Proceedings of A. Razmadze
Mathematical Institute
Vol. 131 (2003), 1-16

ON A STATISTIC FOR TESTING THE HYPOTHESIS OF
THE EQUALITY OF SEVERAL DISTRIBUTION
DENSITIES

R. ABSAVA AND E. NADARAYA

ABSTRACT. A statistic is considered, which describes a mutual dis-
tinction of several kernel type estimates of the distribution density.
The limit distribution of the considered statistic is found.
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0. Let X() = (Xl(i), ... ,X,(L?), i =1,p, be independent samples of sizes
ni,Na,...,np from p (> 2) populations with distribution densities fi(z), ...,
fp(x), respectively. Based on samples X9, i = T,p, it is required to test
the hypothesis

Ho : fi(z) =--- = fp(@) = folz)

against the sequence of “close” alternatives ([1], [2])
Hy : fi(z) = fo(z)+

Ui Tr — lk
+an, Z @ik( ) + O(ano ' 'Yno) (anoa'Yno - 0)7 (1)

k=1 o

/(plk(z) de =0, no=min(n,...,npy) — 0o.

Alternatives of this kind mean that densities f;(z), 7 = 1, p, havem (> 1)
sharp peaks at the fixed points [;, j = 1,m.
We propose to test the hypothesis Hy using the statistic

Tnms, ) = YN [ [0 - % SN F@] @ @
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where ﬁ(x) are Rosenblatt-Parzen kernel estimates of the distribution den-
sity f,():

a; ©

File) = 3 K (st - X9)),

a;
The particular case p = 2 was considered in [3] and [4]. In that case the
statistic T takes a more convenient form

N1 Ny -~

T(onm) = e [ () = @) r(o) do

1. In this paper, a limit distribution of statistic (2) is found under the
hypothesis H; when n; increases infinitely so that n; = nk;, where n — oo
and k; are constants ¢ = 1,p. Let a1 = as = -++ = a, = a,, where a,, & c©
as n — o0o.

To obtain the limit law on the distribution of the functional T,, = T'(n4,
..., np) we introduce the following conditions for the functions K (z), fo(z),
oik(x), k=1,m,i=1,p, and r(z):

1. K(z) is the function with bounded variation,

/K(a:) de =1, zK(x)€ Li(—o00,00).

2. The functions fo(z) and @ (z), i = 1,p, k = 1,m, are bounded
and have a bounded derivative of first order; moreover, p;;(z) and
gog,t) () € Li(—00,00) and | llim vir(z) = 0.

xr|—>00
3. The weight function r(z) is piecewise-continuous, bounded and in-

tegrable; moreover, the above-mentioned I, are points of continuity
of r(z) and r(ly) #0, k=1, m.

The following statement is true.

Theorem 1. Let conditions 1, 2 and 3 be fulfilled. If na;l/2 a v, —
co# 0, apYn = 00, Ap Y =o0(n"?) and a,' -/n>c#0 asn — oo,
then under the hypothesis Hy the limiting distribution of the random variable

a}/2 (Tn - N)

4@ =X k30w [ [atn) - 13 ko] as

o? =2(p—1) /f(?(w) r?(z)dz - R(K), Ko=K %K,
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—(p-1) /fo 0)ds - R(K), R(g) = [ g*(x)da,
=k

Proof. Let us represent T), as a sum
Tn = Trgl) + Aln + A2n7

where

() = Zk /[ — Efi(z) — %zp:kj(fj(z)_Eﬁ(w))]%(x)da:,

Ain =22 2 ki / - BR@) B - 2 fkﬂﬁ(az)]r(w) dz,

Agnzﬁgjki/[b“fz ZkEfy @) r(z) do

Here and in what follows E(:) is a mathematical expectation under the
hypothesis H;. It is not difficult to see that

Eﬁ(w) _F.(2) + o i@ik (a: — lk)_

— Yk
1
anp i ) (T — tz
_an'Yn/tK(t)I;O/wik ( Tn _an'Yn)d dt,
where
Tole) = an [ K(au(a ~ ) folu) du
Therefore
o= 2R {50 [ [3 o (S51)-
noL=1 k=1
P m
_i Zk] Z(pik (a: L )]27"(2:) dz + O(a, ")+

+0<an1%/ /tK 2/ “) “’_l’“ ai;)dtdzrr(x)da:)}.

