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MAXIMAL SUBGROUPS OF COMPLETE SEMI-GROUPS

OF BINARY RELATIONS

YA. DIASAMIDZE AND SH. MAKHARADZE

Abstra
t. On the basis of the notaion of normal representations of

binary relations we des
ribe elements of maximal subgroups of the

given semi-group and the semi-groups themselves.

îâäæñéâ. ê�öîëéöæ �æê�îñè éæé�îåâ��å� êëîé�èñî û�îéëáàâ-

ê�äâ á�õîáêë�æå ��ûâîæèæ� �æê�èñî éæé�îåâ��å� ïîñèæ ê�ýâ-

ã�îþàñòâ�æï é�óïæé�èñîæ óãâþàñòâ�æï âèâéâêðâ�æ á� åãæå é�óïæ-

é�èñîæ óãâþàñòâ�æ.

Constru
tions of maximal subgroups of the semigroup B

X

are well known

(see [1℄). In this paper, using normal representations of binary relations, we

des
ribe maximal subgroups of the semigroup B

X

(D) whi
h are de�ned by


omplete X-semilatti
es of unions D.

Let X and X � X be respe
tively an arbitrary nonempty set and the

Cartesian produ
t of the setX by itself. Re
all that we 
all a binary relation

on the set X a subset of the Cartesian produ
t X�X . If � and � are binary

relations on the set X and x; y; z 2 X , then the 
onditions (x; y) 2 � is

written in the form x�y, while its negation in the form (x; y) 62 �. The

notation x�y�z means that the 
onditions x�y and y�z hold simultaneously.

Furthermore, let Y be a nonempty subset from X . Then by �

�1

, ?, Y �

and �Y we respe
tively denote the following sets: �

�1

= f(x; y)j y�xg, an

empty binary relation or an empty set, Y � = fx 2 X j for some y 2 Y g

and �Y = Y �

�1

. Note that instead of fyg� and �fyg we always write y�

and �y.

We 
all the produ
t of binary relations � and � the binary relation Æ =

� Æ � on X by whi
h xÆz (x; z 2 X) is virtue if and only if there exists

y 2 X su
h that x�y�z. The binary operation (Æ) is asso
iative so that the

set B

X

of all binary relations on the set X is a semigroup with respe
t to

the operation (Æ).
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Let D be some nonempty set of subsets from X , whi
h is 
losed with

respe
t to the set-theoreti
 union of elements from D. In that 
ase the

set D is 
alled the 
omplete X-semilatti
e of unions. Furthermore, to ea
h

mapping f : X ! D we assign a binary relation �

f

on the set X whi
h

satis�es the 
ondition

�

f

=

[

x2X

�

fxg � f(x)

�

:

The set of all su
h �

f

(f : X ! D), whi
h is denoted by B

X

(D), is a

subgroup of the semigroup B

X

whi
h is a 
omplete semigroup of binary

relations de�ned by a 
omplete X-semilatti
e of unions D. It is obvious

that B

X

(D) = B

X

if D is the set of all subsets of the set X , i.e., when

D = 2

X

. Moreover, for any � 2 B

X

(D) and a 
omplete X-semilatti
e

of unions D the sets V (D;�) = fY �j Y 2 Dg and X

�

= 2

X

n f?g are


omplete X-semilatti
es of unions.

De�nition 1. Let � 2 B

X

(D) and ' be the one-to-one mapping of the

subset D

0

1

of the semilatti
e D on the semilatti
e V (X

�

;�). A representa-

tion of the binary relation � written in the form

� =

[

T2D

1

�

Y

�

T

� '(T )

�

(1)

is said to be normal if for Y

�

T

and '(T ) of this representation the following


onditions hold:

a) D

1

� D

0

1

;

b) ? 6= Y

�

T

� X for any T 2 D

1

;


) Y

�

T

= Y

�

T

0

if '(T ) = '(T

0

);

d) Y

�

T

\ Y

�

T

0

= ? if T; T

0

2 D

1

and T 6= T

0

;

e)

[

T2D

1

Y

�

T

= X .

It is obvious that by virtue of the 
onditions b), d) and e) from De-

�nition 1 the system of sets fY

�

T

g

T2D

1

is a partition of the set X . The


ondition 
) makes it impossible for union (1) to 
ontain elements of the

form Y

�

T

� '(T ) and Y

�

T

0

� '(T ) for various Y

�

T

and Y

�

T

0

. The 
ondition a)

restri
ts the 
hoi
e of indexes for the family fY

�

T

g

T2D

1

to the subset of the

semilatti
e D, while the mapping ' emphasizes the 
onne
tion betweem the

elements Y

�

T

and '(T ).

Note that when ' is the identi
al mapping of the semilatti
e V (X

�

;�),

the normal representation of the relation � takes the form

� =

[

T2D

1

(Y

�

T

� T ): (2)
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Lamma 1. If a normal representation of the binary relation � of the

semigroup B

X

(D) has form (1), then Y

�

T

= fy 2 X j y� = '(T )g for any

T from D

1

.

Proof. Let T 2 D

1

and y 2 Y

�

T

. Then by virtue of d) and e) from De�niti-

on 1 we have y 62 X n Y

�

T

. Therefore

y� = y

�

Y

�

T

� '(T )

�

= y

�

fyg � '(T )

�

= '(T );

i.e., y� = '(T ) for any y 2 Y

�

T

.

The lemma is proved. �

The next lemma shows that the normal representation of the binary

relation � of the semigroup B

X

(D) depends only on a 
hoi
e of � and does

not depend on 
hoi
es of the set of inde
es and the mapping '.

Lamma 2. Let � 2 B

X

(D) and

� =

[

T2D

1

�

Y

�

T

� '(T )

�

=

[

Z2D

2

�

X

�

Z

�  (Z)

�

be the normal representations of the binary relation �. If D

0

1

= f'(T )j T 2

D

1

g and D

0

2

= f'(Z)jZ 2 D

2

g, then D

0

1

= D

0

2

and Y

�

T

= X

�

Z

if '(T ) =

 (Z).

