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ON A STATISTIC FOR TESTING THE HYPOTHESIS OF

THE EQUALITY OF SEVERAL DISTRIBUTION

DENSITIES

R. ABSAVA AND E. NADARAYA

Abstra
t. A statisti
 is 
onsidered, whi
h des
ribes a mutual dis-

tin
tion of several kernel type estimates of the distribution density.

The limit distribution of the 
onsidered statisti
 is found.

îâäæñéâ. ê�öîëéöæ à�êýæèñèæ� ïð�ðæïðæç�, îëéâèæù ��ûâîï à�-

ê�ûæèâ�æï ïæéçãîæãæï î�éáâêæéâ àñèëã�êæ öâò�ïâ�æï ñîåæâîåà�-

á�ýî�ï. éëúâ�êæèæ� �é ïð�ðæïðæçæï ä�ã�îæåæ à�ê�ûæèâ�æï ç�êëêæ.
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where
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The parti
ular 
ase p = 2 was 
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1. In this paper, a limit distribution of statisti
 (2) is found under the
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Here and in what follows E(�) is a mathemati
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ult to see that

E

b

f

i

(x) = f

0

(x) + �

n

m

X

k=1

'

ik

�

x� l

k




k

�

�

�

�

n

a

n




n

Z

tK(t)

m

X

k=1

1

Z

0

'

(1)

ik

�

x� l

k




n

�

tz

a

n




n

�

dz dt;

where

f

0

(x) = a

n

Z

K(a

n

(x� u)) f

0

(u) du:

Therefore

A

2n

=

n�

2

n

a

n

�

p

X

i=1

k

i

Z

h

m

X

k=1

'

ik

�

x� l

k




n

�

�

�

1

k

p

X

j=1

k

j

m

X

k=1

'

ik

�

x� l

k




n

�i

2

r(x) dx +O(a

�1

n

)+

+O

�

1

a

n




n

Z

h

Z

tK(t)

m

X

k=1

1

Z

0

'

(1)

ik

�

x� l

k




n

�

t z

a

n




n

�

dt dz

i

2

r(x) dx

��

:

Hen
e, by virtue of the generalized Minkowski inequality [5℄, we obtain
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After some simple transformations we get
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T

(3)

n

=

p�1

X

i=1

Z

�

p

X

j=1




ij

�

j

(t)

�

2

r(t) dt;

E

i

(t) = a

1=2

n

W

i

(1)

Z

K(a

n

(t� u)) f

i

(u) du; i = 1; p:

Then

a

1=2

n

�

T

(2)

n

� T

(3)

n

�

= o

p

(1): (15)

Indeed,

E

�

�

T

(2)

n

� T

(3)

n

�

�

� 2

p�1

X

i=1

E

�

�

�

�

Z

p

X

j=1




ij

�

j

(t)

p

X

r=1




ir

E

r

(t)

�

�

�

�

r(t) dt+

+

p�1

X

i=1

E

Z

�

p

X

j=1




ij

E

j

(t)

�

2

r(t) dt = B

(1)

n

+B

(2)

n

: (16)

It is not diÆ
ult to see that

B

(2)

n

=

p�1

X

i=1

E

Z

p

X

j=1




2

ij

E

2

j

(t) r(t) dt =

= a

n

p�1

X

i=1

p

X

j=1




2

ij

EW

2

j

(1)

Z

h

Z

K(a

n

(t� u)) f

j

(u) du

i

2

r(t) dt � 


5

a

�1

n

:

Now let us estimate B

(1)

n

. We have

B

(1)

n

� 2

p�1

X

i=1

h

p

X

j;r

j


ij




ir

jEjW

r

(1)j�

�

�

�

�

�

Z

h

Z

	

r

(t) �K(a

n

(t� u)) r(t) dt

i

dW

j

(F

j

)

�

�

�

�

�

� 2

p�1

X

i=1

h

p

X

j=1

p

X

r=1

j


ij




ir

jE

1=2

W

2

r

(1)�

�E

1=2

�

Z

h

Z

	

r

(t)K(a

n

(t� u)) r(t) dt

i

dW

j

(F

j

)

