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ABSOLUTE CONVERGENCE OF THE FOURIER SERIES

AND THE FOURIER{HAAR COEFFICIENTS

V. TSAGAREISHVILI

Abstra
t. In the present paper we study the questions on the ab-

solute 
onvergen
e of general orthonormal Fourier series for fun
tions

with �nite variation.

We have also obtained the results regarding the Fourier-Haar 
oef-

�
ients and proved that a series of absolute values of the Fourier-Haar


oeÆ
ients and the variation of the same 
oeÆ
ients have, in some

sense, the same properties.

îâäæñéâ. ê�öîëéöæ öâæïû�ãèâ�� òñîæâï éûçîæãâ�æï ��ïëèæðñ-

î�á çîâ��áë�æï ï�çæåýâ�æ äëà�áæ ëîåëêëîéæîâ�ñèæ ïæïðâéâ�æï

éæé�îå ï�ïîñèæ ã�îæ�ùææï òñêóùæâ�æï�åãæï. ê�øãâêâ�æ� �àîâåãâ,

îëé òñîæâ-ÿ��îæï çëâòæùæâêðâ�æ á� é�åæ ã�îæ�ùæâ�æ âîåê�æî�á

æóùâãæ�ê äëàæâîåæ çè�ïæï òñêóùæâ�æï�åãæï.

1. Introdu
tion

Let f : [0; 1℄ ! R. As usual, By V we denote a 
lass of fun
tions with

�nite variations on [0; 1℄ and by

1

V

0

(f) the variation of a fun
tion f on [0; 1℄.

If

W

1

0

(f) = sup

�

�

n�1

X

k=1

�

�

f(x

k+1

)� 2f(x

k

) + f(x

k�1

)

�

�

�

< +1;

then f 2 W , where � = (a = x

0

< x

1

< � � � < x

n

= b) is an arbitrary

partitioning of the segment [0; 1℄.

Let 0 < p < 2 be an arbitrary number. The symbol V

p

denotes a 
lass of

all sequen
es (a

n

) for whi
h

1

X

n=1

�

�

a

n+1

� a

n

�

�

p

< +1:
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If, however,

1

X

n=1

�

�

a

n

�

�

p

< +1:

then in this 
ase as 
onventionally (a

n

) 2 `

p

.

By 


n

(f) we denote the Fourier 
oeÆ
ient of the fun
tion f with respe
t

to the orthonormalized on [0; 1℄ system ('

n

), i.e.




n

(f) =

1

Z

0

f(x)'

n

(x) dx; n = 1; 2; : : : :

Suppose that for p 2 (0; 2) the relation

1

X

n=1

�

�




n

(f)

�

�

p

<1:

takes pla
e. Then f 2 A(p; ').

The de�nition of the Haar system is well-known (see [1℄, pp.54{55).

Statement of the Basi
 Problems

The questions of the absolute 
onvergen
e of general Fourier series have

been investigated by various authors. Among these questions there are

su
h whi
h do not require additional 
onditions on a system of fun
tions

to obtain some de�nite result. A large amount of work in this dire
tion

have been done by S. V. Ste
hkin [2℄, A. M. Olevskii [3℄, S. V. Bo
hkarev

[4℄, B. S. Mitjagin [5℄, et
. In some 
ases, espe
ially when we study the

fun
tions with di�erential properties, we have to impose 
ertain 
onditions

on the given system. The rather that otherwise, as we will see below, the

statement of the problem is devoid sense. Among su
h kind of fa
t the

results obtained by L. Bosanquet and H. Kestelman [7℄, J. R. M
 Laughlin

[8℄ are worth while mentioning.

Here we present S. B. Olevski's theorem [3℄ whi
h, in parti
ular, shows

that di�erential properties of the fun
tion do not a�e
t the order of diver-

gen
e of its Fourier 
oeÆ
ients with respe
t to general orthogonal systems.

Theorem A. Let (


n

) 2 `

2

be an arbitrary sequen
e and f 2 L

2

(0; 1) be

an arbitrary fun
tion. It is assumed that the equality

1

X

n=1




2

n

=

1

Z

0

f

2

(x) dx:

is ful�lled.
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Then there exists a 
omplete in L

2

(0; 1) orthonormalized system ('

n

)

su
h that

1

Z

0

f(x)'

n

(x) dx = 


n

(n = 1; 2; : : : ):

Let now f

0

2 V be a fun
tion and (


n

) 2 `

2

an arbitrary sequen
e

satisfying the 
ondition (


n

) =2 `

p

for some p 2 (0; 2).

Assume

1

X

n=1




2

n

=

1

Z

0

f

2

(x) dx:

Then by Theorem A, there exists an orthonormalized on [0; 1℄ system ('

n

)

su
h that

1

Z

0

f

0

(x)'

n

(x) dx = 


n

(n = 1; 2; : : : ):

Consequently,




n

= 


n

(f

0

) n = 1; 2; : : : :

when
e, be
ause

(


n

) =2 `

p

;

we 
on
lude that

f

0

=2 A(p; '):

Thus the series

1

X

n=1

�

�




n

(f)

�

�

p

�

p 2 (0; 2)

�


onverges for f 2 V only under 
ertain 
onditions imposed on the system

('

n

).

