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MAXIMAL SUBGROUPS OF COMPLETE SEMI-GROUPS
OF BINARY RELATIONS

YA. DIASAMIDZE AND SH. MAKHARADZE

ABSTRACT. On the basis of the notaion of normal representations of
binary relations we describe elements of maximal subgroups of the
given semi-group and the semi-groups themselves.
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Constructions of maximal subgroups of the semigroup Bx are well known
(see [1]). In this paper, using normal representations of binary relations, we
describe maximal subgroups of the semigroup Bx (D) which are defined by
complete X-semilattices of unions D.

Let X and X x X be respectively an arbitrary nonempty set and the
Cartesian product of the set X by itself. Recall that we call a binary relation
on the set X a subset of the Cartesian product X x X. If « and 3 are binary
relations on the set X and z, y, z € X, then the conditions (z,y) € a is
written in the form zay, while its negation in the form (x,y) ¢ a. The
notation zayfz means that the conditions zay and ySz hold simultaneously.
Furthermore, let Y be a nonempty subset from X. Then by a~!, @, Ya
and oY we respectively denote the following sets: o=t = {(z,y)| yaz}, an
empty binary relation or an empty set, Ya = {z € X| for some y € Y}
and aY = Ya~!. Note that instead of {y}a and a{y} we always write ya
and ay.

We call the product of binary relations « and § the binary relation § =
ao 3 on X by which zdz (z, z € X) is virtue if and only if there exists
y € X such that zayBz. The binary operation (o) is associative so that the
set By of all binary relations on the set X is a semigroup with respect to
the operation (o).
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Let D be some nonempty set of subsets from X, which is closed with
respect to the set-theoretic union of elements from D. In that case the
set D is called the complete X-semilattice of unions. Furthermore, to each
mapping f : X — D we assign a binary relation ay on the set X which
satisfies the condition

ap = | ({z} x f(2)).

zeX

The set of all such ay (f : X — D), which is denoted by Bx (D), is a
subgroup of the semigroup Bx which is a complete semigroup of binary
relations defined by a complete X-semilattice of unions D. It is obvious
that Bx (D) = Bx if D is the set of all subsets of the set X, i.e., when
D = 2X. Moreover, for any a € Bx(D) and a complete X-semilattice
of unions D the sets V(D;a) = {Ya| Y € D} and X* = 2%\ {&} are
complete X -semilattices of unions.

Definition 1. Let @ € Bx(D) and ¢ be the one-to-one mapping of the

subset D} of the semilattice D on the semilattice V(X *;a). A representa-
tion of the binary relation a written in the form

a= [ (YF x () (1)

TeDq

is said to be normal if for Y and ¢(T") of this representation the following
conditions hold:
a) D1 g Dll,
b) @ #Yf C X for any T € Dy;
c) Y7 = Y5 if o(T) = o(T");
d) YPNnYr =oif T, T € Dy and T # T,
)

U v =x.
TeD,

e

It is obvious that by virtue of the conditions b), d) and e) from De-
finition 1 the system of sets {Y7'},., is a partition of the set X. The
condition c¢) makes it impossible for union (1) to contain elements of the
form Y x ¢(T) and Y& % ¢(T) for various Y& and Y. The condition a)
restricts the choice of indexes for the family {Y7},., to the subset of the
semilattice D, while the mapping ¢ emphasizes the connection betweem the
elements Y2 and ¢(T).

Note that when ¢ is the identical mapping of the semilattice V (X*; «),
the normal representation of the relation o takes the form

a= |J (v xT). (2)

TeD,
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Lamma 1. If a normal representation of the binary relation a of the
semigroup Bx (D) has form (1), then Y = {y € X| ya = ¢(T)} for any
T from D;.

Proof. Let T € Dy and y € Y;*. Then by virtue of d) and e) from Definiti-
on 1 we have y ¢ X \ Y#. Therefore

yo =y (Vi x o(T)) =y({y} x o(T)) = o(T),

ie., ya = o(T) for any y € Y.
The lemma is proved. a

The next lemma shows that the normal representation of the binary
relation « of the semigroup Bx (D) depends only on a choice of a and does
not depend on choices of the set of indeces and the mapping .

Lamma 2. Let a € Bx (D) and

a=J (% xe@)= | (X3 xv(2))

TeD, Z€D>
be the normal representations of the binary relation o. If D} = {p(T)| T €
D:} and Dy = {p(Z)|Z € D,}, then D] = D} and Y = X% if o(T) =
P(Z).

