 7 a™¢.Gf

N
XH{
pu=1 j€Ee
N
<Cs H €517 H{

- e
[1t°a™t.Gof

Jj€Een p=1 j€e
1 N —* e Bu
a Il TH{| s e eenr| 1 o)
j€en n=1 j€e Du 0,8,

where o} > o for j € e,. From inequalities (27)-(29), under the condition
1<0,<o0, u=1,2,...,N, we obtain inequality (24).
Suppose now that |£;| > min(z;,T}), j € . Then

IAE @)D" fll,e < 211D" g < CE D ID fll, 6 T] 1617

Jj€en
In this case, estimating ||D” f||, ; by means of (19), we again obtain the
desired inequality. O

REFERENCES

1. S. M. Nikolskii, Functions with dominant mixed derivative, satisfying a multiple
Hoélder condition. (Russian) Sibirsk. Mat. Z. 4(1963), 1342-1364.

2. A. D. Djabrailov, On Some functions of spaces. (Russian) DAN SSSR, 159(1964),
No. 2, 254-257.

3. T. I. Amanov, Representation and embedding theorems for function spaces
S;ng(Rn) and S;g)* (0L z; <2m5=1,---,n). (Russian) Trudy Mat. Inst. Steklov.
77(1965), 5-34.

4. P. I. Lizorkin and S. M. Nikolskii, Classification of differentiable functions on the
basis of spaces with dominant mixed derivatives. (Russian) Trudy Mat. Inst. Steklov
77(1965), 143-167

5. V. P. Ilyin, On some properties of the functions of spaces W;l;,a,ae(G)- (Russian) Zap.
Nauch. sem. LOMI AN SSSR 23(1971), 33-40.



82

-

10.

11.

A. NAJAFOV

. I. Ross, A Morrey-Nikolskii inequality. Proc. Amer.Math.Soc. 78(1980), 97-102.

. Y. V. Netrusov, Some imbedding theorems for spaces of Besov-Morrey type. (Rus-
sian) Numerical methods and questions in the organization of calculations, 7. Zap.
Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 139(1984), 139-147.

. V. S. Guliev and A. M. Najafov, On some imbeddings theorems of Besov-Morrey
and Lizorkin-Triebel-Morrey type spaces. (Russian) Voronejsk. Zimn. math. shkola,
1999, 71.

. V. 8. Guliev and A. M. Najafov, The imbedding theorems on the Lizorkin-Triebel-

Morrey type space. Progress in analysis, I, II (Berlin, 2001), 23-30, World Sci.

Publishing, River Edge, NJ, 2003.

A. M. Najafov, The imbedding theorems for the space of Besov-Morrey type with

dominant mixed derivatives. Proc. Inst. Math. Mech. Acad. Sci. Azerb. 12(2000),

97-104, 190.

O. V. Besov, V. P. Ilyin, and S. M. Nikolskii, Integral representations of functions

and embedding theorems. (Russian) Second edition. Nauka, Moscow, 1996.

(Received 12.05.2005)

Author’s address:

Azerbaijan University of
Archithecture and Construction
Ayna Sultanova str., 5

Az 1073, Baku,

Azerbaijan



