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NONSEPARABLE LEFT-INVARIANT MEASURES ON
UNCOUNTABLE SOLVABLE GROUPS

A. KHARAZISHVILI AND A. KIRTADZE

ABSTRACT. It is proved, under the Continuum Hypothesis, that every
uncountable solvable group admits a nonseparable nonatomic o-finite
left-invariant measure. Some related questions concerning properties
of such measures are also discussed.
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Let E be a nonempty set, S be a o-algebra of subsets of F and let u be
a measure on E with dom(p) = S. As usual, the triple (E, S, u) is called a
measure space.

For any two sets X € S and Y € & having finite p-measure, one can
define d(X,Y) = u(XAY'). The function d is a pseudometric and, after the
corresponding factorization, yields a metrical space canonically associated
with p.

A measure p is called nonseparable if the above-mentioned metrical space
is nonseparable.

It is well known that the following two assertions are equivalent:

(1) p is nonseparable;

(2) there exist a real ¢ > 0 and an uncountable family {Y; : ¢ € I} of
p-measurable subsets of E such that

dY;,Y;)>e (iel, jel, i#j).

Nonseparable probability measures naturally appear when one deals with
uncountable products of probability measure spaces. For example, if T
denotes the one-dimensional torus endowed with the standard Lebesgue
probability measure, then the product of uncountably many copies of T
carries the invariant product measure which is nonseparable.
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Uncountable direct sums of probability measure spaces also yield exam-
ples of nonseparable measures. However, in the latter case the obtained
measures fail to be o-finite, and this is a weak side of the operation of
taking direct sums of probability measure spaces.

Many years ago a problem was formulated about the existence of non-
separable invariant extensions of the standard Lebesgue measure A on the
real line R or about the existence of nonseparable invariant extensions of
the Lebesgue probability measure X on the torus T (see [1]). This problem
was intensively investigated by several authors and was solved positively
in the classical works [2] and [3]. Moreover, some generalized versions of
the above-mentioned problem were considered for a Haar measure on a o-
compact locally compact topological group (see, e.g., [4]).

For further information on various methods of extending invariant (and,
more generally, quasiinvariant) measures which are given on abstract spaces
equipped with their transformation groups, see e.g. [5]-[9].

Let (G, -) be an arbitrary uncountable group. In our consideration below
we do not assume that G is equipped with a topology compatible with its
algebraic structure.

There are trivial examples of probability left-invariant measures defined
on some o-algebras of subsets of G. For instance, we can introduce the prob-
ability measure po defined on the family of all countable and co-countable
subsets of G and vanishing on all singletons in G. Obviously, the measure pg
is invariant under the group of all left (right) translations of G. In this con-
text, the following natural question arises: does there exist a nonseparable
nonatomic o-finite left-invariant measure on G?7

Our goal is to show (under the Continuum Hypothesis) that if G is solv-
able, then the answer to this question is positive. Moreover, it turns out
that if G is uncountable and commutative, then there always exists a non-
separable nonatomic invariant probability measure on G.

We need several auxiliary propositions.

The first lemma is purely algebraic in its nature and, possibly, is well-
known. For the sake of completeness, we give its proof here.

Lemma 1. Let (G,+) be an uncountable commutative group. There
exists a commutative group (H,+) such that:

1) card(H) = wy;
2) H is a homomorphic image of G.

Proof. Since the original group G is uncountable, it contains a subgroup
G1 with card(G1) = w;y. This Gy can be isomorphically embedded in some
divisible commutative group Gs (see, e.g., [10]). It is not difficult to choose
such a group G of the same cardinality w;. Consider now the canonical
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embedding
Id(Gl,Gz) : G1 — GQ

and identify G with its image under Id(g, g,). Since Gz is divisible, we
can extend Id(g, @, to a group homomorphism

¢: G — Gs.

Now, let us put H = ¢(G). Clearly, H is a homomorphic image of G. By
virtue of the relations

G1 C ¢(G) C Go, card(Gy) = card(Ga) = wr,
we also have card(H) = wy, which completes the proof of Lemma 1. O

Remark 1. One application of the above lemma can be found in paper [11]
where algebraic sums of so-called absolutely negligible sets in uncountable
commutative groups are discussed. These sets play an essential role in some
questions concerning extensions of nonzero o-finite left-invariant measures
on groups.

If a commutative group (G, +) is given and v is a left-invariant measure
on G, then v is also a right-invariant measure on G. In this case, we simply
say that v is an invariant measure on G.