Proof. Let p(T") € D}. Then by the condition b) from Definition 1 we have
Yi # @, ie., y € Y for some y' € X. Hence by Lemma 1 we obtain

y'a=o(T).
On the other hand, by virtue of the equality

U xg=x
ZeD»>

there exist X%, C X and ¢(Z') € D} such that y' € X%, and y'a = (2Z')
in view of Lemma 1.

Thus o(T") = y'a = (Z') and we find that D] C Dj.

Analogously, one can prove the inverse inclusion D4 C D;. Now, taking
into account the inclusions D} C D) C D}, we obtain D} = Dj,.

Moreover, by virtue of Lemma 1 the equalities

Vi ={yeX| ya=p(T)} =X3

hold, if o(T') = ¥(Z).
The lemma is proved. g

Lamma 3. For any binary relation « of the semigroup Bx (D) there
exists its normal representation.
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Proof. Let a« € Bx(D), T € V(X*; ),
Yi={yeX| ya=T} and D(a) = {T eV(X*a) yo £ 2}
Then the binary relation « is uniquely represented as
a= |J (@ xD). (3)
TeD(a)

For the elements of the latter representation, all conditions from Defini-

tion 1 hold (it is assumed that D; = D(«) and ¢ is the identical mapping of
the set V(X*;a)), i.e., this representation of the relation « is normal. O

Example 1. Let X = {1,2,3,4}, D = {&,{1},{2},{1,2}} and a =
{(271)7 (371)7 (472)} Then V(X*;Oé) =D, Yg = {1}7 Y{O{} = {273}7 Y{Oé} =

{4}, Y5, =2 and D(e) = {@,{1},{2}}, and the normal representation
of the binary relation « is written as

a= (Y2 x o) U (Y@, x{1}) U (Ve x {2}) =
= ({1} x @) [J ({2.3} x {1}) |J ({4} x {2}).

Note that the above results immediately imply that a normal represen-
tation of the binary relation a of the semigroup Bx (D) is always defined
uniquely.

Lamma 4. If a normal representation of the binary relation a of the
semigroup Bx (D) has form (3), then D(a) is a unique generating set of the
semilattice V(X *; ), satifying the condition Y # & for any T € D(a).

Proof. Let Z € V(X*; ). Then Z = Ya for some Y € X*. Let us prove
that the sets

D'={ya| yeY} and D" = {T € D(a)| YF(Y # @}
are equal. Indeed, if ya € D' for some y' € Y, then by virtue of the equality
U w=x
TeD(w)

there exists an element 7" € D(«) such that y' € YR and y'a =T in view
of Lemma 1. Moreover, Y2 NY # @ sincey’ € YENY ,ie,y'a=T"€ D".
Therefore D' C D",

Conversely, if 7" € D", then YA NY # @, i.e., y"” € V7 for some y" € Y
and y"a = T" in view of Lemma 1. From the conditions T"” = y"a and
y" €Y it follows that T" = y"a € D'. Therefore

D"CD.
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Now, taking into account the inclusions D' C D" C D', we obtain D' =
D". Then the following equalities

Z=Ya=|Jya=JD =JD"
yey

hold, where D" C D(a). Thus any element of the semilattice V (X*;a) is a
union of some elements of the set D(a), i.e., D(a) is generating set of the
semilattice V(X *; ).

Furthermore, let D(a)’ be another generating set of the semilattice V (X *;
«), satisfying the condition Y5 # & for all T' € D(a)'. Then, by virtue
of the condition Y& # @, for T' from D(a)' we have ya = T for some

y € Y. On the other hand, y € X = U YJ. Therefore there exists
TeD(a)

T(y) € D(«) such that y € Y7, Hence by virtue of Lemma 1 we obtain
ya =T(y), i.e., T' = ya = T(y) € D(a). Therefore D(a) C D(a).

Analogously, one can prove the inverse inclusion D(a) C D(a)'.

Now, taking into account the inclusions D(a)' C D(a) C D(a)', we
conclude that D(a) = D(a)'.

The lemma is proved. O

Lamma 5. Let 0, f € Bx (D).
s= |J P x1)
TeD(5)
is a normal representation of the binary relation 6, a = § o 3, l~)(a) =
{TB|T € D)}, Z € D(av) and
v =|J{¥?| T e D), T8=12}.