�

2

=

=2

p�1

X

i=1

p

X

j=1

p

X

r=1

j


ij




ir

j

�

Z

�

Z

	

r

(t)K(a

n

(t� u)) r(t) dt

�

2

� dF

j

(u)

�

1=2

�

� 


6

a

�1

n

;

where

	

r

(t) =

Z

K(z) f

r

(t� z a

�1

n

) dz:
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Thus, after substituting the estimates of the expressions B

(1)

k

and B

(2)

k

into

(16), we get

a

1=2

n

(T

(1)

n

� T

(3)

n

)

1=2

= o

p

(1) +O

p

�

a

3=2

n

ln n

n

�

: (17)

Relation (17) provides the proof of (15).

Let us now investigate the limit distribution of the fun
tional

T

(3)

n

=

p�1

X

i=1

Z

�

p

X

j=1




ij

�

j

(t)

�

2

r(t) dt:

Clearly, the pro
esses �

i

(t), i = 1; p, are independent and Gaussian so

that the new pro
esses

p

P

j=1




ij

�

j

(t), i = 1; p, are also independent and Gauss-

ian sin
e the matrix k


ij

k is orthogonal. Thus, to �nd the limit distribution

of the fun
tional T

(3)

n

, it remains to establish the limit distribution of the

fun
tional

U

(i)

n

=

Z

�

p

X

j=1




ij

�

j

(t)

�

2

r(t) dt

for ea
h �xed i, i = 1; p� 1.

The 
ovarian
e fun
tion R

(i)

n

(t

1

; t

2

) of the Gaussian pro
ess

p

P

j=1




ij

�

j

(t)

is equal to

R

(i)

n

(t

1

; t

2

) =

p

X

j=1




2

ij

E �

j

(t

1

) �

j

(t

2

):

However

E �

j

(t

1

) �

j

(t

2

) =

Z

K(u)K(a

n

(t

1

� t

2

) + u) f

0

(t

1

� a

�1

n

u) du+

+ �

n

Z

K(a

n

(t

1

� u))K(a

n

(t

2

� u))

m

X

k=1

'

jk

�

u� l

k




n

�

du =

= f

0

(t

1

)K

0

(a

n

(t

1

� t

2

)) +O(a

�1

n

) +O(�

n

� 


n

); (18)

where the estimate O(�) is uniform with respe
t to t

1

; t

2

and K

0

= K �K.

Sin
e

a

n

�

n




n

= (

p

n � �

n

� 


n

a

n

)n

�1=2

= o(1)

a

n

p

n

;

and a

�1

n

p

n � 
, it follows from (18) that

R

(i)

n

(t

1

; t

2

) = f

0

(t

1

)K

0

(a

n

(t

1

� t

2

)) +O(a

�1

n

):
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The semiinvariant �

(i)

n

(m) of order m of the random variable U

(i)

n

is de�ned

by the formula (see [7℄; it also follows from the formula given in [8℄, p. 417)

�

(i)

n

(m) =

= (m� 1)2

m�1

Z

� � �

Z

m

Y

j=1

R

(i)

n

(u

j

; u

j+1

) r(u

j

) du

j

; u

m+1

= u

1

: (19)

We obtain

EU

(i)

n

= �

(i)

n

(1) = R(K)

Z

f

0

(x) r(x) dx +O(a

�1

n

);

Var U

(i)

n

= �

(i)

n

(2) = 2R(K

0

)

Z

f

2

0

(x) r

2

(x) dx +O(a

�2

n

):

(20)

Let us introdu
e the transformation

u

s

= �

m

+ a

�1

n

m�1

X

i=s

�

i

; s = 1;m� 1;

and u

m

= �

m

. The Ja
obian of the transformation is equal to (a

�1

n

)

m�1

.

Using this transformation in (19), it is not diÆ
ult to show that the mth

semiinvariant �

(i)

(m) 
an be written to within terms of higher order of

smallness as

(m� 1)! 2

m�1

(a

�1

n

)

m�1

[K �K℄

(m)

(0)

Z

f

m

0

(x) r

m

(x) dx; (21)

where [K �K℄

(m)

(u) denotes the mth order 
onvolution of K

0

(x) with itself.