Clearly, the 
onditions must be eÆ
ient, i.e., easily veri�able at least for


lassi
al orthogonal systems.

In the present paper the ne
essary and suÆ
ient 
onditions are found for

the given on [0; 1℄ orthonormalized system ('

n

) for the Fourier series of the

fun
tion f 2 V to satisfy the 
ondition

1

X

n=1

�

�




n

(f)

�

�

p

<1;

for p 2 (0; 2).

The eÆ
ien
y of the obtained 
ondition is illustrated by examples.

Properties of the Haar system and the Fourier 
oeÆ
ients for that system

are well studied. Fundamental results 
on
erning these problems have been

obtained by P. L. Ul'janov [10℄. Here we note some of them (see [9℄ and

[10℄).
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Theorem B. If f 2 V , then

1

X

m=1

�

�




n

(f)

�

�




<1;

for 
 >

2

3

. If, however, 
 =

2

3

, then the series diverges for some fun
tion

f

0

2 V .

Theorem C. If f 2 V , then

1

X

m=1

m




�

�




m

(f)

�

�

<1;

for all 
 <

1

2

. For 
 =

1

2

the 
onvergen
e does not take pla
e for some

f

0

2 V .

The result of M. Khabazi [13℄ who generalized Theorem B is worth men-

tioning. It 
onsists in the follows

Theorem D. If f 2 V

(2)

p

, (p � 1), then

1

X

m=1

�

�




m

(f)

�

�




<1

for 
 >

2p

2+p

.

Here V

(2)

p

is the 
lass of real measurable fun
tions on [0; 1℄ for whi
h the

sum

n�1

X

k=0

�

�

�

2

(x

k

; x

k+1

)

�

�

p

; (p > 0)

where

�

2

(�; �) = f(�) + f(�)� 2f

�

�+ �

2

�

;

remains bounded for all possible partitionings of the segment [0; 1℄ by parts:

0 < x

0

< x

1

< � � � < x

n

= 1:

In the present work the theorems whi
h generalize Theorems A and B

to the di�eren
e of the Fourier-Haar 
oeÆ
ients of fun
tions of the 
lass W

are proved. More pre
isely, we study the 
onvergen
e of the series

1

X

m=1

�

�




m

(f)� 


m+1

(f)

�

�




; and

1

X

m=1

�

�




m

(f)� 


m+1

(f)

�

�

m

�

;

where 


m

(f) are the Fourier-Haar 
oeÆ
ients of fun
tions from the 
lassW .
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We also prove that there exist the fun
tions f

1

and f

2

from the 
lass V ,

su
h that not only the series

1

X

n=1

�

�




n

(f

1

)

�

�

2

3

and

1

X

n=1

�

�




n

(f

2

)

�

�

n

1

2

;

diverge, but, strange as it may seem, also the series

1

X

n=1

�

�




n

(f

1

)� 


n+1

(f

1

)

�

�

2

3

and

1

X

n=1

�

�




n

(f

2

)� 


n+1

(f

2

)

�

�

n

1

2

:

Absolute Convergen
e

Let ('

n

) be the orthonormalized on [0; 1℄ system of fun
tions with prop-

erties 1 2 A(p; ') and (a

k

) 2 `

q

for some q > 1.

Introdu
e the notation

K

n

= max

x2[0;1℄

�

�

�

�

x

Z

0

p

n

(t) dt

�

�

�

�

;

where

p

n

(t) =

n

X

k=1

a

k

'

k

(t):

Theorem 1. For the 
ondition f 2 V to imply the in
lusion f 2 A(p; ')

for some p 2 (1; 2), it is ne
essary and suÆ
ient that the inequality

K

n

< M:

take pla
e for any sequen
e (a

k

) 2 `

q

for

1

p

+

1

q

= 1 and M > 0 does not

depend on n.

Proof. The suÆ
ien
y. As is known, for the �nite fun
tion f 2 L

2

and

for � 2 L

2

(see [11℄) the equality

1

Z

0

f(x)�(x) dx =

n�1

X

k=1

�

f

�

k

n

�

� f

�

k + 1

n

��

k

n

Z

0

�(x) dx+

+

n

X

k=1

k

n

Z

k�1

n

�

f(x)� f

�

k

n

��

�(x) dx + f(1)

1

Z

0

�(x) dx: (1)

holds.
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Let f 2 V be some fun
tion, (a

k

) 2 `

q

any sequen
e (

1

p

+

1

q

= 1), and




n

(f) the Fourier 
oeÆ
ients of the fun
tion f . Then the equality

n

X

k=1




k

(f)a

k

=

1

Z

0

f(x)

n

X

k=1

a

k

'

k

(x) dx =

1

Z

0

f(x)p

n

(x) dx: (2)

is valid. �

Substituting �(x) = p

n

(x) into equality (1), we obtain (see [2℄):

n

X

k=1




k

(f)a

k

=

n�1

X

i=1

�

f

�

i

n

�

� f

�

i+ 1

n

��

i

n

Z

0

p

n

(x) dx+

+

n

X

i=1

i

n

Z

i�1

n

�

f(x)� f

�

i

n

��

p

n

(x) dx + f(1)