Then
a= |J v x2)
ZeD(a)
is a normal representation of the binary relation « of the semigroup Bx (D).

Proof. Let Z be an element of the set V(X*; «) such that Z = T'f for some
T' € D(a),

Yy ={yeX| ya=Z} and YZ':U{YZC’| Teﬁ(a) and TS = Z}.

Let us prove that Y2 = Y. Indeed, let y; € Y2 for some y; € X. Then by
the definition of the set Y and the binary relation o we have Z = y,a =

y1(6 0 B) = (y10)8. Since, by assumption, U Y = X we have y; € Y,
TeD(w)

for some T} € 5(04) and y,6 = T} in view of Lemma 1. But the conditions
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y1 € YA, T1 € D(6), Z = (y16)8 = T1f imply that y; € Y}. Therefore
Y2 CY).

Conversely, let yo € Yé; Then yo € YI‘ZZ for some Ty € V(X*;4), satis-
fying the conditions T € D(§) and T3 = Z. By virtue of Lemma 1, from
the condition y» € Y}, we obatin y6 = T5. Therefore yoar = y2(0 0 §) =
(y20)8 = TnB = Z, ie., y2 € Y by the definition of the set Y,¢. Thus
Y, CYg.

Now, taking into account the inclusions Y2 C Y}, C Y2, we obtain

Y =Y" (1)

Further, let D(a) = {Z € V(X*;0)| Y2 # @} and D' = {TB| T €
D(6)}. If Z € D(a), then Y # @ and therefore 'a = Z for some 2’ € X

satisfying the condition z' € Y. By assumption, U Y = X, i.., for
TeD(6)

an element 2’ € X there exists 7' € D(6) such that 2’ € Y. Hence by
Lemma 1 we have 2’0 =T" and Z = 2'a =2'(6 0 8) = (2'§)8 =T'B, i.e.,
Z € D'. Therefore D(e) C D'

Conversely, if Z' € D', then, by the definition of a normal representation
of the relation &, we have Z' = Ty for some Ty, € D(6) and Y}, # .
Hence we obtain Vg, =Yy, =Y}, 3 DY # @, ie., Z' € D(c). Therefore
D' C D(w).

Now, taking into account the valid inclusions D(a) C D' C D(a), we
have

D(a)=D'. (2)
Moreover, by virtue of equalities (1) and (2) we have

U Yz = U Yig 2 U YP =X,

zeD(a) TeD(5) TeD(5)
ie.,
U w=x (3)
ZeD(w)

According to Lemma 3, equalities (1), (2) and (3) imply that a represen-
tation of the binary relation a of the form

a= |J 0% x2)
ZeD(a)

is normal.
The lemma is proved. d

Corollary 1. Let §, 8 € Bx(D),
s= |J @ x1)

TeD(a)
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be a normal representation of the binary relation § and o =60 B. If TB #
T'B for any and different T and T' from the set D(J), then a representation
of the relation « in the form

a= |J (3 xTpB)
TeD(5)

s always normal.

Proof. In proving this corollary, we use the notation of Lemma 5. Further,
by assumption, T8 # T'j3 for any and different T" and 7" from the set 13(6)
Hence it follows that any element Z of the set D(a) is uniquely represented
as Z = T3, where T € D(5). Therefore the following equalities are valid:

v =Yy = J{Y2| T € D), T'8=TB=2}=Y,
D(a) = {T8| T € D(5)}

and
a= |J gx2)= |J 2 xTB). (4)
ZeD(w) TeD(6)
By assumption, the mapping ¢, which to every element T of the set
D(5) assigns an element T3 of the set D(a), is one-to-one. Moreover, this
and the condition D(a) C V(X*;a) immediately imply

[V(X*;0)\ D(8)| > |[V(X*;0) \ D(a)]-

Therefore in the set V(X*; )\ D(8) there exists a subset D equivalent to
the set V(X*;a) \ D(). Hence there exists the one-to-one mapping ¢ of
the set D on the set V(X*; )\ D(a). Next we define the mapping ¢ of the
set D} = D U D(6) in the set V(X*;a) as followis:

() if T € D),
o1 = {¢2(T) it TeD.

