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ON A NUMERICAL SOLUTION OF THE
TWO-DIMENSIONAL FREDHOLM INTEGRAL EQUATION
OF THE SECOND KIND

G. KARKARASHVILI

ABSTRACT. For a two-dimensional Fredholm integral equation of the
second kind the problems of belonging of the exact solution to the
Sobolev-Slobodetskii spaces are considered. The corresponding mesh
scheme is constructed and the rate of convergence of an approximate
solution to an averaged exact solution is estimated.
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INTRODUCTION

A great many problems of mathematical physics and engineering are
reduced to the solution of linear and nonlinear integral equations. One can
manage to find an exact solution of an integral equation analytically only
in some individual cases, therefore the methods of approximate solution of
integral equations do not give rise to doubts. Mesh schemes of numerical
solution of integral and integro-differential equations with non-smooth input
data in Sobolev spaces have been studied in [1-7].

In the present work we consider the two-dimensional Fredholm integral
equation of the second kind. The sufficient conditions are established under
which the exact solution u(z) belongs to the Sobolev-Slobodetskii spaces.
An a priori estimate of the solution is obtained.

The mesh schemes are constructed by means of special averaging the
kernel and the right-hand side. It is proved that the rate of convergence of
an approximate solution to an averaged exact solution is equal to A™ for
ue Wi(Q),0<m<2.
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1. NOTATION AND AUXILIARY RESULTS

In this section we introduce the notation and present the results which
will be necessary for our further exposition [10-11].

Let R? be a two-dimensional Euclidean space of points z = (z1,x2),
a' = (x],24), ... with the distance

o — a'| = (21— 27)° + (w2 — 25)*) /2.
By Q we denote the unit square in R2:
D={r=(1,22):0< 2, <1, a=1,2}

The use will be made of the notation

ol
FISTEER
where v = (71,72) is a multi-index, 1, 72 > 0 are integers, |v| = v1 + ¥2.

W3 () denotes the Sobolev-Slobodetskii space. For integers m > 0, the
norm in W3 (€2) is given by the formula

m 1/2
folbugor = (S lufion)

s=0

1/2
[ulw; (@) = ( Z ||D7“|%2(Q)) -
lvl=s
For m ='m + «, where m is an integer and 0 < a < 1,

DY =

where

/2
ullwy @) = (Hu”%/VgT(Q) + |“|%/v2m(sz)> ;

IDVu(z) — DVu(y)[? 1/2
HUHW;;"(Q) = ( Z / |$_ 2720 dxdy .

[v[=m g

where

We will also consider an anisotropic Sobolev-Slobodetskii space W™ (Qx
Q). For integers m, the norm in W3"°(Q x Q) is defined by the equality

1/2
HK”W’"OQXQ <Z|K|Wboﬂ><ﬂ) )

where /2

Kl 0 0oy = ( >/ |D”th|2dxdt) ,

vl=s0 O
and for m =m+ «, 0 < a < 1, m is an integer,

1/2
1K lgeo@eay = (1K o (2% ) + K lysogoeny) -
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where

DK (,€) — DYK(t,€)|? 12
(K lwpro@xa) = ( > /// |z — t[2t2e dwdtds ) .

[vI=

Introduce the notation wy, = {z;; = (ih,jh), i,j = 1,2,...N -1, h =
1/N} is the uniform mesh on €2, where h is the step of the mesh wy, and
2;; is the node of the mesh wy,.

For the mesh functions we use the notation

Vij = ’U(Zh,jh)

We introduce the mesh norm in Ly(€2) on a two-dimensional mesh

N 1/2
ooz, = {17 3 s}

ij=1
By [[M|| is denoted the Euclidean norm of the matrix M = (m;;)7;_,
n 1/2
= ()
i,j=1
2. STATEMENT OF THE PROBLEM AND ITS INVESTIGATION

Let us consider the two-dimensional Fredholm integral equation of the
second kind

@=A/K@@M6%+ﬂ@7x€Q (1)
Q

where A is the real parameter which is not a characteristic number.
It is known [8] that for f € Lo(2) and K € Lo(2 x §2) there exists the
unique solution u € Ly(9) of equation (1) for which the estimate

[ullzo(@) < Cllfllzao (2)

is valid.
We prove the theorem on the smoothness of the solution of equation (1).

Theorem 1. Let f(z) € Wi (Q), and the kernel satisfy the condition
K e Wy (2 x Q).