1

Z

0

p

n

(x) dx: (3)

By the 
ondition of Theorem 1, we have

�

�

�

�

n�1

X

i=1

�

f

�

i

n

�

� f

�

i+ 1

n

��

i+1

n

Z

0

p

n

(x) dx

�

�

�

�

�

� max

1�i�n

�

�

�

�

i

n

Z

0

p

n

(x) dx

�

�

�

�

n�1

X

i=1

�

�

�

�

i

n

�

� f

�

i+ 1

n

�

�

�

�

�

� V

1

0

(f) �K

n

< V

1

0

(f) �M: (4)

Applying then H�older's inequality, we arrive at

�

�

�

�

n

X

i=1

i

n

Z

i�1

n

�

f(x)� f

�

i

n

��

p

n

(x) dx

�

�

�

�

�

�

n

X

i=1

sup

x2[

i�1

n

;

i

n

℄

�

�

�

f(x)� f

�

i

n

�

�

�

�

i

n

Z

i�1

n

�

�

p

n

(x)

�

�

dx �

� V

1

0

(f) max

1�i�n

i

n

Z

i�1

n

�

�

�

n

X

k=1

a

k

'

k

(x)

�

�

�

dx �

� V

1

0

(f)

1

p

n

�

1

Z

0

�

n

X

k=1

a

k

'

k

(x)

�

2

dx

�

1=2

�
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� V

1

0

(f) �

1

p

n

�

n

X

k=1

a

2

k

�

1=2

< B; (5)

where B > 0 does not depend on n.

Finally, sin
e (a

k

) 2 `

q

and 1 2 A(p; '), we have

�

�

�

�

1

Z

0

p

n

(x) dx

�

�

�

�

=

�

�

�

�

1

Z

0

n

X

k=1

a

k

'

k

(x) dx

�

�

�

�

=

�

�

�

�

n

X

k=1

a

k

1

Z

0

'

k

(x) dx

�

�

�

�

�

�

�

n

X

k=1

ja

k

j

q

�

1=q

�

n

X

k=1

�

�

�

�

1

Z

0

'

k

(x) dx

�

�

�

�

p

�

1=p

< C; (6)

where C > 0 does not depend on n.

Taking into a

ount (4), (5) and (6), from (3) we get

n

X

k=1

�

�




k

(f)a

k

�

�

< V

1

0

(f)M +B +

�

�

f(1)

�

�

� C < D: (7)

where D > 0 does not depend on n.

Be
ause of the fa
t that (7) is ful�lled for any (a

k

) 2 `

q

, the series

1

X

k=1

�

�




k

(f)

�

�

p


onverges, i.e., f 2 A(p; ').

The ne
essity. Suppose that for some sequen
e of numbers (a

k

) 2 `

q

(q > 1) the equality

lim

n!1

K

n

= +1:

is ful�lled.

Let for some x

n

2 [

i

n

n

;

i

n

+1

n

℄ there be given the equality

K

n

=

�

�

�

�

x

n

Z

0

p

n

(t) dt

�

�

�

�

:

Then

�

�

�

�

x

n

Z

0

p

n

(t) dt

�

�

�

�

�

�

�

�

�

i

n

n

Z

0

p

n

(t) dt

�

�

�

�

+

�

�

�

�

i

n

n

Z

x

n

p

n

(t) dt

�

�

�

�

�

�

�

�

�

�

i

n

n

Z

0

p

n

(t) dx

�

�

�

�

+

�

�

�

i

n

n

� x

n

�

�

�

1

2

�

1

Z

0

p

2

n

(t) dt

�

1

2

�
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�

�

�

�

�

i

n

n

Z

0

p

n

(t) dt

�

�

�

�

+

1

p

n

�

n

X

k=1

a

2

k

�

1=2

�

�

�

�

�

i

n

n

Z

0

p

n

(t) dt

�

�

�

�

+ C; (8)

where C > 0 does not depend on n.

Consequently (see (8)),

lim

n!1

�

�

�

�

i

n

n

Z

0

p

n

(t) dt

�

�

�

�

= +1:

Let us 
onsider the 
ontinuous on [0; 1℄ fun
tion

f

n

(x) =

8

>

<

>

:

0 for x 2 [0;

i

n

n

℄;

1 for x 2 [

i

n

+1

n

; 1℄;

linear on [

i

n

n

;

i

n

+1

n

℄:

Obviously,

f

n

�

i

n

�

� f

n

�

i+ 1

n

�

=

(

0 for i 6= i

n

�1 for i = i

n

(9)

On the other hand, (9) implies

�

�

�

�

n

X

i=1

i

n

Z

i�1

n

�

f

n

(x) � f

n

�

i

n

��

p

n

(x) dx

�

�

�

�

�

i

n

+1

n

Z

i

n

n

�

�

p

n

(t)

�

�

dt �

�

1

p

n

�

1

Z

0

p

2

n

(t) dt

�

1=2

=

1

p

n

�

n

X

k=1

a

2

k

�

1=2

= O(1): (10)