It is obvious that ¢ is the one-to-one mapping of the subset Di of the

semilattice D on the semilattice V(X *;«a) for which the binary relation
is represented in the form

a= |J ¥ xe(@).
TeD(5)

Moreover, all conditions of Definition 1 hold for the mapping ¢ and
elements of this representation, which means that the latter is normal.
The corollary is proved. a
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Lamma 6. Let D and Gx(D;e) be respectively a complete X -semilattice
of unions and a maximal subgroup of the semigroup Bx (D), whose unit is
an idempotent binary relation € from Bx (D). Then for the element 0 of the
group Gx(D;e) the following statements are true:

a) V(D;0) = V(X*;0) = V(X*;¢e) = V(Dse) if & ¢ D;

b) V(D;d) =V (X*0)U{o} =V (X*e)u{a} =V (D;e) if o € D.
Proof. Assume that § € Gx(D;¢e). Then oe =d and §’ o =Jod' =¢ for
some &' € Gx(D;¢e). By Theorem 1 from [3], the conditions ¢’ o § = € and
0 o e = § respectively imply

V(X*;e) CV(D;6) and V(X*;0) CV(D;e). (1)
Moreover,
V(D;0) CV(x*;6) [ J{o} )

since D C X* U{@}. Further, by virtue of Corollary 2 of Subsection 6.1 in
[4] we obtain

V(X*;e) if ¢D,

V(X*e)u{o} if @€ D. (3)

V(D;e) = {

For the semilattice D we will consider the following cases:
1) @ ¢ D. Then by conditions (1), (2) and (3) we have
V(D;e) = V(X%e) CV(D;6) C V(X™;6) C V(Dse),
ie.,
V(D;d) =V (X*9) =V(X*e) =V(D;e).

The statement a) is proved.

2) @ € D. Then, taking into account the conditions (1), (2) and (3), we
obtain

V(Dje) = V(X*e) U{@} CV(D;0) CV(X™;0)U{a} CV(D;e),
ie.,
V(D;d) = V(X0 u{e} =V (X" e)U{o}=V(D;e).

The lemma is proved. a

Theorem 1. Let
€= U (Y7 xT)
TeD(e)
be a normal representation of the binary relation e of the semigroup Bx (D),
@+ ZeV(X*;¢e) and D.(Z) = {T € D(¢)| YN Z # @}. The relation ¢
is an idempotent element of this semigroup if and only if Z = UﬁE(Z) for
any nonempty Z from V(X*;¢).
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Proof. Assume that € oe = . Then for any Z from V(X*;e) we have
Z =YeforsomeY € X* and Ze = (Ye)e = Y(eoe) = Ye = Z, ie,
Ze = Z for any Z € V(X*;¢).

Let now Z' = UD,.(Z) and t € Z = Ze. Then t € t'c for some ' € Z. By
assumption,

tex= |J vi
TeD(=)
and therefore there exists an element T'(#') € D(g) such that t' € Y7y and
t' € Y7y N Z. Hence we obtain t'e = T(#') and Y7,y N Z # @. Therefore
t € UD.(Z) = Z', i.e., the inclusion Z C Z' is valid.

Conversely, let t, € Z', i.e., there exists T(t1) € D(e) such that t; € T'(t;)
and Y7, ) NZ # @. By the condition Y7, yNZ # & we obtain tie =T(t)
for some t{ € Z. Note that ¢; € t{e since t; € T(t1). By assumption,
Z = Ze for any Z € V(X*;¢e). Therefore

thetieC | Jte=2Ze=7.
tez

Thus we have Z' € Z.

Now, taking into account the inclusions Z C Z' C Z, we obtain Z = Z'.

The necessity of the conditions of this theorem is proved.

Further, assume that ¢ is a binary relation of the semigroup Bx (D) such
that Z = UD.(Z) for any nonempty Z from V(X*;£) and prove that it
is idempotent. Indeed, let zey for some z, y € X. Therefore y € ze and
xze € V(X*;¢€). Hence by virtue of the equality

e = JDe(ze) = | J{T € D(e)| Y5 Nae # o}

and y € ze there exists T'(y) € D(e) such that y € T(y) and Yy, Nae # @.
From the latter inequality we have ze = T'(y) for some z € z¢, i.e., y € z¢
and z € ze, i.e., xzezey and x(e o €)y. Thus the inclusion ¢ C € o ¢ is valid.