Then the solution of equation (1) belongs to the class W (QY) for which the
estimate

lullwg @y < Clfllwgr), 0<m<2. (3)

is valid.
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Proof. Consider the integral operator

z) = / K (. €)u(€)d
Q

ITullwg @) < 1K lymogquallulla@, 0<m <2, (4)

and show that

Indeed, for m = a, a € (0,1), we have

Tullwg @) = {/(/K(x,ﬁ)u(f)dg)de—k
a 0

2

e = [ K(t,)u(€)ac)

1/2
// |$—t|2+2“ d:cdt} <

< ||KHW2“’0(Q><Q)HUHLz(Q)’

but if m =1+ a, a € (0,1), then

|\Tu||W1+a @ = {/(/K x,&)u ) dx+
S0 i [ ([ g0
o 0 Q 0

w(€)ds ~ [ K, (1, u(e)de)

(/K (@9
+// . |x_t|2i2a drdt+

Q Q

(f Ko e = [ K7, pu(e)ae)

) 1/2
+// E —t|2+2a dxdt} ,
QQ

1Tl ey < 1Ky remoeay lullzag) = 1K lymogaay lullza)-

ie.,

However, if m = 0, 1, 2, estimate (4) becomes evident.
Next, from equation (1) it follows that

lullwye ) < [1Tullwym ) + [1f lwg - (5)
Therefore, taking into account inequality (4), from (5) we obtain

lullwy @) < [1Klwmogxo vl + [ fllwg @) (6)
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Substituting into (6) the obtained from (2) estimate

ullL,) < Cllfllwg @), (7)
we get inequality (3).
Thus the theorem is complete. O

3. CONSTRUCTION OF THE MESH SCHEME

We proceed to constructing the mesh scheme. Towards this end, we
transform equation (1),

h2/ d:c*h22// (z,8) + /K:csdsf

o hk=1g, QJk

1 .
—ﬁ/K(I,s)ds) §)dxdé + — /f r, 1,l=1,2,..., N,

and hence

% w(z)de = A Z h2Agl’“<h2 /u(f)d£)+

Qi Jk=1 Qjk

1 .
+ﬁ/f(:c)d:c+)\Ril, i,l=1,2,...,N. (8)
Qi

where

Ry = hQZ// (2,6) — hQ/szds €)dade,

]7k 1 Qzl Q]k

Azlk //Kk:sda:ds ,5,0L,k=1,2,... N
7ZQ]k

Rejecting the residual, we reduce expression (8) to the linear algebraic
system

N
, 1 '
vil:)\z hQAflkvjk—i—ﬁ/f(ac)da:, ,l=1,2,...,N. (9)
k=1
Subtracting now (9) from (8), for the error
1

W= g

/u(:c)d:cfvil, n,l=12,...,N (10)
Qi

we have

(I —A)Z = AR, (11)
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where

Z=(z1,...,2n), R=(Ri,...,Rn); A= (\*By)_,,
but

zi=(2i1,...,2n); Ri=(Ri,...,Rin); Bij = (ALk)Ns,

and [ is the unit matrix.
The lemma below proves that the matrix I — A is nondegenerated.

Lemma 1. If the kernel K (z,§) is symmetric and satisfies the condition
MK 0x0) <1, (12)

then the matriz I — A is nondegenerated, invertible, and the estimate
1 1
-4 < —,
—q
where ¢ = ||Al| < 1, is valid.

Proof. The equality

N
)\2
AP =Y S RS S <//m ; d:cds>
i,l=1j,k=1 i,0=1j,k :1 Qi

is true.
Using the Cauchy-Bunjakovskii’s inequality, we have

| A|I? < ZZ)\Q//K xsdacdsf)\Q//K (x,s)dxds,

Qi Qjk
or, by means of the condition (12) we obtain
|A] < 1.

Thus by Theorem 7.1.1 (see [9], p. 195) we can prove the validity of
Lemma 1. Il

As the corollary of the above lemma it follows that the problem (11) is
uniquely solvable, and for its solution

1Zll0.2.0, < AL = @)™ [ Rl0.2.0,- (13)

4. ERROR ESTIMATION

In this section we will estimate a discrete norm of the error (10) which is,
in its turn, a solution of the system (11). The norm of the error || Z||o,2,w,
is estimated in the following two theorems.
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Theorem 2. Let the kernel K (x,t) be symmetric and satisfy the condition
(12). Moreover, let

fews®), Kewd'QxQ), 0<a<l.

Then the convergence of the mesh scheme (9) is characterized by the
estimate

HZ”O,Q,wh < Cha|K|W2(QfU)(Q><Q)HfHLz(Q)' (14)

Proof. Let us estimate the norm || R||o,2,., . To this end, we use the Cauchy-
Bunjakovskii’s inequality and obtain

||R||%,2,wh=h2i@iﬂ?:’f XN:{h 2 / / / (-

i,l=1 i,l=1 J,k= IQ” Dk L

K(z,s))u<£)dzd§ds}2 < §Nj { 3 < | ] [wee-

i,l=1 *~ j,k=1 Qi U U

—K(m,s))Qdaxdfds) (/// dxdgds)l/Q}Q.