Next, Putting f = f

n

in equality (3) and taking into a

ount 
onditions

(6), (8), (9) and (10), we obtain

n

X

k=1




k

(f

n

)a

k

= �

i

n

n

Z

0

p

n

(x) dx +O(1):

Hen
e, with regard for (2), we have

1

Z

0

f

n

(x)p

n

(x) dx = �

i

n

n

Z

0

p

n

(x) dx +O(1):
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whi
h, a

ording to the 
ondition of Theorem 1, results in

lim

n!1

�

�

�

�

1

Z

0

f

n

(x)p

n

(x) dx

�

�

�

�

= lim

n!1

�

�

�

�

i

n

n

Z

0

p

n

(x) dx

�

�

�

�

= +1:

If now kfk

A

denotes the norm of the fun
tion f in the spa
e A of abso-

lutely 
ontinuous fun
tions, then by de�nition of the norm we obtain

kf

n

k

A

= kf

n

k




+

1

Z

0

�

�

f

0

n

(x)

�

�

dx = 1 +

i

n

+1

n

Z

i

n

n

n dx = 2:

Finally, by the Bana
h-Steinhaus theorem there exists the fun
tion f

0

2

A with the property

lim

n!1

�

�

�

�

1

Z

0

f

0

(x)p

n

(x) dx

�

�

�

�

= +1:

This implies (see (2)) that

1

X

k=1

C

k

(f

0

)a

k

= +1;

for some sequen
e (a

k

) 2 `

q

.

Consequently,

�




n

(f

0

)

�

=2 `

p

; where

1

p

+

1

q

= 1:

Thus f

0

=2 A(p; ').

Theorem 2. For any number p 2 (1; 2) there exists the orthonormalized

on [0; 1℄ system of fun
tions ('

n

) satisfying the following 
onditions:

1) lim

n!1

k

n

= +1 for some sequen
e (a

k

) 2 `

q

, (

1

p

+

1

q

= 1);

2) lim

n!1

k

n

< +1 for any number " > 0 and for any sequen
e (b

k

) 2 `

q

1

,

where

1

p+"

+

1

q

1

= 1;

3)

R

1

0

'

n

(x)dx = 0, n = 1; 2; : : : .

Proof. Denote

m

p

=

1

X

k=1

k

�

2

p

:

Let E

k

be an in�nite set of non-interse
ting intervals, where

1

[

k=1

E

k

=

h

0;

1

2

i

and jE

k

j =

1

2m

p

k

�

2

p

:
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By F

k

we denote the interval whi
h is symmetri
 with respe
t to the

point

1

2

of the set E

k

. Obviously,

1

[

k=1

F

k

=

�

1

2

; 1

�

and jF

k

j =

1

2m

p

k

�

2

p

:

Let

'

k

(x) =

8

>

<

>

:

1

p

2

k

1

p

p

m

p

for x 2 E

k

�

1

p

2

k

1

p

p

m

p

for x 2 F

k

0 for x 2 [0; 1℄nE

k

[ F

k

:

It is evident that the system ('

n

) is orthonormalized on [0; 1℄ and

1

Z

0

'

n

(x) dx = 0 n = 1; 2; : : : :

Suppose

a

k

=

1

k

1

q

`

n

k

:

Clearly

(a

k

) 2 `

q

for q > 1:

We have

k

n

= max

x2[0;1℄

�

�

�

�

x

Z

0

n

X

k=1

a

k

'

k

(t) dt

�

�

�

�

=

�

�

�

�

1

2

Z

0

n

X

k=1

a

k

'

k

(t) dt

�

�

�

�

=

=

p

m

p

p

2

n

X

k=1

1

k

1

q

`

n

k

Z

E

k

k

1

p

dt =

1

2

p

2m

p

n

X

k=1

k

�

1

p

k

1

q

`

n

k

=

=

1

2

p

2m

p

n

X

k=1

1

k`

n

k

:

This implies that

lim

n!1

k

n

= +1:

Suppose that q

1

=

p+"

p+"�1

. Then

k

n

= max

x2[0;1℄

�

�

�

�

1

Z

0

n

X

k=1

b

k

'

k

(t) dt

�

�

�

�

�

n

X

k=1

b

k

� k

�

1

p

�

�

�

n

X

k=1

b

q

1

k

�

1

q

1

�

�

n

X

k=1

k

�

p+"

p

�

1

p+"

< 
;

where 
 does not depend on n. �
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Remark. It follows from Theorem 2 that for any p 2 (1; 2) there exists

the orthonormalized system ('

n

) for whi
h the 
ondition f 2 V does not

imply that f 2 A(p; '), although it implies that f 2 A(p + "; ') for any

number " > 0.

Theorem 3. Of any orthonormalized on [0; 1℄ system ('

n

) we 
an dis-

tinguish a subsystem  

k

� '

n

k

for whi
h

lim

n!1

k

n

< M < +1

for any sequen
e (a

k

) 2 `

q

, where q > 1.

Proof. Let

N

i

(k) =

1

X

s=1

�

i�2

�k

Z

0

'

s

(x) dx

�

2

;

where i = 1; 2; : : : ; 2

k

.