On the other hand, let z'ez'ey’ for some 2/, 2', y' € X, i.e., 2’ € z'¢ and
y' € z'e. By assumption,

dex= J v
TeD(e)

and therefore 2’ € Y7 (. for some T(z') € D(g). Therefore z'c = T(2'),
y' €T(Z)and 2’ € Y7 Nz'e. From the conditions 3’ € T'(2") and Ym0
2'c # @ and by the definition of the set UD.(z'c) we have y'e U D.(z'¢).
By assumption, UD.(z'e) = z'e since z'e € V(X *;¢e). Therefore y' € z'e
and z'ey’. Hence the inclusion e o e C ¢ is valid.

Now, taking into account the inclusions, we have ¢ C € oe C ¢, which
means that the binary relation ¢ is idempotent.
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The sufficiency of the conditions of this theorem is proved.
The theorem is proved. O

Definition 2. The bijection ¢ of the complete X-semilattice of unions
D onto itself is called the complete automorphism of this semilattice if it
preserves all exact upper faces of its any nonempty subsets, i.e.,

o(UP) = U

TED!
for any nonempty subset D’ of the semilattice D.
Lamma 7. Let
€= U (Y7 xT)
TeD(e)
be a normal representation of the binary relation € of the semigroup Bx (D),

@+ 7 € V(D;e), D.(Z) = {T € D(¢)| YiNZ # @} and ¢ be a bijection
of the semilattice V(D;e) onto itself such that

eZ)y= |J e@

TeD. (Z)

for any nonempty Z from V(D;e). Then the equalities

J( U e@)= U o)

ZeD' TeD.(Z) T'€D.(UD')

hold for any nonempty subset D' of the semilattice V(D;e).

Proof. Assume that

Z = U ( U go(T)) and Z' = o(T").

ZeD' TeD.(Z) T'€D.(UD')

We will show that 7Z = Z'. Indeed, if z; € Z, then there exists Z e D
such that Th € D.(Z;) and 21 € ¢(T). From the conditions Ty € D.(Z;)

it follows that Ty € D(e) and Yi N Zy # @. Moreover, Z; C UD' since
Zy € D'. Hence Yi N (UD') D Yf N Z; # @. Therefore T € D(e) and
Y7 N(UD') # @. Hence, by the definition of the set D.(UD'), we have
T, € D.(UD'). Now, using the condition z; € ¢(T}) and the definition of
the set Z', we obtain z; € Z'. Thus the inclusion Z C Z' is valid.

Now assume that y' € Z'. Then y' € p(T7) for some T{ € D.(UD'). The
conditions T} € D.(UD') imply that T} € D(e) and Yi N (UD") # @. From
the latter inequality we obtain y{ € Vi and y; € UD'. At that, according
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to the conditions y; € UD' there exists Z' € D' such that y; € Z' and
therefore Y N Z'# @. Thus y' € o(T}), T] € D(e) and Y N 7'+ 3, ie.,

ve |J o).

TeD.(Z")

Hence we obtain y' € Z. Therefore Z' C Z.
Now, by the inclusions Z C Z' C Z we have Z = Z'.
The lemma is proved. a

Theorem 2. Let
e= |J @ x1)
TeD(=)
be a normal representation of the idempotent binary relation € of the semi-
group Bx (D). The bijection ¢ of the semilattice V(D;e) onto itself is
a complete automorphism of this semilattice if and only if (@) = @ if
& € V(D;e), and the conditions

p2)= |J @@ (1)

TeD.(Z)

hold for any nonempty Z from V(D;¢) and the subset D.(Z) = {T € D(e)|
YENZ # @} of the set D(e).

Proof. Assume first that the bijection ¢ of the semilattice V(D;e) onto
itself is a complete automorphism of this semilattice. Then by Theorem 1
and the definition of a complete automorphism of complete X-semilattices
of unions (see Definition 2) we have

w2 =o(UD-2)=¢( U 1T)= U «@.

TeD.(Z) TeD.(Z)

for any nonempty Z from V(D;e).

Moreover, if @ € V(D;¢), then & is the least element of the semilattice
V(D;e) and therefore @ U Z = Z for any Z from V(D;e). Hence by the
definition of the complete isomorphism ¢ we obtain ¢(&) U ¢(Z) = ¢(2),
ie., (@) C ¢(Z) for any Z € V(D;e). The latter condition implies that
©(@) is the least element of the set {p(Z)| Z € V(D;e)} = V(D;e).
Therefore ¢(@) = & since the least element of the set V(D;e) is defined
uniquely.

The necessity of the conditions of this theorem is proved.