From relations (20) and (21) it follows that

a

1=2

n

�

U

(i)

n

�R(K)

Z

f

0

(x) r(x) dx

�

is distributed in the limit normally with mathemati
al expe
tation 0 and

varian
e

2R(K

0

)

Z

f

2

0

(u) r

2

(u) du;

and therefore

p

a

n

(T

(3)

n

� �)

is distributed in the limit normally (0; �

2

).

Eventually, taking into a

ount (4), (7), (8), (14), (15) and the represen-

tation

a

1=2

n

(T

n

� �) = a

1=2

n

(T

(3)

n

� �) + a

1=2

n

(T

(1)

n

� T

(3)

n

)+

+A

n

(') +O

�

1

a

n




n

�

+ o

p

(1) +O

p

�

a

3=2

n

ln

2

n

n

�

;

we 
on
lude that

a

1=2

n

(T

n

� �)
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is distributed in the limit normally with mathemati
al expe
tation A(')

and varian
e �

2

. �

The 
onditions of Theorem 1 imposed on a

n

; �

n

and 


n

are ful�lled if, for

instan
e, a

n

= n

Æ

; �

n

= n

��

; and 


n

= n

��

for

Æ

2

= 1� 2���; �+� >

1

2

;

0 < Æ �

1

2

; 0 < � < Æ, while the 
onditions imposed on �; � and Æ are

ful�lled if, for instan
e,

Æ =

1

2

; � =

5

12

; � =

1

6

; Æ =

2

5

; � =

2

7

; � =

18

35

;

Æ =

1

4

; � =

1

5

; � =

27

80

; Æ =

2

9

; � =

1

6

; � =

13

36

;

Æ =

1

5

; � =

1

6

; � =

11

30

and so on.

Theorem 1 gives rise to two 
orollaries.

Corollary 1. Let 
onditions 1, 2 and 3 be ful�lled on K(x), f

0

(x) and

r(x). If a

�1

n

�

p

n � 
 > 0, then under the hypothesis H

0

the random variable

a

1=2

n

(T

n

� �)

is distributed in the limit normally (0; �

2

).

Using this 
orollary, we 
an 
onstru
t the test for testing the hypothesis

H

0

; the 
riti
al region is de�ned by the inequality

T

n

� d

n

(�);

where

d

n

(�) = �+ a

�1=2

n

� � � �

�

;

�

�

is a quantile of level � (0 < � < 1) of the standard normal distribution

�(x).

Corollary 2. In the 
onditions of Theorem 1 the lo
al behavior of the

power P

H

1

(T

n

� d

n

(�)) is as follows:

P

H

1

�

T

n

� d

n

(�)

�

�! 1��

�

�

�

�

A(')

�

�

;

where

A(') = 


0

p

X

i=1

k

i

m

X

k=1

r(l

k

)

Z

h

'

ik

(x)�

1

k

p

X

j=1

k

j

'

jk

(x)

i

2

dx;

�

2

= 2(p� 1)R(K

0

)

Z

f

2

0

(x) r

2

(x)dx;

� = (p� 1)R(K)

Z

f

0

(x) r(x) dx; R(g) =

Z

g

2

(x) dx;

k = k

1

+ � � �+ k

p

; 


0

= lim

n!+1

n � a

�1=2

n

� �

2

n

� 


n

:
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It should be noted that for positive weight fun
tions r(x), the test of

the hypothesis H

0

against alternatives of form (1) is asymptoti
ally stri
tly

unbiased sin
e the mathemati
al expe
tation A(') > 0 is equal to 0 if and

only if '

ik

(x) = '

jr

(x); i; j = 1; p; k; r = 1;m.

By integrating f

i

(x), i = 1; p, we establish that the alternatives di�er

from the zero hypothesis in a value of order �

n

�


n

= o(n

�1=2

). This means

that tests based on a deviation between random distribution fun
tions like

Kolmogorov-Smirnov type tests 
annot distinguish su
h hypotheses from

the basi
 hypothesis H

0

.

Remark . If it is assumed in (1) that m = 1, l

1

= 0 and 


n

= 1, then

from (1) we obtain the sequen
e of Pitman type alternatives

H

2

: f

i

(x) = f

0

(x) + �

n

'

i

(x) + o(�

n

):

In that 
ase the following theorem is true.