Hence, by virtue of the generalized Minkowski inequality [5], we obtain

TLOé2 na2

an  Tn
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where
Anlp) =
na? b Ui 2
SIS [ () - g ()] e
=1 k=1 ] 1 k=1
Since 12
2 —3/2\ _ ”04% an " Yn\ _ 1
O(nanan )_O< Gn Yn ) B (an')/n)
and ) .
na
O| —=> ) =0 — |,
(a?/2 7n> ((an ’Yn)2>
from (3) we have
1
a}L/2A2n:An(<p)+O(a . ) (4)

Let us now discuss the asymptotic form of A,,(¢). By Lebesgue’s theorem
on dominated convergence and the condition

‘1‘1m wir(z) =0,

it is not difficult to establish that

~ [ ’3"’“)% (”“;’ Jr)de > r(t) [ ie(t) psn(e) d,

n

x—lp,
— /cpm o c,oirZ( 5 )r(a:) dr — 0, r; #ra,

n

()

as n — 0.
Further, taking (5) into account, we find that

[ (S 2t)) s St it
Zk /Z%k x_lk)z:wjr(u)r(a:)da:—)

r=1 Tn

- Xp:ki ir(lk) /%’k(t) wix (t) dt,
Jj= k=1
/(Z@Z%k( k)) r(x)dx%ir(lk)/ (Zp:kj (pjk(t))2dt. (6)
j=1 = =

From the definition of A, () and (6) it follows that
An(p) — Alp)

as n — 0o. Therefore
al/? Ay, — A(p). (7)
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Now let us show that a}/ 2 Ai1n — 0in probability. For this it is sufficient to
show that a,/” E|Aip] = 0asn — oo.
We have

E|Au,| < 2\/5%21):1%{ /fi(u) du[/K(an(aj—u))x

Zan/Kana:—v cplk( lk)d

i=1 k=1
1 P m v — 1y 5y 1/2
+szJ/K1(an(u—v))Z‘cka( )‘dv] } <eav/nx
j=1 k=1 n
v -1, 9y 1/2
xanlrg@g(p{/fi(u)du[/Kl(an(u—U))k_l %k( - )‘dv] } <
V- ay Ui v—1I 1/2 1
ST - |:1I£1?<Xp{/fi(u);¢?k( o )du} o
i T uw— I zt 2) /2
ng?gxp{/fi(u) du(//tK(t);SOgllc)(7—n—an%)dzdt) } } <
4 -

\/7_7’ Qp 771/2 \/ﬁ Qp 771/2
Cq ( + ) )

an az vn

where K (z /|k )| |K(t — z)|dt.

Hence
al/? B|Ay,| <
Vna 'yl/ —1/4 Vrapa S1/4 1/2 _
<o ”am + L) =0 ®)
n

(a'n 'Yn)an

Now consider the functional

T = - Zk /[ —Efi(z) - —Zk f] E]/”;(z))rr(a:) dx.
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After some simple transformations we get

N ~ 2
— (Y a2 (Fi@) — Efi(@)) | (@) da, (9)
=1 "
where
= ki -1
a; = k1+"+kp’ t=1Lp
Let

L) = (Zi(@). ..., Zy(x))

be the vector with components

Zi(x) = \/Z:;(ﬁ(x) ~ E fi(z)), i=T1,p.

Then ) )
T = / [sz(z) - (gaj Zj(z)ﬂr(z) dz.

As is known, there exists an orthogonal matrix C = ||¢;5]], 4,7 = 1, p, which
depends only on kj, ks, ..., k, and for which

Cpi = Qj, 1= ]-7p

Let us transform the vector Z(z) by the orthogonal transformation u =
CZ. As a result, we obtain

T = / [|(CZ|2 - (iai Zj(z))2]r(a:) de =

zi/(iCij Zj(ﬂ«"))27“(ﬂf) dr, (10)

where |a| is the length of the vector a = (a1,...,ap).
As is known ([2], [6]),

2i0) = [ 22 () ~ E ) = ) + 0, Jl;i) (11)

uniformly with respect to z, where

() = al/? / K(an(z — w)dWO(Fi(u), i=T,p,
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while W?(t) are independent Brownian bridges depending only on X9 =
(Xl(i), ce X,(f)) and F;(u) is the distribution function of the random variable
x®.