Sin
e N

i

(k) < 1 for i = 1; 2; : : : ; 2

k

, for any �xed i we 
an 
hoose a

number s

i

(k) su
h that

1

X

s=s

i

(k)

�

i�2

�k

Z

0

'

s

(x) dx

�

2

< 2

�3k

;

If we introdu
e the notation

s(k) = max

1�i�2

k

s

i

(k);

then

1

X

s=s(k)

�

i�2

�k

Z

0

'

s

(x) dx

�

2

< 2

�3k

;

for any i = 1; 2; : : : ; 2

k

.

From the latter inequality we have

�

�

�

�

i�2

�k

Z

0

'

s

m

(x) dx

�

�

�

�

< 2

�

3

2

k

;

for s � s(k) and for any i = 1; 2; : : : ; 2

k

.

Let (s

m

)

2

k+1

�1

m=2

k

be the sequen
e of natural numbers satisfying the 
ondi-

tions

a) s

m

< s

m+1

and
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b) s

m

> s(k) for any m = 2

k

, 2

k

+ 1; : : : ; 2

k+1

� 1. Then

�

�

�

�

i�2

�k

Z

0

'

s

m

(x) dx

�

�

�

�

< 2

�

3

2

k

; (11)

for i = 1; 2; : : : ; 2

k

.

Thus for any k = 1; 2; : : : , we distinguish from ('

s

) the subsystem ('

s

m

)

whi
h satis�es 
ondition (11), and s

m

" 1 asm!1. If now we distinguish

from ('

s

m

) the subsystem ('

s

mj

) for whi
h 1 2 A(1; '

s

mj

), then for the

system ('

s

mj

) � ( 

j

) we will have (see (11)):

max

1�i�2

k

�

�

�

�

i�2

�k

Z

0

N

X

m=2

k

a

m

 

m

(x) dx

�

�

�

�

=

= max

1�i�2

k

�

�

�

�

N

X

m=2

k

a

m

i�2

�k

Z

0

 

m

(x) dx

�

�

�

�

�

� max

1�i�2

k

�

N

X

m=2

k

�

i�2

�k

Z

0

 

m

(x) dx

�

p

�

1=p

�

�

N

X

m=2

k

ja

m

j

q

�

1=q

�

�

�

N

X

m=2

k

2

�

3p

2

k

�

1=p

�

�

N

X

m=2

k

ja

m

j

q

�

1=q

= O(1); (12)

where (a

m

) 2 `

q

(q > 1) is any sequen
e,

1

p

+

1

q

= 1 and 2

k

< N < 2

m+1

.

Further,

max

1�i�2

k

�

�

�

�

i�2

�k

Z

0

2

k

�1

X

m=1

a

m

 

m

(x) dx

�

�

�

�

=

= max

1�i�2

k

�

�

�

�

i�2

�k

Z

0

k�1

X

m=0

2

m+1

�1

X

i=2

m

a

2

m

+i

 

2

m

+i

(x) dx

�

�

�

�

�

� max

1�i�2

k

k�1

X

m=0

2

m+1

X

i=2

m

�

�

a

2

m

+i

�

�

�

�

�

�

i�2

�k

Z

0

 

2

m

+i

(x) dx

�

�

�

�

�

�

�

k�1

X

m=0

2

m+1

�1

X

i=2

m

�

�

a

2

m

+i

�

�

q

�

1=q

�

k�1

X

m=0

2

m+1

�1

X

i=2

m

2

�

3k

2

p

�

1=p

�

�

�

2

k

�1

X

m=1

�

�

a

m

�

�

q

�

1=q

�

k�1

X

m=0

2

�

3k

2

p

� 2

m

�

1=p

= O(1): (13)
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Consequently, by virtue of (12) and (13) we get

max

1�i�n

�

�

�

�

i

n

Z

0

n

X

k=1

a

k

 

k

(x) dx

�

�

�

�

= O(1): (14)

Finally, for some x

0

2 [

i

0

2

k

;

i

0

+1

2

k

℄ we suppose that

K

n

= max

x2[0;1℄

�

�

�

�

x

Z

0

n

X

m=1

a

m

 

m

(t) dt

�

�

�

�

=

�

�

�

�

x

0

Z

0

n

X

m=1

a

m

 

m

(t) dt

�

�

�

�

:

Using then H�older's inequality and (13), we obtain

K

n

�

i

0

�2

�k

Z

0

�

�

�

n

X

m=1

a

m

 

m

(t) dt

�

�

�

+

x

0

Z

i

0

�2

�k

�

�

�

n

X

m=1

a

m

 

m

(t)

�

�

�

dt �

� O(1) + 2

�

k

2

�

1

Z

0

�

n

X

m=1

a

m

 

m

(t)