Proof. Let '(T

0

) 2 D

0

1

. Then by the 
ondition b) from De�nition 1 we have

Y

�

T

0

6= ?, i.e., y

0

2 Y

�

T

0

for some y

0

2 X . Hen
e by Lemma 1 we obtain

y

0

� = '(T

0

).

On the other hand, by virtue of the equality

[

Z2D

2

X

�

Z

= X

there exist X

�

Z

0

� X and  (Z

0

) 2 D

0

2

su
h that y

0

2 X

�

Z

0

and y

0

� =  (Z

0

)

in view of Lemma 1.

Thus '(T

0

) = y

0

� =  (Z

0

) and we �nd that D

0

1

� D

0

2

.

Analogously, one 
an prove the inverse in
lusion D

0

2

� D

0

1

. Now, taking

into a

ount the in
lusions D

0

1

� D

0

2

� D

0

1

, we obtain D

0

1

= D

0

2

.

Moreover, by virtue of Lemma 1 the equalities

Y

�

T

=

�

y 2 X j y� = '(T )

	

= X

�

Z

hold, if '(T ) =  (Z).

The lemma is proved. �

Lamma 3. For any binary relation � of the semigroup B

X

(D) there

exists its normal representation.
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Proof. Let � 2 B

X

(D), T 2 V (X

�

;�),

Y

�

T

=

�

y 2 X j y� = T

	

and

e

D(�) =

�

T 2 V (X

�

;�)j y

�

T

6= ?

	

:

Then the binary relation � is uniquely represented as

� =

[

T2

e

D(�)

(Y

�

T

� T ): (3)

For the elements of the latter representation, all 
onditions from De�ni-

tion 1 hold (it is assumed that D

1

=

e

D(�) and ' is the identi
al mapping of

the set V (X

�

;�)), i.e., this representation of the relation � is normal. �

Example 1. Let X = f1; 2; 3; 4g, D = f?; f1g; f2g; f1; 2gg and � =

f(2; 1); (3; 1); (4; 2)g. Then V (X

�

;�) = D, Y

�

?

= f1g, Y

�

f1g

= f2; 3g, Y

�

f2g

=

f4g, Y

�

f1;2g

= ? and

e

D(�) = f?; f1g; f2gg, and the normal representation

of the binary relation � is written as

� = (Y

�

?

�?)

[

�

Y

�

f1g

� f1g

�

[

�

Y

�

f2g

� f2g

�

=

=

�

f1g �?

�

[

�

f2; 3g� f1g

�

[

�

f4g � f2g

�

:

Note that the above results immediately imply that a normal represen-

tation of the binary relation � of the semigroup B

X

(D) is always de�ned

uniquely.

Lamma 4. If a normal representation of the binary relation � of the

semigroup B

X

(D) has form (3), then

e

D(�) is a unique generating set of the

semilatti
e V (X

�

;�), satifying the 
ondition Y

�

T

6= ? for any T 2

e

D(�).

Proof. Let Z 2 V (X

�

;�). Then Z = Y � for some Y 2 X

�

. Let us prove

that the sets

D

0

= fy�j y 2 Y g and D

00

=

n

T 2

e

D(�)j Y

�

T

\

Y 6= ?

o

are equal. Indeed, if y� 2 D

0

for some y

0

2 Y , then by virtue of the equality

[

T2

e

D(�)

Y

�

T

= X

there exists an element T

0

2

e

D(�) su
h that y

0

2 Y

�

T

0

and y

0

� = T

0

in view

of Lemma 1. Moreover, Y

�

T

0

\Y 6= ? sin
e y

0

2 Y

�

T

0

\Y , i.e., y

0

� = T

0

2 D

00

.

Therefore D

0

� D

00

.

Conversely, if T

00

2 D

00

, then Y

�

T

0

\Y 6= ?, i.e., y

00

2 Y

�

T

0

for some y

00

2 Y

and y

00

� = T

00

in view of Lemma 1. From the 
onditions T

00

= y

00

� and

y

00

2 Y it follows that T

00

= y

00

� 2 D

0

. Therefore

D

00

� D

0

:
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Now, taking into a

ount the in
lusions D

0

� D

00

� D

0

, we obtain D

0

=

D

00

. Then the following equalities

Z = Y � =

[

y2Y

y� =

[

D

0

=

[

D

00

hold, where D

00

�

e

D(�). Thus any element of the semilatti
e V (X

�

;�) is a

union of some elements of the set

e

D(�), i.e.,

e

D(�) is generating set of the

semilatti
e V (X

�

;�).

Furthermore, let

e

D(�)

0

be another generating set of the semilatti
e V (X

�

;

�), satisfying the 
ondition Y

�

T

0

6= ? for all T

0

2

e

D(�)

0

. Then, by virtue

of the 
ondition Y

�

T

0

6= ?, for T

0

from

e

D(�)

0

we have y� = T

0

for some

y 2 Y

�

T

0

. On the other hand, y 2 X = [

T2

e

D(�)

Y

�

T

. Therefore there exists

T (y) 2

e

D(�) su
h that y 2 Y

�

T (y)

. Hen
e by virtue of Lemma 1 we obtain

y� = T (y), i.e., T

0

= y� = T (y) 2

e

D(�). Therefore

e

D(�)

0

�

e

D(�).

Analogously, one 
an prove the inverse in
lusion

e

D(�) � D(�)

0

.

Now, taking into a

ount the in
lusions

e

D(�)

0

�

e

D(�) � D(�)

0

, we


on
lude that

e

D(�) = D(�)

0

.

The lemma is proved. �

Lamma 5. Let Æ; � 2 B

X

(D).