Now by virtue of (10) we can write

écljzj(m) - éclj () +0<\/IH7L1>, (12)

Next, let us estimate the variance of the variable

Y; :/é:cij &(x)r(z)de

From the independence of W2, i = 1, p, we obtain

Var Vo= 36 [[ B @ &0 1) ri ey
&j(x) can be represented as
6@ = aif* [ [Kante—0) = [ Klan(o - u)ars(w]am; (5,

where W;(t), j = 1,p, are independent standard Wiener processes on [0, 1].
Therefore

E&i(z)&(y) = an {/K(an(@“ —u)) K(an(y —u)) fj(u) du—
/Kan — W) fi(u du/Kan — ) f(u )du}

Hence, after some simple transformations, we obtain

/ E&(x) &) r(x) r(y) do dy = O(a;").

Thus
Var Y; = O(a;"), j=T1,p. (13)
From representations (10) and (12), and also from relation (13) we have

L In"n
Z/ ;Cljf] dt+0 (ﬁ)z

n

2
=7® 40, ( In - ) (14)
na

Denote
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:%/ (zp:cn nj(t))27“(t) dt,

Et) = al/2Wi(1) / K (an(t —w)) fi(w) du, i=T.p.

Then
al/? (T —T®) = 0,(1). (15)

n

Indeed,

p—
BIT® -1 < 22 ‘/Zc” n;(t ch , t) dt+
+ZE / Zc” t)dt = BV + B, (16)

It is not difficult to see that

B(2)_ZE/ZCW i
p—1 p
ZGnZZc”EW2 / /Kan fi(u )du r(t)dt < csa;’

i=1 j=1

Now let us estimate B,(Ll). We have

p—1 _p
D<2y” [Z \cij cir| E[W, (1) %
=1 j.r

/[/\I!r(t) - K(an(t —uw))r(t) dt] dW;(Fy)| <

X

<2y [Zp: z,,: lcij cir| BY2W2(1)x

i=1  j=1r=1

E/{ / [ / U, (8) K (an(t — w)) r(2) dt]de<Fj>}2 =

_QPXEEP:Z lcis cw|{/ (/\IJ( ) K (an(t — u) r(t) dt)2 -dFj(u)}1/2 <
o <cga
where
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Thus, after substituting the estimates of the expressions B,(cl) and B,(f) into
(16), we get
aX?nn
a;/* (TN = TI)? = 0,(1) + 0, <n7> (17)
n

Relation (17) provides the proof of (15).
Let us now investigate the limit distribution of the functional

TT(LB) = Z.)Zi / (Zi: Cij Ny (t))27‘(t) dt.

Clearly, the processes n;(t), i = 1,p, are independent and Gaussian so

P -

that the new processes ) ¢;; nj(t), i = 1,p, are also independent and Gauss-
i=1

ian since the matrix ||c;;|| is orthogonal. Thus, to find the limit distribution

of the functional T7g3), it remains to establish the limit distribution of the

functional
. p 2
v = [(Sesn®) ra
j=1

for each fixed 7, i = 1,p — 1.
. p
The covariance function R (t1,t2) of the Gaussian process Y ¢;; n;(t)
i=1
is equal to

P
B (0, 12) =y B (1) mj ().

=1

However

Eoy(t1) mj () = / K (u) K (an(ty — t2) + ) folts — a3'u) dut

+an / K (an(ts — u)) K (an(ts — 1) ki: o (“;nlk)du _

= fo(t1)Ko(an(ts = t2)) + O(a, ") + O(en - 1), (18)
where the estimate O(-) is uniform with respect to ¢,y and Ko = K * K.
Since
Qp

an Yo = (V- - Y an)nil/2 =o(1) ﬁa
and a;'\/n > ¢, it follows from (18) that

R (t1,t2) = fo(t1)Kolan(ty — t2)) + O(ay ).
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The semiinvariant y'; )( ) of order m of the random variable U is defined
by the formula (see [7]; it also follows from the formula given in [8], p. 417)

XD (m) =
= m =127t [ [T] RO i) r(w) s, s =ur. (19)
j=1

We obtain
EU = / Fol@) r(@) dz + O(a=Y),

Var U,(Li) = X%i) (2) = 2R(K)) / fg(:z:) r?(z) dx + O(a,‘f).
Let us introduce the transformation
Us = Ty + ay* Zri, s=1,m—1,

and u,, = T,,. The Jacobian of the transformation is equal to (a;')™~1!.
Using this transformation in (19), it is not difficult to show that the mth
semiinvariant x(9(m) can be written to within terms of higher order of
smallness as

(m— 112" Ha )" LK « K™ /fo z, (21)

where [K % K](™) (u) denotes the mth order convolution of Ko(z) with itself.
From relations (20) and (21) it follows that