Lemma 2. Suppose that every commutative group of cardinality w1 ad-
mits a nonseparable nonatomic o-finite invariant measure. Then every un-
countable commutative group admits a nonseparable nonatomic o-finite in-
variant measure.

Proof. Let (G, +) be an arbitrary uncountable commutative group. In view
of Lemma 1, there exists a surjective homomorphism

¢:G— H,

where H is some commutative group of cardinality wi. According to our
assumption, H admits a nonseparable nonatomic o-finite invariant measure
w. Consider the family of sets

S={¢""(Y):Y € dom(p)}
and define a functional v on this family by putting

v(671(¥)) = u(Y) (Y € dom(p)).

It can easily be verified that:
a) the definition of v is correct (since ¢ is a surjection);
b) S is a G-invariant o-algebra of subsets of G;
¢) v is a nonatomic o-finite measure on S.
Let us check that v is also nonseparable and G-invariant.
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Indeed, since the measure u is nonseparable, there exists an uncountable
family {Y; : 7 € I} of p-measurable subsets of H such that

d(Yi,Y;) >e (i€l, jel, i#}j)
for some strictly positive real e. Then we may write
v(¢ (V)AGTH(Y)) > (e GETL i#])),

which shows the nonseparability of v.

Take now an arbitrary set X € § and an arbitrary element g € G. Then
X = ¢~ 1Y) for some set Y € dom(u). Denoting h = ¢(g), we easily come
to the equality

g+X =9 (h+Y),
which yields

vig+X)=ph+Y)=pY)=v(e '(Y)) =v(X),

i.e., v turns out to be a G-invariant measure. O
This ends the proof of Lemma 2.

Lemma 3. Suppose again that every commutative group of cardinality
w1 admits a nonseparable nonatomic o-finite invariant measure. Then every
uncountable solvable group admits a nonseparable nonatomic o-finite left-
muariant measure.

Proof. Let (G,-) be an arbitrary uncountable solvable group. There exists
a composition series

{e}=GoCcGiC---CGr1 CGL=G

of subgroups of GG, where e denotes the neutral element of G and, for each
natural number ¢ € [0,n — 1], the group G; is normal in G;41 and the
factor-group G;+1/G; is commutative.

We must show that the group G = G,, admits a nonseparable nonatomic
o-finite left-invariant measure on some o-algebra of its subsets. For this
purpose, we use the induction method on n.

If n =1, then G = G1 /Gy is commutative and we may apply Lemma 2.

Suppose now that our assertion has already been proved for uncountable
solvable groups whose composition series contains at most n subgroups, and
let us establish the validity of our assertion for those uncountable solvable
groups G whose composition series consists of n+ 1 subgroups, i.e., G = G,,.

Let ¢ : G,, — G, /Gn—1 denote the canonical epimorphism. Consider
two possible cases.

1. The commutative group G, /G,_1 is uncountable.

In this case we apply again Lemma 2 and equip the group G,,/G,—1 with
a nonseparable nonatomic o-finite invariant measure pu. Further, as in the
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proof of Lemma 2, we define
S = {Qb_l(Y) 1Y € dom(p)},
v (V) = u¥) (¥ € dom(p)).

In this manner we obtain a o-algebra S of subsets of G,, = G and a non-
separable nonatomic o-finite left-invariant measure v on S (cf. the proof of
Lemma 2). Therefore, we claim that our group G admits a nonseparable
nonatomic o-finite left-invariant measure.

2. The commutative group G, /Gp_1 is at most countable.

In this case, taking into account the uncountability of our group G,
we claim that the subgroup G, _1 is uncountable, too. According to the
inductive assumption, G,,—1 admits a nonseparable nonatomic o-finite left-
invariant measure pu. Denote by {gr : k € K} a selector of the countable
family of sets G,,/Gp—1. For each index k € K, we have a canonical bijection
between the sets G,,—1 and g - G,,—1. By using this bijection, we transfer
the measure p to the set g - G,—1 and denote the obtained measure by p.
Let us stress that one and only one of the measures p; (k € K) coincides
with the original measure p.

Now, let us put:

S’ = the family of all subsets X of G,, such that X Ngy-G,,—1 € dom(py)
for each k € K.

It can easily be seen that &’ is a o-algebra of sets in G,,. Further, for
any set X € §’, we define

v(X) = Z (X Ngr - Gro1).
keK

A direct verification shows that v is a nonatomic o-finite left-invariant mea-

sure on the group G,, = G. Finally, v is nonseparable since it contains (as

a part) the nonseparable measure . We thus conclude that our G admits

a nonseparable nonatomic o-finite left-invariant measure. O
This completes the proof of Lemma 3.