�

2

dt

�

1=2

=

= O(1) + 2

�k=2

�

n

X

m=1

a

2

m

�

1=2

=

= O(1) + 2

�

k

2

�

p

n max

1�m�n

ja

m

j = O(1);

where n < 2

k+1

. �

Che
king of Effi
ien
y of the Condition of Theorem 1

Let '

n

(x) =

p

2 
os 2�nx and (a

k

) 2 `

q

(q > 1) be any sequen
e. Using

H�older's inequality for

1

p

+

1

q

= 1, we �nd that

K

n

= max

x2[0;1℄

�

�

�

�

x

Z

0

n

X

k=1

a

k

p

2 
os 2�kt dt

�

�

�

�

=

= max

x2[0;1℄

�

�

�

�

n

X

k=1

a

k

p

2

x

Z

0


os 2�kt dt

�

�

�

�

=

p

2

2�

max

x2[0;1℄

�

�

�

n

X

k=1

a

k

sin 2�kx

k

�

�

�

�

�

1

p

2�

�

n

X

k=1

�

�

a

k

�

�

q

�

1=q

�

n

X

k=1

1

k

p

�

1=p

= O(1):

The 
ondition K

n

= O(1) of Theorem 1 
an be easily veri�ed for the

Haar and Walsh systems as well.
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Variation of the Fourier-Haar Coeffi
ients

Lemma. If f 2 L and 


(k)

n

(f) (k = 1; 2; : : : ; 2

n

) are its Fourier-Haar


oeÆ
ients, then the equality




(k)

n

� 


(k+1)

n

(f) =

= 2

n

2

2k+1

2

n+1

Z

2k�1

2

n+1

�

f(x� 2

�n�1

)� 2f(x) + f(x+ 2

�n�1

)

�

dx; (15)

1 � k � 2

n

� 1 holds.

Proof. Suppose

(a) �


(k)

n

(f) � 


(k)

n

(f)� 


(k+1)

n

(f),

(b) �

h

f(x) = f(x)� f(x+ h),

(
) �

2

h

f(x) = f(x� h)� 2f(x) + f(x+ h).

As is known (see [9℄),




(k)

n

(f) = 2

n

2

2k�1

2

n+1

Z

2k�2

2

n+1

�

f(x)� f(x+ 2

�n�1

)

�

dx; (16)

where k = 1; 2; : : : ; 2

n

.

Consequently,

�


(k)

n

(f) = 


(k)

n

(f)� 


(k+1)

n

(f) = 2

n

2

2k�1

2

n+1

Z

2k�2

2

n+1

�

1

2

n+1

f(x) dx�

�2

n

2

2k+1

2

n+1

Z

2k

2

n+1

�

1

2

n+1

f(x) dx = 2

n

2

�

2k�1

2

n+1

Z

2k�2

2

n+1

�

1

2

n+1

f(x) dx�

�

2k+1

2

n+1

Z

2k

2

n+1

�

1

2

n+1

f(x) dx

�

= 2

n

2

�

2k�1

2

n+1

Z

2k�2

2

n+1

�

1

2

n+1

f(x) dx�

�

2k+1

2

n+1

Z

2k

2

n+1

�

1

2

n+1

f(x) dx+

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f(x) dx �

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f(x) dx

�

=
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= 2

n

2

�

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f

�

x�

1

2

n+1

�

dx�

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f(x) dx+

+

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f(x) dx �

2k

2

n+1

Z

2k�1

2

n+1

�

1

2

n+1

f

�

x+

1

2

n+1

�

dx

�

=

= 2

n

2

2k

2

n+1

Z

2k�1

2

n+1

�

�

1

2

n+1

f

�

x�

1

2

n+1

�

��

1

2

n+1

f(x)

�

dx+

+2

n

2

2k

2

n+1

Z

2k�1

2

n+1

�

�

1

2

n+1

f(x)��

1

2

n+1

f

�

x�

1

2

n+1

��

dx =

= 2

n

2

�

2k

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f

�

x�

1

2

n+1

�

dx+

2k

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f(x)

�

dx =

= 2

n

2

�

2k+1

2

n+1

Z

2k

2

n+1

�

2

1

2

n+1

f(x) dx+

2k

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f(x) dx

�

= 2

n

2

2k+1

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f(x) dx:

Thus the lemma is proved 
ompletely. �

Theorem 4. a) If f 2W and � >

2

3

, then

�




n

(f)

�

2 V

�

;

where 


n

(f) are the Fourier-Haar 
oeÆ
ients;

b) there exists the fun
tion f

0

2 V su
h that

�




n

(f

0

)

�

=2 V

2

3

;

Proof. The validity of item (a) in Theorem 4 follows dire
tly from Theo-

rem D. For p = 1 however, be
ause of the fa
t that the proof of Theorem D

is absent in [13℄ it is advisable to prove item a) of Theorem 4.

