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COUNTEREXAMPLE WITHOUT CASES

J. MARSHALL ASH

Abstra
t. The standard examples of fun
tions without a one-sided

limit are de�ned pie
ewise, with at least two pie
es. We give an

example of a fun
tion de�ned everywhere by a single formula. This

example is an in�nite sum of simple rational fun
tions.

îâäæñéâ. ê�öîëéöæ éëõã�êæèæ� é�îðæãæ î�ùæëê�èñîæ òñêóùæâ�æï

ñï�ïîñèë þ�éæï ï�ýæå ø�ûâîæèæ òñêóùææï é�à�èæåæ, îëéâèï�ù

ù�èéýîæãæ ä�ã�îæ �î à��øêæ�.

Does there exist a fun
tion whi
h does not have a right hand limit at

x = 0? The standard example is

f(x) =

8

<

:

sin

1

x

if x 6= 0

0 if x = 0

:

This example is satisfa
tory from almost every modern point of view, but

I distin
tly remember that when I �rst took 
al
ulus, whenever a 
ounterex-

ample was 
alled for, to my slight dissatisfa
tion the ma
hinery of 
ases was

always brought in. Let me try to make this vague 
omplaint into a pre
ise

question. What I want is an everywhere de�ned fun
tion given by a sin-

gle formula. It would be ni
e if the formula 
ould be an analyti
 fun
tion.

But at ea
h point of dis
ontinuity, su
h a fun
tion either has a pole or an

essential singularity and hen
e is not de�ned. So I am for
ed to relax the

rule. I will allow the formula to be an in�nite sum of analyti
 fun
tions.

It follows that, sadly, any example must be ina

essible to beginning 
al-


ulus students. Noti
e that su
h a fun
tion would have been an admissible

example in, say, the year 1800, while f(x) would not have been 
onsidered

a fun
tion at that time. So the goal is to 
reate an everywhere 
onvergent

in�nite series of elementary fun
tions that does not have a right hand limit

at x = 0.

If fs

n

(x)g is any sequen
e of analyti
 fun
tions tending pointwise to

f(x), then �s

0

(x) +

1

P

k=1

(s

k

(x) � s

k�1

(x)) = f(x). This provides a general
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solution, but fails to satisfy an additional 
riterion, whi
h is harder to make

pre
ise: that the example be as simple as possible. I will give an example

whi
h is simple enough to be a

essible to students who have 
ompleted

a year of 
al
ulus. If the reader 
an think of a simpler example, I would


ertainly enjoy seeing it.

My example is an in�nite sum of spikes

g(x) =

1

X

n=1

S

a

n

;M

n

(x);

where a spike,de�ned by

S

a;M

(x) =

1

1 +M(x� a)

2

;

is a positive fun
tion whose maximal height 1 is attained at x = a and

whi
h is very sharply peaked if M > 0 is large. The fa

n

g are de
reasing

monotoni
ally to zero and theM

n

are pi
ked to be so large that the S

n

(x) =

S

a

n

;M

n

(x) satisfy

1

X

n=1

max

�

S

n

(b

n

)S

n

(b

n�1

)

	

<

1

2

;

where

b

n

=

a

n+1

+ a

n

2

; n � 1; b

0

= a

1

+ 1:

Then g(x) is large at the peaks fa

k

g,

lim sup

x!0

+

g(x) � lim

k!1

sup g(a

k

) � lim

k!1

S

k

(a

k

) = 1;

while g(x) is small in the valleys fb

k

g,

lim inf

x!0

+

g(x) � lim inf

k!1

1

X

n=1

S

n

(b

k

) �

� lim inf

k!1

1

X

n=1

max

�

S

n

(b

n

); S

n

(b

n�1

)

	

<

1

2

:

To see that S

n

(b

k

) � maxfS

n

(b

n

), S

n

(b

n�1

)g, note that S

n

(b

k

) � S

n

(b

n

)

if k � n, while S

n

(b

k

) � S

n

(b

n�1

) if k < n, sin
e S

n

% on (�1; a

n

) and

S

n

& on (a

n

;1). Observe that the proof that g(x) 
onverges �nitely at

every x is similar to the 
al
ulation that g is small in the valleys.

In parti
ular, if we set

a

n

=

1

n

; n = 1; 2; : : : ;

and

M

n

= 64n

6

;
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then for n � 1;

S

n

(b

n

) =

1

1 + 64n

6

[

1

2

(

1

n+1

�

1

n

)℄

2

=

=

1

1 +

16n

4

(n+1)

2

<

(n+ 1)

2

16n

4

�

1

2n(n+ 1)

;

and for n � 2,

S

n

(b

n�1

) =

1

1 + 64n

6

[

1

2

(

1

n

�

1

n�1

)℄

2

=

=

1

1 +

16n

4

(n�1)

2

<

(n� 1)

2

16n

4

<

1

16n(n+ 1)

;

while for n = 1;

S

1

(b

0

) =

1

1 + 64(2� 1)

2

�

1

(32)(1)(2)

:

Thus

1

X

n=1

max

�

S

n

(b

n

)S

n

(b

n�1

)

	

<

1

2

1

X

n=1

1

n(n+ 1)

=

=

1

2

1

X

n=1

�

1

n

�

1

n+ 1

�

=

1

2

;

and

g(x) =

1

X

n=1

1

1 + 64n

6

(x �

1

n

)

2

=

1

X

n=1

1

1 + 64n

4

(nx� 1)

2

does not have a limit as x! 0

+

.

Remark 1. A faster example is the Fourier series of f(x) restri
ted to

[��; �).

However, the 
oeÆ
ients are not easily expressed in 
losed form and a

little theory is needed to demonstrate 
onvergen
e.
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