Æ =

[

T2

e

D(Æ)

(Y

Æ

T

� T )

is a normal representation of the binary relation Æ, � = Æ Æ �,

e

D(�) =

fT�j T 2

e

D(Æ)g, Z 2

e

D(�) and

Y

�

Z

=

[

�

Y

Æ

T

j T 2

e

D(Æ); T� = Z

	

:

Then

� =

[

Z2

e

D(�)

(Y

Æ

Z

� Z)

is a normal representation of the binary relation � of the semigroup B

X

(D).

Proof. Let Z be an element of the set V (X

�

;�) su
h that Z = T

0

� for some

T

0

2

e

D(�),

Y

�

Z

=

�

y 2 X j y� = Z

	

and Y

0

Z

=

[

�

Y

�

Z

j T 2

e

D(�) and T� = Z

	

:

Let us prove that Y

�

Z

= Y

0

Z

. Indeed, let y

1

2 Y

�

Z

for some y

1

2 X . Then by

the de�nition of the set Y

�

Z

and the binary relation � we have Z = y

1

� =

y

1

(Æ Æ �) = (y

1

Æ)�. Sin
e, by assumption, [

T2

e

D(�)

Y

Æ

T

= X we have y

1

2 Y

Æ

T

1

for some T

1

2

e

D(�) and y

1

Æ = T

1

in view of Lemma 1. But the 
onditions
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y

1

2 Y

Æ

T

1

, T

1

2

e

D(Æ), Z = (y

1

Æ)� = T

1

� imply that y

1

2 Y

0

Z

. Therefore

Y

�

Z

� Y

0

Z

.

Conversely, let y

2

2 Y

0

Z

. Then y

2

2 Y

Æ

T

2

for some T

2

2 V (X

�

; Æ), satis-

fying the 
onditions T

2

2

e

D(Æ) and T

2

� = Z. By virtue of Lemma 1, from

the 
ondition y

2

2 Y

Æ

T

2

we obatin y

2

Æ = T

2

. Therefore y

2

� = y

2

(Æ Æ �) =

(y

2

Æ)� = T

2

� = Z, i.e., y

2

2 Y

�

Z

by the de�nition of the set Y

�

Z

. Thus

Y

0

Z

� Y

�

Z

.

Now, taking into a

ount the in
lusions Y

�

Z

� Y

0

Z

� Y

�

Z

, we obtain

Y

�

Z

= Y

0

: (1)

Further, let

e

D(�) = fZ 2 V (X

�

;�)j Y

�

Z

6= ?g and D

0

= fT�j T 2

e

D(Æ)g. If Z 2

e

D(�), then Y

�

Z

6= ? and therefore x

0

� = Z for some x

0

2 X

satisfying the 
ondition x

0

2 Y

�

Z

. By assumption, [

T2

e

D(Æ)

Y

Æ

T

= X , i.e., for

an element x

0

2 X there exists T

0

2

e

D(Æ) su
h that x

0

2 Y

Æ

T

0

. Hen
e by

Lemma 1 we have x

0

Æ = T

0

and Z = x

0

� = x

0

(Æ Æ �) = (x

0

Æ)� = T

0

�, i.e.,

Z 2 D

0

. Therefore

e

D(�) � D

0

.

Conversely, if Z

0

2 D

0

, then, by the de�nition of a normal representation

of the relation Æ, we have Z

0

= T

1

� for some T

1

2

e

D(Æ) and Y

Æ

T

0

6= ?.

Hen
e we obtain Y

�

Z

0

= Y

0

Z

0

= Y

0

T

1

�

� Y

Æ

T

1

6= ?, i.e., Z

0

2

e

D(�). Therefore

D

0

�

e

D(�).

Now, taking into a

ount the valid in
lusions

e

D(�) � D

0

�

e

D(�), we

have

e

D(�) = D

0

: (2)

Moreover, by virtue of equalities (1) and (2) we have

[

Z2

e

D(�)

Y

�

Z

=

[

T2

e

D(Æ)

Y

�

T�

�

[

T2

e

D(Æ)

Y

Æ

T

= X;

i.e.,

[

Z2

e

D(�)

Y

�

Z

= X: (3)

A

ording to Lemma 3, equalities (1), (2) and (3) imply that a represen-

tation of the binary relation � of the form

� =

[

Z2

e

D(�)

(Y

�

Z

� Z)

is normal.

The lemma is proved. �

Corollary 1. Let Æ, � 2 B

X

(D),

Æ =

[

T2

e

D(�)

(Y

Æ

T

� T )
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be a normal representation of the binary relation Æ and � = Æ Æ �. If T� 6=

T

0

� for any and di�erent T and T

0

from the set

e

D(Æ), then a representation

of the relation � in the form

� =

[

T2

e

D(Æ)

(Y

Æ

T

� T�)

is always normal.

Proof. In proving this 
orollary, we use the notation of Lemma 5. Further,

by assumption, T� 6= T

0

� for any and di�erent T and T

0

from the set

e

D(Æ).