Now assume that equalities of form (1) hold for any nonempty Z from
V(D;e) and subsets D.(Z) of the set D(). Let us prove that

(UP)= U «@

zZeD’
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for any nonempty subset D’ of the semilattice V(D;e). Indeed, by equality
(1), for UD' = Z'" we have

f(UD)=ezh= U o= o (T).
T'eD.(Z") T'€D. (UD')

But by virtue of Lemma 7 the equality

U «m=U( U «m)

T'€D. (UD’) ZeD' TeD.(7)
is true, i.e.,
f(Ur)=U( U «m)=U «@
ZeD' reh.(2) zZeD!
since
U #@ =e2)
T'eD.(Z)

by virtue of (1).
The sufficiency of the conditions of this theorem is proved.
The theorem is proved. O

Lamma 8. The set of all complete automorphisms ®p of the complete X -
semilattice of unions D is a group with respect to operations of multiplication
of transforms.

Proof. Let ¢ and 9 be arbitrary complete automorphisms of the complete
X-semilattice of unions D, and ¢ and ¢! be respectively the identical
mapping of the semilattice D and the inverse mapping of the mapping .
Then for any nonempty subset D’ of the semilattice D we have

o) (UD) =e(s(UD)) =w(x( U 1)) :go(TLGJDIzp(T)) -

TeD'
= U o) = | ()@, (1)
TeD' TeD!
((Up)=Up'= U 1= e o
TeD! TeD’
c(UD) = (U T)=¢' (U em)=
TeD! TeD
=o (U e Hm) =¢ (U vle (M) =
TeD! TeD’

o7 (e(U M) = U v ) =

TeD' TeD’
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=e(Uv'm)=U ¢, (3)

TeD’ TeD’

Now, bearing in mind that the product of two bijections is a bijection,
from conditions (1), (2) and (3) it immediately follows that the set ®p is a
group with respect to operations of multiplication of transforms.

The lemma is proved. a

Lamma 9. If ¢ and ¢ are complete automorphisms of the complete
X -semilattice of unions D such that their values on some generating set D
of the semilattice D coincide, then ¢ = 1.

Proof. Let ¢(Z) = ¢(Z) for any Z € D. Assume that Z € D\ D. Then
Z = UD' for some subset D’ from the set D and

w2 =o(Up)=o( U 1)= U em= v =

TeD! TeD! TeD!
_ ¢( 9 T) - 1/;(UD’) — y(2).
TeD’
Therefore p(Z) = ¢(Z) for any Z € D, i.e., p = 1.
The lemma is proved. a

Lamma 10. Let ¢, « € Bx (D), eoe = ¢ and p, be some complete
automorphism of the complete X -semilattice of unions V(D;e). If

e= |J W xT) and a= ] (Y5 xa(T))
TeD(s) TED(e)
are normal representations of the binary relations € and «, then Za =
va(Z) for any nonempty element Z from the semilattice V(D;e).

Proof. Let @ # Z € V(D;e) and
7z = {%(T)| TeD(e) and YENZ £ z}.

Let us show that Za = Z'. Indeed, let t € Za for some t € X. Then
t'at for some t' € Z. By the normal representation of the relation «, the
conditions #'at imply that there exists an element T" from the set D(g) such
that t' (Y5 x o (T"))t. Therefore the condition ¢t € Y7, and t € ¢, (T”) hold.
Moreover, t' € Y& N Z since t' € Z. Therefore T' € D(e), t € ¢o(T") and
Y5 NZ # @. Hence, by the definition of the set Z’, we have t € Z’. Thus
in this case the inclusion Za C Z' is valid. On the other hand, if z € Z',
then z € @, (T}) for some Ty € D(e) satisfying the condition YR NZ # 2.
If ' € Yj NZ, then 2’ € X and 2'(Y} X ¢a(T1))z. By virtue of the

normal representation of the relation «, from the conditions 73 € 5(5) and
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o' (Vi X ¢o(T1))z we have z'azx, ie., v € z'a, where ' € X. Hence we
obtain z € z'a C Za. Thus the inclusion Z' C Za is valid.