Using (15) and H�older's inequality, we have

2

n

�1

X

k=1

�

�

�


(k)

n

�

�

�

= 2

n�

2

2

n

�1

X

k=1

�

�

�

�

2k+1

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f(x) dx

�

�

�

�

�

�
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� 2

n�

2

� 2

n(1��)

�

2

n

�1

X

k=1

2k+1

2

n+1

Z

2k�1

2

n+1

�

�

�

2

1

2

n+1

f(x)

�

�

dx

�

�

�

� 2

n�

2

� 2

n(1��)

� 2

��n

�

2

n

�1

X

k=1

M

(n)

k

�

�

� 2

n(1�

3�

2

)

W

�

(f); (17)

where

M

(n)

k

= sup

x2[

2k�1

2

n+1

;

2k+1

2

n+1

℄

�

�

�

2

1

2

n+1

f(x)

�

�

:

Thus if � >

2

3

, then 1�

3�

2

< 0, and by (17) we get

1

X

n=1

2

n

�1

X

k=1

�

�

�


(k)

n

(f)

�

�

�

< +1:

On the other hand, for 1 � k � 2

n

from (16) we �nd that

�

�




(k)

n

(f)

�

�

�M � 2

�

n

2

;

where M = sup

x2[0;1℄

jf(x)j. Consequently,

�

�




(2

n

)

n

(f)� 


(1)

n+1

(f)

�

�

� 2M � 2

�

n

2

;

when
e

1

X

n=1

�

�




(2

n

)

n

(f)� 


(1)

n+1

(f)

�

�

�

� (2M)

�

1

X

n=1

2

�

n�

2

<1:

Finally,

1

X

n=1

�

�




n+1

(f)� 


n

(f)

�

�

�

<1;

i.e.,

�




n

(f)

�

2 A(�; '):

b) For some k = 1; 2; : : : ; 2

n

and n = 1; 2; : : : let

g

(k)

n

(x) =

8

>

<

>

:

(x�

2k�2

2

n+1

)(

2k�1

2

n+1

� x) for x 2 (

2k�2

2

n+1

;

2k�1

2

n+1

) � �

k

+

n

(

2k�1

2

n+1

� x)(

2k

2

n+1

� x) for x 2 (

2k�1

2

n+1

;

2k

2

n+1

) � �

k

�

n

0 for x 2 [0; 1℄n�

k

+

n

[�

k

�

n

:

(18)

Suppose

g

n

(x) = 2

n

g

(k)

n

(x)

for x 2 �

k

+

n

[�

k

�

n

and k = 1; 2; : : : ; 2

n

.

Consider the fun
tion (z

m

(t) Radema
her's fun
tion),

f

0;t

(x) =

1

X

m=1

1

p

m logm

g

m

(x)z

m

(t): (19)
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Sin
e kg

m

k




� 2

m

� 2

�2m

= 2

�m

, series (18) 
onverges uniformly for all

t 2 [0; 1℄. Moreover, sin
e

�


(k)

n

(g

m

) = 2

n

2

2k+1

2

n+1

Z

2k�1

2

n+1

� �

2

n+1

g

m

(x) dx

and g

m

is the periodi
 fun
tion with period

1

2

m

, for m � n we have

�

2

1

n+1

g

m

(x) = 0, i.e.,

�


(k)

n

(g

m

) = 0;

for m � n.

In 
ase m < n, we have:

1) if m = n�1, then as the fun
tion g

(k)

n

is odd with respe
t to the point

2k�1

2

n

on the interval [

4k�3

2

n+1

;

4k�1

2

n+1

℄, we have

4k�1

2

n+1

Z

4k�3

2

n+1

�

2

1

2

n+1

g

(k)

n�1

(x) dx =

4k�1

2

n+1

Z

4k�3

2

n+1

�

2

1

2

n+1

g

n�1

(x) dx = 0;

where k = 1; 2; : : : ; 2

n�1

. Consequently,

2k+1

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

g

n�1

(x) dx = 0;

for k = 1; 2; : : : ; 2

n

� 1. That is,

�


(k)

n

(g

n�1

) = 0; k = 1; 2; : : : ; 2

n

� 1:

2) Assume that m < n � 1. Let g

m

(x

s

) = 0, where s = 1; 2; : : : ; 2

m

. It

is evident that for m < n � 1 the points x

s

serve as a midpoint of some

interval (

2k�1

2

n+1

;

2k+1

2

n+1

), where k = 1; 2; : : : ; 2

n

� 1 and s = 1; 2; : : : ; 2

m

� 1.

Sin
e the fun
tion g

m

on su
h intervals is odd with respe
t to the midpoint

x

s

, we have

2k+1

2

n+1

Z

2k�1

2

n+1

�

2

1

2

n+1

f(x) dx = 0;

where x

s

2 (

2k�1

2

n+1

;

2k+1

2

n+1

).

Let now N

n

be a set of those k for whi
h x

s

2 (

2k�1

2

n+1

;

2k+1

2

n+1

), where

s = 1; 2; : : : ; 2

m

� 1 and k = 1; 2; : : : ; 2

n

� 1. It is 
lear that power of the

set N

n

is less than 2

m

.



96 V. TSAGAREISHVILI

Taking into a

ount de�nition of the fun
tion g

m

(x) and also the fa
t

that the fun
tion g

m

(x) on (

k�1

2

m

;

k

2

m

) has the form x

2

+ px+ q, we get

�

2

1

2

n+1

g

m

(x) = �

1

2

2

�2n

� 2

m

;

when
e

�C

(k)

n

(g

m

) =

(

0 for k 2 N

n

�

1

2

2

�2;5n

� 2

m

for k =2 N

n

:

By D

n

we denote a set of those k for whi
h �


(k)

n

(g

m

) 6= 0, (k =

1; 2; : : : ; 2

n

� 1). It 
an be easily seen that for m � n � 2 the power of

the set D

n

is not less than 2

n�1

.