Lemma 4. Assume the Continuum Hypothesis. Then every commutative
group (H,+) with card(H) = w1 admits a nonseparable nonatomic invariant
probability measure.

Proof. It is well known (see, e.g., [7]) that there exists a partition {H : £ <
w1} of H satisfying the following conditions:
(a) card(H¢) < w for any ordinal { < wr;

(b) for each subset = of wi, the set Z(Z) = U{H¢ : £ € E} is almost
invariant in H, i.e., we have

(Vh € H)(card((h + Z(2))AZ(E)) < w).
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Also, according to an old result on independent families of sets (due to
Tarski), if £ is a set of cardinality continuum, then there exists an uncount-
able family {E; : ¢ € I} of subsets of E such that:

(c) for any injective sequence {i,, : n < w} C I, we have
card (N{E] :n<uw})=c,
where ¢ denotes the cardinality continuum and

E;, =E;, V E, =E\E;, (n<w).

1 Tn in

Note that the existence of {E; : i € I} can be established directly (by
using the method of transfinite induction and without appealing to the
above-mentioned result of Tarski).

In view of our assumption ¢ = wi, we immediately obtain an analogous
uncountable family {Z; : ¢ € I'} of subsets of wy, i.e., the following relation
holds:

(d) for any injective sequence {i, : n < w} C I, we have
card (N{Z], :n<w}) =c,

where
—/

A =
= =
in

in

V B =wi\E, (n<w).

For every index ¢ € I, let us put

A; = U{HE (€€ Ez}

and consider the family {A; : ¢ € I} of subsets of H. This family is inde-
pendent, too, and each set A; (i € I) is almost invariant in H (in view of
(b))

Let po denote the probability invariant measure on H which is defined on
all countable and co-countable subsets of H and vanishes on all singletons
in H. Applying the standard method of extending invariant measures (cf.

[2], [4], [7]), we can extend po to a nonatomic invariant measure p on H
such that

{Ai (1€ I} C dom(p),

In particular, the last relation shows that u is nonseparable. O
Lemma 4 has thus been proved.

Remark 2. Unfortunately, the role of the Continuum Hypothesis in
Lemma 4 is unclear. In other words, we do not know whether it is pos-
sible to prove this lemma within the theory ZFC.

Remark 3. Lemma 4 can be easily generalized to those infinite groups
(H, ) (not necessarily commutative) which satisfy the equality card(H)¥ =
card(H). The proof can be carried out by the same method of independent
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families of sets. However, this method does not work for those uncountable
groups (H,-) whose cardinality is cofinal with w. Also, it is reasonable to
point out in this place that, under the Generalized Continuum Hypothesis,
the following two assertions are equivalent for an infinite group H:

(1) card(H)* = card(H);

(2) card(H) is not cofinal with w.

Finally, let us recall that if H is an uncountable o-compact locally com-
pact topological group, then the equality card(H)* = card(H) is valid (see,
for instance, [12]).

Taking into account Lemmas 1 - 4, we come to the following statement.

Theorem 1. If the Continuum Hypothesis holds, then every uncount-
able solvable group admits a nonseparable nonatomic o-finite left-invariant
measure.

We also have a certain analog of this theorem for commutative groups
(within the theory ZFC).

Theorem 2. Any commutative group (G,+) with card(G) > ¢ admits a
nonseparable nonatomic invariant probability measure.

The proof of Theorem 2 follows from the corresponding analogs of Lem-
mas 1, 2 and 4.

Remark 4. In connection with the results presented in this paper, the
following two open questions seem to be of interest.

I. Is it true that every uncountable group admits a nonseparable non-
atomic o-finite left-invariant measure? More generally, is it true that any
nonzero o-finite left-invariant measure given on an uncountable group ad-
mits a nonseparable left-invariant extension?

II. Is it true that every uncountable solvable group admits a nonseparable
nonatomic o-finite left-invariant measure having the uniqueness property?
More generally, is it true that any nonzero o-finite left-invariant measure
with the uniqueness property on an uncountable solvable group admits a
nonseparable left-invariant extension with the same property?

A detailed information about the uniqueness property for invariant mea-
sures can be found in [4], [7], [8].

Note that a nonseparable invariant extension of the Lebesgue measure,
constructed by Kakutani and Oxtoby [2], does not possess this property. On
the other hand, a nonseparable invariant extension of the Lebesgue measure,
constructed by Kodaira and Kakutani [3], has the uniqueness property (for
more details, see [8]).
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