Now, taking into account the inclusions Za C Z' C Za, we obtain
Z' = Za. Furthermore, if D.(Z) = {T € D(¢)| YiNZ # @}, then by
virtue of Theorem 1 the equality Z = UﬁE(Z ) is virtue for any nonempty
Z € V(D;e). Hence, since ¢, is a complete automorphism of the semilattice
V(D;e), we obtain

Za:Z’:U{goa(Tﬂ T e D(e) and YTEﬂZ;Ag} -
=UleaMI TeD(2)} = | ¢all)=

TeD.(Z)
=¢a( U T)=0au(®.
TeD.(Z)
The lemma is proved. a
Lamma 11. Let €, o, € Bx(D), eoe = &; p, and @s be respec-

tively some complete automorphisms of the complete X -semilattice of unions
V(D;e). If

e= |J 0FxT), a= |J (VFxea(T)) and = ] (Yixps(T))
TeD(e) TeD(e) TeD(e)
are normal representations of the binary relations €, a and (3, then
aof= |J (Vi x (papa)(D)
TeD(e)

is always a normal representation of the product aco 8 of the binary relation
a by the binary relation 3.

Proof. Let ¢ be some complete automorphism of the semilattice V' (D;e).
Then by virtue of Theorem 2 and Lemma 10 we have

aop=( U Fxea®))os= |J (0Fxpall)oB) =

TeD(e) TeD(e)

= U 0ixeamB) = |J (¥ x9s(0alD)) =
TeD(e) TeD(z)

= U (¥ x (espa) (D). (1)
TeD(e)

Taking into account the fact that the product gy, of two bijections ¢g

and ¢, is again the bijection of the semilattice V(D;e), we may conclude

that a representation of the binary relation a o 8 in form (1) is normal.
The lemma is proved. a
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Theorem 3. Let
p= U 0Fx7) (1)
TeD(e)
be a normal representation of the idempotent binary relation € of the semi-
group Bx (D). Then the binary relation o of the semigroup Bx (D) belongs
to the group Gx (D;e) if and only if its normal representation has the form

a= |J (% x (D)), 2)

TeD(=)

where @, is some complete automorphism of the complete X -semilattice of
unions V(D;e).

Proof. Assume that o € Gx(D;e¢) and consider the mapping ¢, : V(D;a) —
D satisfying the condition ¢4 (Z) = Za for any Z € V(D; ). By virtue of
Lemma 6 we have V(X*;a) C V(D;a) = V(D;e), which means that ¢, is
the mapping of the semilattice V(D;e) in D. Furthermore, for Z € V(D;e¢)
and Z = @ (@ € D) we obtain ¢,(9) = @a = @ € V(D;e) by the defini-
tion of the semilattice V' (D;e). Therefore it can be assumed that Z # &. In
that case Z € X* and ¢,(Z) = Za € V(X*;a) C V(D;¢). Thus ¢, is the
mapping of the semilattice V' (D;e) in V(D;e). Let us prove that ¢, is a
complete automorphism of the semilattice V(D;e). Indeed, let Z1a = Zsav
for some Zy, Z» € V(D;e). Since, by assumption, a € Gx (D;e), we obtain
aofl =foa=c¢for some § € Gx(D;e). Moreover, for any Z € V(D;e)
we have Z = Z'e for some Z' € D and Ze = (Z'e)e = Z'(e0e) = Z'e = Z.
From this and by virtue of the equality Z;a = Zsa we obtain

Z1 = Z18 = Zl(a o ﬁ) = (Zla)ﬁ = (ZQQ)/B = ZQ(O[ o 6) = ZQS = ZQ.
Therefore v, (Z1) # pa(Z2) if Z1 # Zs, i.e., the mapping ¢, is one-to-one.

Now, if Z € V(D;e) and Z3 = Z;, then Z = Ze = Z(foa) = (Zf)a =
Zia and therefore o (Z1) = Zia = Z. Thus ¢, is the bijection of the

semilattice V(D;e) onto itself. Moreover, if D’ is an arbitrary nonempty
subset of V(D;e), then

ea(UD) = (UD)o= (TLE% T)a= TgyTa - Tg), a(T).

This and the fact that ¢, is the bijection of V(D;e) onto itself allow us to
conclude that ¢, is a complete automorphism of the complete X-semilattice
of unions V(D;e).

Further, by assumption, @ = eoa. Since Tia # Tra for any and different
Ty and T3 from the set D(e) (D(e) C V(X*;e) C V(D;e)), a representation
of the binary relation a of the form

a= |J @xTa)= |J (V7 xea(D))
TacD(a) TeD(e)
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is normal by virtue of Corollary 1.