Theorem 2. Let 
onditions 1, 2 and 3 be ful�lled. If na

�1=2

n

�

2

n

! 


0

and a

�1

n

p

n � 
, then under the hypothesis H

2

the random variable

a

1=�

n

(T

n

� �)

is distributed in the limit normally (A

p

; �

2

),

A

p

= A('

1

; : : : ; '

p

) = 


0

p

X

i=1

k

i

Z

h

'

i

(x) �

1

k

p

X

j=1

k

j

'

j

(x)

i

2

r(x) dx:

The proof of this theorem is similar to that of Theorem 1.

The 
onditions of Theorem 2 are ful�lled on a

n

and �

n

if, for instan
e,

it is assumed that

a

n

= n

Æ

; �

n

= n

�1=2+Æ=4

; 0 < Æ �

1

2

:

2. The statisti
 T

n

is normalized by values depending on the distribution

density f

0

(x). If however f

0

(x) is not de�ned by the hypothesis, then

� =

Z

f

0

(x) r(x) dx; �

2

=

Z

f

2

0

(x) r

2

(x) dx

in the normalizing 
onstants have to be repla
ed by

�

n

=

Z

f

�

n

(x) r(x) dx; �

2

n

=

1

k

p

X

i=1

k

i

�

2

in

;

respe
tively, where

f

�

n

(x) =

1

k

p

X

j=1

k

j

b

f

j

(x);
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�

2

in

=

Z

b

f

i

(x) r

2

(x) d

b

F

n

i

(x) =

a

n

n

2

i

n

i

X

j

1

;j

2

U

(i)

j

1

;j

2

;

U

(i)

j

1

;j

2

= K

�

a

n

(X

(i)

j

1

�X

(i)

j

2

)

�

r

2

(X

(i)

j

1

);

b

F

n

i

(x) is the empiri
al distribution fun
tion of the sampleX

(i)

= (X

(i)

1

; : : : ;

X

(i)

n

i

); i = 1; p.

The estimate �

2

in

for r(x) � 1 was for the �rst time proposed by E.

S
huster [9℄ and later by T. S
hweder [10℄.

Let us in the �rst pla
e establish the asymptoti
s of the mathemati
al

expe
tation (under the hypothessis H

1

) of the random variable �

2

in

.

We obtain

E�

2

in

= a

n

ZZ

K(a

n

(u� v)) r

2

(u) f

i

(v) f

i

(u) du dv +O

�

a

n

n

�

=

= a

n

ZZ

K(a

n

(u� v)) r

2

(u)

h

f

0

(u) + �

n

m

X

k=1

'

ik

�

u� l

k




n

�i

�

�

h

f

0

(v) + �

n

m

X

k=1

'

ik

�

v � l

k




n

�i

du dv +O

�

a

n

n

�

=

=

Z

f

0

(v)

h

a

n

Z

K(a

n

(u� v) r

2

(u) f

0

(u) du

i

dv+

+O(�

n

� 


n

) = �

2

+ o(1) +O(�

n

� 


n

):

Therefore

E�

2

n

= �

2

+ o(1):

Now

Var�

2

n

=

1

k

2

p

X

i=1

k

2

i

Var �

2

in

� 


7

max

1�k�p

Var �

2

kn

:

But it is not diÆ
ult to 
he
k that

E(�

2

kn

)

2

=

=E

�

X

i;j

(U

(k)

ij

)

2

+

X

i

X

j 6=t

U

(k)

ij

U

(k)

it

+

X

j

X

i6=r

U

(k)

ij

U

(k)

rj

+

X

i6=r

X

j 6=t

U

(k)

ij

U

(k)

rt

�

=

=

a

2

n

n

4

k

h

n

k

E U

(k)

11

+ 2n

k

(n

k

� 1)E(U

(k)

12

)

2

+

+4n

k

(n

k

� 1)E U

(k)

11

U

(k)

12

+ 6n

k

(n

k

� 1)(n

k

� 2)E U

(k)

12

� U

(k)

13

+

+n

k

(n

k

�1)EU

(k)

11

U

(k)

22

+n

k

(n

k

�1)(n

k

�2)(n

k

�3)

�

E U

(k)

12

�

2

i

:
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Further, likewise easily we �nd that

�

�

E U

(k)

12

U

(k)

31

�

�

=

�

�

�

�

ZZZ

K(a

n

(x � y))K(a

n

(z � x))f

k

(x)�

� f

k

(y) f

k

(z) r(x) r(z) dx dy dz

�

�

�

�

�




8

a

2

n

;

E

�

U

(k)

12

�

2

=

ZZ

K

2

(a

n

(u� v)) f

k

(u) f

k

(v) r

2

(u) du dv �




9

a

n

:

Other mathemati
al expe
tations are estimated in a similar manner.