Qi Qjk

Applying now the Cauchy-Bunjakovskii’s inequality for the sum, we find
that

Ly K(z,5))"
IR 3,2,wh§h—z Z /// 5|2+2a € — s|*T2dzdedsx

3k= Lo, Qjir Qjk

e df<"2"‘/// O = X draisul,

]7k 1 Qle]kQ]k

or, taking into account the fact that the kernel K (z,y) is symmetric,
[1Bllo.2.0n < A Klyeoqyalltllae)- (15)

Substituting (15) into (13) and taking into account estimate (2), we ob-
tain (14).
Thus the theorem is complete. Il

Theorem 3. Let the kernel K (x,t) be symmetric and satisfy the condition
(12). Moreover, let

Few, @ g ewlt0qx Q).
Then the convergence of the mesh scheme is characterized by the estimate
1Z1l0,2,w, < C1h1+aHK||W21+QfU(QXQ)Hf”wz}*“(ﬂ)v (16)
where Cy = |\|(1 —q)~122%t*/2 0 < a < 1.
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Proof. We transform the residual of the system (8) and obtain

Ry =R} + R}

il

zl = hG Z / dt/ / / (z,€) — K(z,s))dwdéds,

'77k 1 7l ng ng

where

R =Ly [ ][ [ee - Ko - uoadeasa.

3k=lg, Qi ik Uik

Estimating the norm || R||o 2,.,, we find that

N N
IRIZ 50, <207 D (RY)? +20% S (R, (17)
i,5=1 i,l=1

N
In (17) we estimate h? .gl(Rz(ll))? Since the expression
i,l=

K(x;&1,8) — K(x;51,52) = K(2;61, &) — K(x551,&) + K(x;21,62)—

4 &
_K(x;sl’SQ):/%pp,&)"'/%:hmdn

S1 S2

/ / (x;€) — K(x;8))déds =

Qi1 Qg

[ ]

Qi Qi S1 (G-1h

is valid, we have

kh

&2
. (M_l / Mdm)dng}dfds.
2 h dp2

52 (k}*l)h

Here we use the obvious identity

//(/dpl)dfds—//(/dm)dndszo.

Qjk Qjk Qjk gk s2
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Consequently, we have

N
Z (1)

G E fonf 1] [ e

b=l Qi1 Qe s1 (j—1)h
3K(x»771a 2)
——— 2 )dmd
o ) mapi+
&2 kh 2
1 OK(z;51,m2)  OK(x;&1, p2)
- — déadns | dzdéd <
+h/ ( o2 dp2 ) Sacle | drdSds | <
s2 (k—1)h
w3 ([ ron s [[J(] ] (e
=1 “j,k= 1 J,k= 1 Qi U Uik s1 (j—1)h
_aK(Jc;m,tSQ))dmdler
om
T oK @sm) 0K (@6, ? 2
Z;81,12 Z;G1, P2 2
— dpad dxdéds < — t)dt
of | (55 2 i) it i [y
s2 (k—1)h Q

& gh (6K(1;ﬂ1,€2) _ 6K(1;771752))2

X,XN: zN: ///U / o ,8;;)2++(§2 3722)2|1+a|(p1—n1)2+

Bi=15k=1q, Qjr Qir s1 (j—1)h

e s2>2|1+a} dnsdpi+

&2 kh (6K(3;51,n2) _ 8K(z;§1,p2))2
2 P2 o 2
+/ / <|(31—€1)Q+(772—p2)2|1+a|(51 &)+
s2 (k—1)h

+(772 - P2)2|1+ad7]2dp2) dxd&ds,

ie.,

N
B2 Z R(l) 22+ah2+2a/ dt/// aKag ;€) 8[(6(:;5))2+
1 1
Q

il=1

+(8K(x§ asz )2}

96, |€ — s| 272 dxdEds.
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Taking into account the fact that the kernel is symmetric, we finally
obtain

N

B2 Z (R’L(ll))Q < 2a+2h2+2a||KH2

W%*“vO(QXQ)”u”%Q(Q)' (18)

4,j=1

Estimate now h? Zivl:l (REZQ) )2. Applying here the Cauchy-Bunjakovskii’s
inequality, we arrive at

N N N
2 (2)\2 L )
h NZZI(Ru )* < 10 Z: ; {QJ/kQJ/kQJ/k (z,8) — K(x;5)) dxdédsdt x
N
x> (w(€) — u(t))*dvdédsdt <
7 kle/LQJ/kQJ/k QJ/k
N
< Z / / t|2+§a O ¢ — g+ dudgat
=1 lQ]k Qjx

x Z / /(U(f)*u(t))Qdfdtg

ijIQJk Qi
2 1+a -t 2
e / / / t|2 +2(ff D gededrx

X Z // — u(t))?dedt. (19)

J’kZIij Qjk

In inequality (19) we transform the difference u(§) — u(t) for which we
have

Hence (19) yields

N
i Sy < Bt [ ] [ |«f—t|z+§f't))2dxdfdtx

1,1=1 Q00

[ (] o

J,k= 1Q]k Qr  t to
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2+ah2+2a (K(Z’,g)*K(l‘,S))Qd ded
<2 Q/Q/Q/ | xd€dsx

g_ S|2+2oz

<3 (G () )ae

Ph=1g;

ie.,

N
2 (2)y2 2+ap2+2a 2 2
WS (R <2 R K (20)
4,j=1
Using estimates (18) and (20), inequality (17) is transformed into
[Bllo,2,0n <

a+3

ats 1/2
<2 R IK I ooy 8 I 2 ey 0Bz b (D)

Therefore if we take into account estimates (3) and (21), then from (13)

we obtain (16).

The theorem has been proved. Il
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