Hen
e it follows that any element Z of the set

e

D(�) is uniquely represented

as Z = T�, where T 2

e

D(Æ). Therefore the following equalities are valid:

Y

�

Z

= Y

�

T�

=

[

�

Y

Æ

T

0

j T

0

2

e

D(Æ); T

0

� = T� = Z

	

= Y

Æ

T

;

e

D(�) =

�

T�j T 2

e

D(Æ)

	

and

� =

[

Z2

e

D(�)

(Y

�

Z

� Z) =

[

T2

e

D(Æ)

(Y

Æ

T

� T�): (4)

By assumption, the mapping '

1

, whi
h to every element T of the set

e

D(Æ) assigns an element T� of the set

e

D(�), is one-to-one. Moreover, this

and the 
ondition

e

D(�) � V (X

�

;�) immediately imply

�

�

V (X

�

;�) n

e

D(Æ)

�

�

�

�

�

V (X

�

;�) n

e

D(�)

�

�

:

Therefore in the set V (X

�

;�) n

e

D(Æ) there exists a subset D equivalent to

the set V (X

�

;�) n

e

D(�). Hen
e there exists the one-to-one mapping '

2

of

the set D on the set V (X

�

;�) n

e

D(�). Next we de�ne the mapping ' of the

set D

0

1

= D [

e

D(Æ) in the set V (X

�

;�) as followis:

'(T ) =

(

'

1

(T ) if T 2

e

D(Æ);

'

2

(T ) if T 2 D:

It is obvious that ' is the one-to-one mapping of the subset D

0

1

of the

semilatti
e D on the semilatti
e V (X

�

;�) for whi
h the binary relation �

is represented in the form

� =

[

T2

e

D(Æ)

�

Y

�

T

� '(T )

�

:

Moreover, all 
onditions of De�nition 1 hold for the mapping ' and

elements of this representation, whi
h means that the latter is normal.

The 
orollary is proved. �
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Lamma 6. Let D and G

X

(D; ") be respe
tively a 
omplete X-semilatti
e

of unions and a maximal subgroup of the semigroup B

X

(D), whose unit is

an idempotent binary relation " from B

X

(D). Then for the element Æ of the

group G

X

(D; ") the following statements are true:

a) V (D; Æ) = V (X

�

; Æ) = V (X

�

; ") = V (D; ") if ? 62 D;

b) V (D; Æ) = V (X

�

; Æ) [ f?g = V (X

�

; ") [ f?g = V (D; ") if ? 2 D.

Proof. Assume that Æ 2 G

X

(D; "). Then Æ Æ " = Æ and Æ

0

Æ Æ = Æ Æ Æ

0

= " for

some Æ

0

2 G

X

(D; "). By Theorem 1 from [3℄, the 
onditions Æ

0

Æ Æ = " and

Æ Æ " = Æ respe
tively imply

V (X

�

; ") � V (D; Æ) and V (X

�

; Æ) � V (D; "): (1)

Moreover,

V (D; Æ) � V (X

�

; Æ)

[

f?g (2)

sin
e D � X

�

[ f?g. Further, by virtue of Corollary 2 of Subse
tion 6.1 in

[4℄ we obtain

V (D; ") =

(

V (X

�

; ") if ? 62 D;

V (X

�

; ") [ f?g if ? 2 D:

(3)

For the semilatti
e D we will 
onsider the following 
ases:

1) ? 62 D. Then by 
onditions (1), (2) and (3) we have

V (D; ") = V (X

�

; ") � V (D; Æ) � V (X

�

; Æ) � V (D; ");

i.e.,

V (D; Æ) = V (X

�

; Æ) = V (X

�

; ") = V (D; "):

The statement a) is proved.

2) ? 2 D. Then, taking into a

ount the 
onditions (1), (2) and (3), we

obtain

V (D; ") = V (X

�

; ") [ f?g � V (D; Æ) � V (X

�

; Æ) [ f?g � V (D; ");

i.e.,

V (D; Æ) = V (X

�

; Æ) [ f?g = V (X

�

; ") [ f?g = V (D; "):

The lemma is proved. �

Theorem 1. Let

" =

[

T2

e

D(")

(Y

"

T

� T )

be a normal representation of the binary relation " of the semigroup B

X

(D),

? 6= Z 2 V (X

�

; ") and

e

D

"

(Z) = fT 2

e

D(")j Y

"

T

\ Z 6= ?g. The relation "

is an idempotent element of this semigroup if and only if Z = [

e

D

"

(Z) for

any nonempty Z from V (X

�

; ").
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Proof. Assume that " Æ " = ". Then for any Z from V (X

�

; ") we have

Z = Y " for some Y 2 X

�

and Z" = (Y ")" = Y (" Æ ") = Y " = Z, i.e.,

Z" = Z for any Z 2 V (X

�

; ").

Let now Z

0

= [

e

D

"

(Z) and t 2 Z = Z". Then t 2 t

0

" for some t

0

2 Z. By

assumption,

t

0

2 X =

[

T2

e

D(")

Y

"

T

and therefore there exists an element T (t

0

) 2

e

D(") su
h that t

0

2 Y

"

T (t

0

)

and

t

0

2 Y

"

T (t

0

)

\ Z. Hen
e we obtain t

0

" = T (t

0

) and Y

"

T (t

0

)

\ Z 6= ?. Therefore

t 2 [

e

D

"

(Z) = Z

0

, i.e., the in
lusion Z � Z

0

is valid.

Conversely, let t

1

2 Z

0

, i.e., there exists T (t

1

) 2

e

D(") su
h that t

1

2 T (t

1

)

and Y

"

T (t

1

)

\Z 6= ?. By the 
ondition Y

"

T (t

1

)

\Z 6= ? we obtain t

0

1

" = T (t

1

)

for some t

0

1

2 Z. Note that t

1

2 t

0

1

" sin
e t

1

2 T (t

1

). By assumption,

Z = Z" for any Z 2 V (X

�

; "). Therefore

t

1

2 t

0

1

" �

[

t2Z

t" = Z" = Z:

Thus we have Z

0

2 Z.

Now, taking into a

ount the in
lusions Z � Z

0

� Z, we obtain Z = Z

0

.

The ne
essity of the 
onditions of this theorem is proved.

Further, assume that " is a binary relation of the semigroup B

X

(D) su
h

that Z = [

e

D

"

(Z) for any nonempty Z from V (X

�

; ") and prove that it

is idempotent. Indeed, let x"y for some x; y 2 X . Therefore y 2 x" and

x" 2 V (X

�

; "). Hen
e by virtue of the equality

x" =

[

e

D

"

(x") =

[

�

T 2

e

D(")j Y

"

T

\ x" 6= ?