Therefore

E(�

2

kn

)

2

=

n

k

(n

k

� 1)(n

k

� 2)(n

k

� 3)

n

4

k

�

a

n

E U

(k)

12

�

2

+O

�

a

n

n

�

:

After simplifying transformations and applying the formula Var�

2

kn

=

E(�

2

kk

)

2

� (E�

2

kn

)

2

, we obtain max

1�k�p

Var �

2

kn

! 0 as n!1.

Thus we have shown that �

2

n

is an asymptoti
ally unbiased and 
onsis-

tent estimate of the value

�

2

=

Z

f

2

0

(x) r

2

(x) dx:

Further, we readily obtain

a

1=2

n

E

Z

�

�

�

f

�

n

(x) r(x) dx �

Z

f

0

(x) r(x) dx

�

�

�

�

� a

1=2

n

E

Z

�

�

f

�

n

(x)�E f

�

n

(x)

�

�

r(x) dx + a

1=2

n

Z

�

�

E f

�

n

(x)�

� f

0

(x)

�

�

r(x) dx � 


10

�

a

�1=2

n

+

p

a

n

�

n




n

+

�

n

p

a

n

�

+

+ 


11

a

1=2

n

max

1�j�p

�

1

n

Z

f

j

(u) du

�

Z

k(t) r

�

u�

t

a

n

�

�

2

�

�

a

2

n

n

�

ZZ

K(a

n

(x� t)) f

j

(t) r(x) dx dt

�

2

�

1=2

�

� 


10

�

a

�1=2

n

+

p

a

n

�

n




n

+

�

n

p

a

n

�

+ 


12

�

a

n

n

�

1=2

! 0;

sin
e

p

a

n

�

n

� 


n

=

p

n�

n




n

�

�

a

n

n

�

1=2

! 0.

Thus

a

1=2

n

�

Z

f

�

n

(x) r(x) dx �

Z

f

0

(x) r(x) dx

�


onverges to zero in probability.

Finally, we summarize the obtained results in the following theorem.
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Theorem 3. Let the 
onditions of Theorem 1 be ful�lled. Then under

the hypothesis H

1

the random variable

a

1=2

n

(T

n

� �

n

)�

�1

n

is asymptoti
ally normal with the mean A(') and varian
e 1. Here

�

n

= �

n

� (p� 1) � R(K); �

2

n

= �

2

n

� (p� 1) �R(K

0

):

Corollary 1. Under the hypothesis H

0

: f

1

(x) = � � � = f

p

(x) the random

variable

a

1=2

n

(T

n

� �

n

)�

�1

n

is asymptoti
ally normal with mean 0 and varian
e 1.

This 
orollary makes it possible to 
onstru
t an asymptoti
 test of level

� (0 < � < 1) for testing the hypothesis H

0

: f

1

(x) = � � � = f

p

(x) ( h o m o

g e n e i t y hypothesis ); the 
riti
al domain for testing this hypothesis is

de�ned by the inequality

T

n

�

e

d

n

(�) = �

n

+ a

�1=2

n

�

n

� �

�

;

where �

�

is a quantile of level � of the distribution fun
tion of the standard

normal law.

Corollary 2. The lo
al behavior of the power P

H

1

(T

n

�

e

d

n

(�)) is as

follows:

�

H

1

(T

n

�

e

d

n

(�)) �! 1��

�

�

�

�

A(')

�

�

:

Note that a statisti
 similar to (2) was studied in [11℄ for several inde-

pendent parametri
 estimates of a density when an estimate of a density

parameter is asymptoti
ally normal (see also [12℄).
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