The necessity of the conditions of this Theorem is proved.

Now assume that the set Gx (D;e) consists of such binary relations a that
are represented in form (2) for some complete automorphism ¢, of the com-
plete X-semilattice of unions V(D;e). Let us prove that the set Gx(D;¢)
is a group with respect to the multiplication of binary relations. Indeed, by
virtue of Lemma 6 the identical mapping ¢ of the semilattice V(D;¢) is a
complete automorphism of this semilattice. Moreover, a representation of
the relation ¢ of the form

e= |J (0vF xt(1)

TeD(e)

is normal. Hence, by the definition of the set Gx(D;e), we have ¢ €
Gx(D;€).
Now, if a, 8 € Gx (D;e) and

a= |J (Fxea®), 8= |J (V5 xes(D),

TeD(e) TeD(e)

where ¢, and pg are complete automorphisms of the semilattice V(D;e),
then by virtue of Lemma 11 the representation

acf= |J (V7 x(pspa)(T))

TeD(e)

is also normal. Moreover, by virtue of Lemma 8 the product gy, of two
complete automorphisms ¢z and ¢, of the semilattice V(D;e) is again a
complete automorphism of the semilattice V' (D;e). Therefore the condition
aof € Gx(D;e) is valid.

Further, from the assumption that ¢, is a complete automorphism of
the semilattice V(D;e) it follows, by Lemma 8, that ¢! too is a complete
automorphism of this semilattice. Therefore the binary relation o’ having
a representation of the form

o= [ (Y7xe'(D))
TeD(e)
also belongs to the set Gx(D;e). Moreover,
aoa = U (Y5 x (03" 0a)(T)) = U (Y7 x e(T)) =e.
TeD(e) TeD(e)

Now, in view of the results obtained above, we see that the set Gx (D;e¢) is
a maximal subgroup of the semigroup Bx (D) whose unit is the idempotent
relation € of the semigroup Bx (D).

The theorem is proved. a



MAXIMAL SUBGROUPS OF COMPLETE SEMI-GROUPS 37

Theorem 4. For any idempotent binary relation € of the semigroup
Bx (D), the group Gx (D;e) is anti-isomorphic to the group of all complete
automorphisms of the semilattice V(D;e).

Proof. Let e be an arbitrary idempotent element of the semigroup By (D)
having a normal representation of the form

e = U (Vi x T). (1)

TeD(e)

Then by virtue of Theorem 3 any element « of the group Gx(D;¢) can be
represented as

e= U ((0F xpa(D), (2)

TeD(e)

where ¢, is some element of the group ®. of all complete automorphisms of
the semilattice V(D;e). Let us define the mapping 6 of the group Gx(D;¢)
in the group ®. as folows: #(a) = p, for any a € Gx(D;e). First we will
show that the mapping is one-to-one. Indeed, if for the binary relation
from Gx(D;e) having a normal representaion of the form

e= |J (Vixps(D), (3)

TeD(=)

where pg € @, the conditions a # § and 68(a) = 6(5) hold, then ¢y, =
s and, by virtue of representations (2) and (3) we obtain a = . The
latter equality however contradicts the assumption that a # 3. Therefore
f(a) # 0(B) is virtue for any different @ and S from Gx(D,e). This and
Theorem 3 imply that 6 is the one-to-one mapping of the group Gx (D;e)
onto the group ®.. Moreover, by Lemmas 11 and 8, a representation of the
binary relation a o 8 of the form

aof= |J (Vi x (pspa)(T))
TeD(e)
is normal and ¢gp, € ®.. Hence, by the definition of the mapping 6, we
have 8(a0 ) = papa.
Thus the mapping 6 : Gx(D;e) — ®. is an anti-isomorphism of the
group Gx (D;e¢) onto the group ®..
The theorem is proved. a

Corollary 2. If the complete X -semilattice of unions D is a finite chain,
then all maximal subgroups of the semigroup Bx (D) are the unit ones.

Proof. Let D be a finite chain. Then, for any idempotent binary relation
¢ the semigroups Bx (D) of the lattice of unions V(D;¢) are also a finite
chain. But in that case the group ®. of all complete automorphisms of
the semilattice V(D;e) consists of the only identical mapping of V(D;e).
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Hence, by virtue of Theorem 4, it follows that the group Gx(D;e) too is
the unit one, i.e., Gx(D;e) = {e}.
The corollary is proved. a
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