	

and y 2 x" there exists T (y) 2

e

D(") su
h that y 2 T (y) and Y

"

T (y)

\x" 6= ?.

From the latter inequality we have z" = T (y) for some z 2 x", i.e., y 2 z"

and z 2 x", i.e., x"z"y and x(" Æ ")y. Thus the in
lusion " � " Æ " is valid.

On the other hand, let x

0

"z

0

"y

0

for some x

0

; z

0

; y

0

2 X , i.e., z

0

2 x

0

" and

y

0

2 z

0

". By assumption,

z

0

2 X =

[

T2

e

D(")

Y

"

T

and therefore z

0

2 Y

"

T (z

0

)

for some T (z

0

) 2

e

D("). Therefore z

0

" = T (z

0

),

y

0

2 T (z

0

) and z

0

2 Y

"

T (z

0

)

\x

0

". From the 
onditions y

0

2 T (z

0

) and Y

"

T (z

0

)

\

x

0

" 6= ? and by the de�nition of the set [

e

D

"

(x

0

") we have y

0

" [

e

D

"

(x

0

").

By assumption, [

e

D

"

(x

0

") = x

0

" sin
e x

0

" 2 V (X

�

; "). Therefore y

0

2 x

0

"

and x

0

"y

0

. Hen
e the in
lusion " Æ " � " is valid.

Now, taking into a

ount the in
lusions, we have " � " Æ " � ", whi
h

means that the binary relation " is idempotent.
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The suÆ
ien
y of the 
onditions of this theorem is proved.

The theorem is proved. �

De�nition 2. The bije
tion ' of the 
omplete X-semilatti
e of unions

D onto itself is 
alled the 
omplete automorphism of this semilatti
e if it

preserves all exa
t upper fa
es of its any nonempty subsets, i.e.,

'

�

[

D

0

�

=

[

T2D

0

'(T )

for any nonempty subset D

0

of the semilatti
e D.

Lamma 7. Let

" =

[

T2

e

D(")

(Y

�

T

� T )

be a normal representation of the binary relation " of the semigroup B

X

(D),

? 6= Z 2 V (D; "),

e

D

"

(Z) = fT 2

e

D(")j Y

"

T

\ Z 6= ?g and ' be a bije
tion

of the semilatti
e V (D; ") onto itself su
h that

'(Z) =

[

T2

e

D

"

(Z)

'(T )

for any nonempty Z from V (D; "). Then the equalities

[

Z2D

0

�

[

T2

e

D

"

(Z)

'(T )

�

=

[

T

0

2

e

D

"

([D

0

)

'(T

0

)

hold for any nonempty subset D

0

of the semilatti
e V (D; ").

Proof. Assume that

Z =

[

Z2D

0

�

[

T2

e

D

"

(Z)

'(T )

�

and Z

0

=

[

T

0

2

e

D

"

([D

0

)

'(T

0

):

We will show that Z = Z

0

. Indeed, if x

1

2 Z, then there exists Z

1

2 D

0

su
h that T

1

2

e

D

"

(Z

1

) and x

1

2 '(T

1

). From the 
onditions T

1

2

e

D

"

(Z

1

)

it follows that T

1

2

e

D(") and Y

"

T

1

\ Z

1

6= ?. Moreover, Z

1

� [D

0

sin
e

Z

1

2 D

0

. Hen
e Y

"

T

1

\ ([D

0

) � Y

"

T

1

\ Z

1

6= ?. Therefore T

1

2

e

D(") and

Y

"

T

1

\ ([D

0

) 6= ?. Hen
e, by the de�nition of the set

e

D

"

([D

0

), we have

T

1

2

e

D

"

([D

0

). Now, using the 
ondition x

1

2 '(T

1

) and the de�nition of

the set Z

0

, we obtain x

1

2 Z

0

. Thus the in
lusion Z � Z

0

is valid.

Now assume that y

0

2 Z

0

. Then y

0

2 '(T

0

1

) for some T

0

1

2

e

D

"

([D

0

). The


onditions T

0

1

2

e

D

"

([D

0

) imply that T

0

1

2

e

D(") and Y

"

T

0

1

\ ([D

0

) 6= ?. From

the latter inequality we obtain y

0

1

2 Y

"

T

0

1

and y

0

1

2 [D

0

. At that, a

ording
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to the 
onditions y

0

1

2 [D

0

there exists Z

0

2 D

0

su
h that y

0

1

2 Z

0

and

therefore Y

"

T

0

1

\Z

0

6= ?. Thus y

0

2 '(T

0

1

), T

0

1

2

e

D(") and Y

"

T

0

1

\Z

0

6= ?, i.e.,

y

0

2

[

T2

e

D

"

(Z

0

)

'(T ):

Hen
e we obtain y

0

2 Z. Therefore Z

0

� Z.

Now, by the in
lusions Z � Z

0

� Z we have Z = Z

0

.

The lemma is proved. �

Theorem 2. Let

" =

[

T2

e

D(")

(Y

�

T

� T )

be a normal representation of the idempotent binary relation " of the semi-

group B

X

(D). The bije
tion ' of the semilatti
e V (D; ") onto itself is

a 
omplete automorphism of this semilatti
e if and only if '(?) = ? if

? 2 V (D; "), and the 
onditions

'(Z) =

[

T2

e

D

"

(Z)

'(T ) (1)

hold for any nonempty Z from V (D; ") and the subset

e

D

"

(Z) = fT 2

e

D(")j

Y

"

T

\ Z 6= ?g of the set

e

D(").