Using the well-known inequality (see [12℄, p. 340) for � =

2

3

, we �nd that

Z

F

�

�

�


(k)

n

(f

0;t

)

�

�

�

dt �

Z

F

�

�

�

n�2

X

m=1

1

p

m logm

�


(k)

n

(g

m

)z

n

(t)

�

�

�

�

dt �

� A(F )

�

n�2

X

m=1

�

�


(k)

n

(g

m

)

p

m logm

�

2

�

�=2

= A(F )2

�

5�

2

n

�

n�2

X

m=1

2

2m

m log

2

m

�

�=2

�

� 
 � 2

�

5�

2

n

�

2

�n

n

�=2

log

�

n

=


 � 2

�n

n

1

3

� log

2

3

;

where F � [0; 1℄ is any set for jF j > 0, 
 and A(F ) are independent of n,

and the index k 2 D

n

.

Consequently,

1

X

n=1

2

n

�1

X

k=1

Z

F

�

�

�


(k)

n

(f

0;t

)

�

�

2

3

dt � 
 �

1

X

n=1

2

n�1

�

2

�n

n

1

3

log

2

3

= +1:

whi
h for almost all t 2 [0; 1℄ yields

1

X

n=1

2

n

�1

X

k=1

�

�

�


(k)

n

(f

0;t

)

�

�

2

3

= +1: (20)

Sin
e







g

0

m

(x)










� 1;

we have

1

Z

0

1

Z

0

�

�

f

0

0;t

(x)

�

�

dxdt �

�

1

Z

0

1

Z

0

�

�

�

1

X

m=1

1

p

m logm

g

0

m

(x)z

m

(t)

�

�

�

dxdt�

1

X

m=1

1

m log

2

m

<1: �
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This implies that the fun
tion f

0;t

for some set E � [0; 1℄ with jEj > 0

for all t 2 E has �nite variation on [0; 1℄. Consequently, (19) implies that

there exists the fun
tion f

0;t

2 V su
h that

1

X

n=1

2

n

�1

X

k=1

�

�

�


(k)

n

(f

0;t

)

�

�

2

3

= +1;

for some point t 2 [0; 1℄.

Theorem 5. a) If f 2W and � <

1

2

, then

1

X

n=1

�

�




n+1

(f)� 


n

(f)

�

�

� n

�

<1:

b) There exists the fun
tion f

0

2 V

x

su
h that

1

X

n=1

�

�




n+1

(f

0

)� 


n

(f

0

)

�

�

� n

1

2

= +1:

Proof. (a) Putting � = 1 in (17), we obtain

2

n

�1

X

k=1

�

�

�


(k)

n

(f)

�

�

�W

1

0

(f)2

�

n

2

:

when
e

2

n

�1

X

k=1

�

�

�


(k)

n

(f)

�

�

2

�n

� 2

�n

� 2

�

n

2

W

1

0

(f):

Therefore for � <

1

2

,

1

X

n=1

2

n

�1

X

k=1

�

�

�


(k)

n

(f)

�

�

2

n�

�

1

X

n=1

2

�n(

1

2

��)

< +1;

Next, owing to the fa
t that

�

�




(2

n

)

n

(f)� 


(1)

n+1

(f)

�

�

�M � 2

�

n

2

;

we arrive at

1

X

n=1

�

�




(2

n

)

n

(f)� 


(1)

n+1

(f)

�

�

2

n�

�M

1

X

n=1

2

�n(

1

2

��)

< +1;

Finally we 
on
lude that

1

X

n=1

2

n

�1

X

k=1

�

�




n+1

(f)� 


n

(f)

�

�

n

�

<1;

if � <

1

2

.
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(b) Consider the fun
tion (18). Just as while proving Theorem 4, we have

Z

E

�

�

�


(k)

n

(f

0;t

)

�

�

dt � A(E)

�

n�2

X

m=1

�

�


(k)

n

(g

m

)

p

m logm

�

2

�

1=2

�

� B � 2

�

5n

2

�

n�2

X

m=1

2

2m

m log

2

m

�

1=2

� 
 � 2

�

5n

2

�

2

n

p

n logn

= 


2

�

3n

2

p

n logn

;

where E � [0; 1℄ and jEj > 0 is any set. The 
onstants B and 
 are

independent of n.

Thus

1

X

n=1

2

n

�1

X

k=1

Z

F

�

�

�


(k)

n

(f

0;t

)

�

�

2

n

2

dt �

� 
 �

1

X

n=1

2

n

2

� 2

n�1

�

2

�

3n

2

p

n logn

= 
 �

1

X

n=1

1

p

n logn

= +1:

Hen
e for almost all t 2 [0; 1℄,

1

X

n=1

2

n

2

2

n

�1

X

k=1

�

�

�


(k)

n

(f

0;t

)

�

�

= +1: (21)

Sin
e f

0;t

2 V for all t 2 E (jEj > 0) (see Theorem 4), equality (21) is

ful�lled for some fun
tion f

0;t

2 V . �
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