Proof. Assume �rst that the bije
tion ' of the semilatti
e V (D; ") onto

itself is a 
omplete automorphism of this semilatti
e. Then by Theorem 1

and the de�nition of a 
omplete automorphism of 
omplete X-semilatti
es

of unions (see De�nition 2) we have

'(Z) = '

�

[

e

D

"

(Z)

�

= '

�

[

T2

e

D

"

(Z)

T

�

=

[

T2

e

D

"

(Z)

'(T ):

for any nonempty Z from V (D; ").

Moreover, if ? 2 V (D; "), then ? is the least element of the semilatti
e

V (D; ") and therefore ? [ Z = Z for any Z from V (D; "). Hen
e by the

de�nition of the 
omplete isomorphism ' we obtain '(?) [ '(Z) = '(Z),

i.e., '(?) � '(Z) for any Z 2 V (D; "). The latter 
ondition implies that

'(?) is the least element of the set f'(Z)j Z 2 V (D; ")g = V (D; ").

Therefore '(?) = ? sin
e the least element of the set V (D; ") is de�ned

uniquely.

The ne
essity of the 
onditions of this theorem is proved.

Now assume that equalities of form (1) hold for any nonempty Z from

V (D; ") and subsets

e

D

"

(Z) of the set

e

D("). Let us prove that

'

�

[

D

0

�

=

[

Z2D

0

'(Z)



32 YA. DIASAMIDZE AND SH. MAKHARADZE

for any nonempty subset D

0

of the semilatti
e V (D; "). Indeed, by equality

(1), for [D

0

= Z

0

we have

'

�

[

D

0

�

= '(Z

0

) =

[

T

0

2

e

D

"

(Z

0

)

'(T

0

) =

[

T

0

2

e

D

"

([D

0

)

'(T

0

):

But by virtue of Lemma 7 the equality

[

T

0

2

e

D

"

([D

0

)

'(T

0

) =

[

Z2D

0

�

[

T2

e

D

"

(Z)

'(T )

�

is true, i.e.,

'

�

[

D

0

�

=

[

Z2D

0

�

[

T2

e

D

"

(Z)

'(T )

�

=

[

Z2D

0

'(Z)

sin
e

[

T

0

2

e

D

"

(Z)

'(T ) = '(Z)

by virtue of (1).

The suÆ
ien
y of the 
onditions of this theorem is proved.

The theorem is proved. �

Lamma 8. The set of all 
omplete automorphisms �

D

of the 
omplete X-

semilatti
e of unions D is a group with respe
t to operations of multipli
ation

of transforms.

Proof. Let ' and  be arbitrary 
omplete automorphisms of the 
omplete

X-semilatti
e of unions D, and " and '

�1

be respe
tively the identi
al

mapping of the semilatti
e D and the inverse mapping of the mapping '.

Then for any nonempty subset D

0

of the semilatti
e D we have

(' )

�

[

D

0

�

= '

�

 

�

[

D

0

��

= '

�

 

�

[

T2D

0

T

��

= '

�

[

T2D

0

 (T )

�

=

=

[

T2D

0

'

�

 (T )

�

=

[

T2D

0

(' )(T ); (1)

e

�

[

D

0

�

=

[

D

0

=

[

T2D

0

T =

[

T2D

0

e(T ); (2)

'

�1

�

[

D

0

�

= '

�1

�

[

T2D

0

T

�

= '

�1

�

[

T2D

0

e(T )

�

=

= '

�1

�

[

T2D

0

(''

�1

)(T )

�

= '

�1

�

[

T2D

0

'

�

'

�1

(T )

�

�

=

= '

�1

�

'

�

[

T2D

0

'

�1

(T )

��

= ('

�1

')

�

[

T2D

0

'

�1

(T )

�

=
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= e

�

[

T2D

0

'

�1

(T )

�

=

[

T2D

0

'

�1

(T ): (3)

Now, bearing in mind that the produ
t of two bije
tions is a bije
tion,

from 
onditions (1), (2) and (3) it immediately follows that the set �

D

is a

group with respe
t to operations of multipli
ation of transforms.

The lemma is proved. �

Lamma 9. If ' and  are 
omplete automorphisms of the 
omplete

X-semilatti
e of unions D su
h that their values on some generating set

e

D

of the semilatti
e D 
oin
ide, then ' =  .

Proof. Let '(Z) =  (Z) for any Z 2

e

D. Assume that Z 2 D n

e

D. Then

Z = [D

0

for some subset D

0

from the set

e

D and

'(Z) = '

�

[

D

0

�

= '

�

[

T2D

0

T

�

=

[

T2D

0

'(T ) =

[

T2D

0

 (T ) =

=  

�

[

T2D

0

T

�

=  

�

[

D

0

�

=  (Z):

Therefore '(Z) =  (Z) for any Z 2 D, i.e., ' =  .

The lemma is proved. �

Lamma 10. Let "; � 2 B

X

(D), " Æ " = " and '

�

be some 
omplete

automorphism of the 
omplete X-semilatti
e of unions V (D; "). If

" =

[

T2

e

D(")

(Y

"

T

� T ) and � =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

are normal representations of the binary relations " and �, then Z� =

'

�

(Z) for any nonempty element Z from the semilatti
e V (D; ").

Proof. Let ? 6= Z 2 V (D; ") and

Z

0

=

[

n

'

�

(T )j T 2

e

D(") and Y

"

T

\ Z 6= ?

o

:

Let us show that Z� = Z

0

. Indeed, let t 2 Z� for some t 2 X . Then

t

0

�t for some t

0

2 Z. By the normal representation of the relation �, the


onditions t

0

�t imply that there exists an element T

0

from the set

e

D(") su
h

that t

0

(Y

"

T

0

�'

�

(T

0

))t. Therefore the 
ondition t

0

2 Y

"

T

0

and t 2 '

�

(T

0

) hold.

Moreover, t

0

2 Y

"

T

0

\ Z sin
e t

0

2 Z. Therefore T

0

2

e

D("), t 2 '

�

(T

0

) and

Y

"

T

0

\ Z 6= ?. Hen
e, by the de�nition of the set Z

0

, we have t 2 Z

0

. Thus

in this 
ase the in
lusion Z� � Z

0

is valid. On the other hand, if x 2 Z

0

,

then x 2 '

�

(T

1

) for some T

1

2

e

D(") satisfying the 
ondition Y

"

T

1

\ Z 6= ?.

If x

0

2 Y

"

T

1

\ Z, then x

0

2 X and x

0

(Y

"

T

1

� '

�

(T

1

))x. By virtue of the

normal representation of the relation �, from the 
onditions T

1

2

e

D(") and
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x

0

(Y

"

T

1

� '

�

(T

1

))x we have x

0

�x, i.e., x 2 x

0

�, where x

0

2 X . Hen
e we

obtain x 2 x

0

� � Z�. Thus the in
lusion Z

0

� Z� is valid.

Now, taking into a

ount the in
lusions Z� � Z

0

� Z�, we obtain

Z

0

= Z�. Furthermore, if

e

D

"

(Z) = fT 2

e

D(")j Y

"

T

\ Z 6= ?g, then by

virtue of Theorem 1 the equality Z = [

e

D

"

(Z) is virtue for any nonempty

Z 2 V (D; "). Hen
e, sin
e '

�

is a 
omplete automorphism of the semilatti
e

V (D; "), we obtain

Z� = Z

0

=

[

n

'

�

(T )j T 2

e

D(") and Y

"

T

\

Z 6= ?

o

=

=

[

�

'

�

(T )j T 2

e

D

"

(Z)

	

=

[

T2

e

D

"

(Z)

'

�

(T ) =

= '

�

�

[

T2

e

D

"

(Z)

T

�

= '

�

(Z):

The lemma is proved. �

Lamma 11. Let "; �; � 2 B

X

(D), " Æ " = "; '

�

and '

�

be respe
-

tively some 
omplete automorphisms of the 
omplete X-semilatti
e of unions

V (D; "). If

" =

[

T2

e

D(")

(Y

"

T

�T ); � =

[

T2

e

D(")

�

Y

"

T

�'

�

(T )

�

and � =

[

T2

e

D(")

�

Y

"

T

�'

�

(T )

�

are normal representations of the binary relations ", � and �, then

� Æ � =

[

T2

e

D(")

�

Y

"

T

� ('

�

'

�

)(T )

�

is always a normal representation of the produ
t � Æ� of the binary relation

� by the binary relation �.

Proof. Let ' be some 
omplete automorphism of the semilatti
e V (D; ").

Then by virtue of Theorem 2 and Lemma 10 we have

� Æ � =

�

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

�

Æ � =

[

T2

e

D(")

�

�

Y

"

T

� '

�

(T )

�

Æ �

�

=

=

[

T2

e

D(")

�

Y

"

T

� '

�

(T )�

�

=

[

T2

e

D(")

�

Y

"

T

� '

�

�

'

�

(T )

�

�

=

=

[

T2

e

D(")

�

Y

"

T

� ('

�

'

�

)(T )

�

: (1)

Taking into a

ount the fa
t that the produ
t '

�

'

�

of two bije
tions '

�

and '

�

is again the bije
tion of the semilatti
e V (D; "), we may 
on
lude

that a representation of the binary relation � Æ � in form (1) is normal.

The lemma is proved. �
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Theorem 3. Let

' =

[

T2

e

D(")

(Y

"

T

� T ) (1)

be a normal representation of the idempotent binary relation " of the semi-

group B

X

(D). Then the binary relation � of the semigroup B

X

(D) belongs

to the group G

X

(D; ") if and only if its normal representation has the form

� =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

; (2)

where '

�

is some 
omplete automorphism of the 
omplete X-semilatti
e of

unions V (D; ").

Proof. Assume that � 2 G

X

(D; ") and 
onsider the mapping '

�

: V (D;�)!

D satisfying the 
ondition '

�

(Z) = Z� for any Z 2 V (D;�). By virtue of

Lemma 6 we have V (X

�

;�) � V (D;�) = V (D; "), whi
h means that '

�

is

the mapping of the semilatti
e V (D; ") in D. Furthermore, for Z 2 V (D; ")

and Z = ? (? 2 D) we obtain '

�

(?) = ?� = ? 2 V (D; ") by the de�ni-

tion of the semilatti
e V (D; "). Therefore it 
an be assumed that Z 6= ?. In

that 
ase Z 2 X

�

and '

�

(Z) = Z� 2 V (X

�

;�) � V (D; "). Thus '

�

is the

mapping of the semilatti
e V (D; ") in V (D; "). Let us prove that '

�

is a


omplete automorphism of the semilatti
e V (D; "). Indeed, let Z

1

� = Z

2

�

for some Z

1

; Z

2

2 V (D; "). Sin
e, by assumption, � 2 G

X

(D; "), we obtain

� Æ � = � Æ � = " for some � 2 G

X

(D; "). Moreover, for any Z 2 V (D; ")

we have Z = Z

0

" for some Z

0

2 D and Z" = (Z

0

")" = Z

0

(" Æ ") = Z

0

" = Z.

From this and by virtue of the equality Z

1

� = Z

2

� we obtain

Z

1

= Z

1

" = Z

1

(� Æ �) = (Z

1

�)� = (Z

2

�)� = Z

2

(� Æ �) = Z

2

" = Z

2

:

Therefore '

�

(Z

1

) 6= '

�

(Z

2

) if Z

1

6= Z

2

, i.e., the mapping '

�

is one-to-one.

Now, if Z 2 V (D; ") and Z� = Z

1

, then Z = Z" = Z(� Æ �) = (Z�)� =

Z

1

� and therefore '

�

(Z

1

) = Z

1

� = Z. Thus '

�

is the bije
tion of the

semilatti
e V (D; ") onto itself. Moreover, if D

0

is an arbitrary nonempty

subset of V (D; "), then

'

�

�

[

D

0

�

=

�

[

D

0

�

� =

�

[

T2D

0

T

�

� =

[

T2D

0

T� =

[

T2D

0

'

�

(T ):

This and the fa
t that '

�

is the bije
tion of V (D; ") onto itself allow us to


on
lude that '

�

is a 
omplete automorphism of the 
omplete X-semilatti
e

of unions V (D; ").

Further, by assumption, � = "Æ�. Sin
e T

1

� 6= T

2

� for any and di�erent

T

1

and T

2

from the set

e

D(") (

e

D(") � V (X

�

; ") � V (D; ")), a representation

of the binary relation � of the form

� =

[

T�2

e

D(�)

(Y

"

T

� T�) =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�
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is normal by virtue of Corollary 1.

The ne
essity of the 
onditions of this Theorem is proved.

Now assume that the set G

X

(D; ") 
onsists of su
h binary relations � that

are represented in form (2) for some 
omplete automorphism '

�

of the 
om-

plete X-semilatti
e of unions V (D; "). Let us prove that the set G

X

(D; ")

is a group with respe
t to the multipli
ation of binary relations. Indeed, by

virtue of Lemma 6 the identi
al mapping " of the semilatti
e V (D; ") is a


omplete automorphism of this semilatti
e. Moreover, a representation of

the relation " of the form

" =

[

T2

e

D(")

�

(Y

"

T

� t(T )

�

is normal. Hen
e, by the de�nition of the set G

X

(D; "), we have " 2

G

X

(D; ").

Now, if �; � 2 G

X

(D; ") and

� =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

; � =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

;

where '

�

and '

�

are 
omplete automorphisms of the semilatti
e V (D; "),

then by virtue of Lemma 11 the representation

� Æ � =

[

T2

e

D(")

�

Y

"

T

� ('

�

'

�

)(T )

�

is also normal. Moreover, by virtue of Lemma 8 the produ
t '

�

'

�

of two


omplete automorphisms '

�

and '

�

of the semilatti
e V (D; ") is again a


omplete automorphism of the semilatti
e V (D; "). Therefore the 
ondition

� Æ � 2 G

X

(D; ") is valid.

Further, from the assumption that '

�

is a 
omplete automorphism of

the semilatti
e V (D; ") it follows, by Lemma 8, that '

�1

�

too is a 
omplete

automorphism of this semilatti
e. Therefore the binary relation �

0

having

a representation of the form

�

0

=

[

T2

e

D(")

�

Y

"

T

� '

�1

�

(T )

�

also belongs to the set G

X

(D; "). Moreover,

� Æ �

0

=

[

T2

e

D(")

�

Y

"

T

� ('

�1

�

'

�

)(T )

�

=

[

T2

e

D(")

�

Y

"

T

� e(T )

�

= ":

Now, in view of the results obtained above, we see that the setG

X

(D; ") is

a maximal subgroup of the semigroup B

X

(D) whose unit is the idempotent

relation " of the semigroup B

X

(D).

The theorem is proved. �
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Theorem 4. For any idempotent binary relation " of the semigroup

B

X

(D), the group G

X

(D; ") is anti-isomorphi
 to the group of all 
omplete

automorphisms of the semilatti
e V (D; ").

Proof. Let " be an arbitrary idempotent element of the semigroup B

X

(D)

having a normal representation of the form

" =

[

T2

e

D(")

(Y

"

T

� T ): (1)

Then by virtue of Theorem 3 any element � of the group G

X

(D; ") 
an be

represented as

" =

[

T2

e

D(")

�

(Y

"

T

� '

�

(T )

�

; (2)

where '

�

is some element of the group �

"

of all 
omplete automorphisms of

the semilatti
e V (D; "). Let us de�ne the mapping � of the group G

X

(D; ")

in the group �

"

as folows: �(�) = '

�

for any � 2 G

X

(D; "). First we will

show that the mapping is one-to-one. Indeed, if for the binary relation �

from G

X

(D; ") having a normal representaion of the form

" =

[

T2

e

D(")

�

Y

"

T

� '

�

(T )

�

; (3)

where '

�

2 �

"

, the 
onditions � 6= � and �(�) = �(�) hold, then '

�

=

'

�

and, by virtue of representations (2) and (3) we obtain � = �. The

latter equality however 
ontradi
ts the assumption that � 6= �. Therefore

�(�) 6= �(�) is virtue for any di�erent � and � from G

X

(D; "). This and

Theorem 3 imply that � is the one-to-one mapping of the group G

X

(D; ")

onto the group �

"

. Moreover, by Lemmas 11 and 8, a representation of the

binary relation � Æ � of the form

� Æ � =

[

T2

e

D(")

�

Y

"

T

� ('

�

'

�

)(T )

�

is normal and '

�

'

�

2 �

"

. Hen
e, by the de�nition of the mapping �, we

have �(� Æ �) = '

�

'

�

.

Thus the mapping � : G

X

(D; ") ! �

"

is an anti-isomorphism of the

group G

X

(D; ") onto the group �

"

.

The theorem is proved. �

Corollary 2. If the 
omplete X-semilatti
e of unions D is a �nite 
hain,

then all maximal subgroups of the semigroup B

X

(D) are the unit ones.

Proof. Let D be a �nite 
hain. Then, for any idempotent binary relation

" the semigroups B

X

(D) of the latti
e of unions V (D; ") are also a �nite


hain. But in that 
ase the group �

"

of all 
omplete automorphisms of

the semilatti
e V (D; ") 
onsists of the only identi
al mapping of V (D; ").
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Hen
e, by virtue of Theorem 4, it follows that the group G

X

(D; ") too is

the unit one, i.e., G

X

(D; ") = f"g.

The 
orollary is proved. �
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