(0 709 [ oot

is distributed in the limit normally with mathematical expectation 0 and

variance
R(Ko) [ (07 @) du,

Van (T — p)
is distributed in the limit normally (0, 0?).
Eventually, taking into account (4), (7), (8), (14), (15) and the represen-
tation

and therefore

alf? (T = 1) = alf* (T = ) + alf (T~ TO)+

+A,(p) + O(an %) +o0,(1) + Op(a"/#),

we conclude that
a}/2 (Th — 1)
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is distributed in the limit normally with mathematical expectation A(y)
and variance 0. O

The conditions of Theorem 1 imposed on a,,, a,, and 7, are fulfilled if, for
instance, a, =n°, o, =n"%, and v, =nP for £ =1-2a -3, a+8 > 1,
0<d< %, 0 < B < 6, while the conditions imposed on «a,( and § are
fulfilled if, for instance,

1 5 1 2 2 18
6:— = — = —=* 6:— = — e
2’ 12’ “7 % 5 P=7 =35
1 1 27 2 1 13
6:— = — = — 6—— = — _ —
1 50 4780 s P=5 “= 3¢
1 1 11
6:— = — =
5 778 “T 3

and so on.
Theorem 1 gives rise to two corollaries.

Corollary 1. Let conditions 1, 2 and 3 be fulfilled on K(z), fo(z) and
r(x). Ifa,'-/n > ¢ > 0, then under the hypothesis Hy the random variable
a}/2 (T —p)

is distributed in the limit normally (0, 0?).
Using this corollary, we can construct the test for testing the hypothesis
Hy; the critical region is defined by the inequality
T, > dn(a),
where
dn(a) = ,u+a;1/2 c0 - A,
Aq is a quantile of level a (0 < a < 1) of the standard normal distribution
d(x).
Corollary 2. In the conditions of Theorem 1 the local behavior of the
power Pr, (T, > dp()) is as follows:

Pr, (T > dn(a)) — 1— <I>(/\a - A(“O)),

where

4= (p— DR(K) / fol@) r(z) dz, R(g) = / ¢ (x) d,

= . 172, 2
k=k+--+k, cO:nEToon'a”/ Sy Yn-
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It should be noted that for positive weight functions r(z), the test of
the hypothesis Hy against alternatives of form (1) is asymptotically strictly
unbiased since the mathematical expectation A(p) > 0 is equal to 0 if and
Ol’lly if Pik (a:) = cpjr(a:)a 7’7.7 :Lpa k,T‘ = lam'

By integrating fi;(z), ¢ = 1,p, we establish that the alternatives differ
from the zero hypothesis in a value of order a,, -, = o(n~'/?). This means
that tests based on a deviation between random distribution functions like
Kolmogorov-Smirnov type tests cannot distinguish such hypotheses from
the basic hypothesis Hy.

Remark. If it is assumed in (1) that mm = 1, l; = 0 and v, = 1, then
from (1) we obtain the sequence of Pitman type alternatives

Hy : fi(x) = fo(z) + an pi(z) + o(an).

In that case the following theorem is true.

Theorem 2. Let conditions 1, 2 and 3 be fulfilled. If nail/ al = ¢
and a;'\/n > c, then under the hypotheszs H, the random variable

aiz/a (T — )

is distributed in the limit normally (A,,0?),

@zAwh“wm=mﬁ%4ﬂmm—%ﬁ%%mﬂ%mm

The proof of this theorem is similar to that of Theorem 1.
The conditions of Theorem 2 are fulfilled on a, and «, if, for instance,
it is assumed that

an=n°, a,=n"1?t 0<5<

DN | =

2. The statistic T}, is normalized by values depending on the distribution
density fo(z). If however fo(x) is not defined by the hypothesis, then

n= [ hie)r@ s, 8= [ )

in the normalizing constants have to be replaced by

/f z)de, A2 == Zk A2

respectively, where

wll —
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a i
_ On (4)
/fz r)dF, (2) = —5 Y U,
v j1,j2

Ul = K (an(x) = X)) r2(x (),

Ji,j2 Jn J2

ﬁni (z) is the empirical distribution function of the sample X (9 = (X l(i), cey
X, i=Tp.

The estimate A% for r(z) = 1 was for the first time proposed by E.
Schuster [9] and later by T. Schweder [10].

Let us in the first place establish the asymptotics of the mathematical
expectation (under the hypothessis Hy) of the random variable A? .

We obtain

B3 = an [ [ Klanu = 0) @) £i00) filw dudo +0(22) =
:an/ K(an(u—v))TQ(U)[fO(u)+a”i%k(u;lk)]x
k=1 n
X [fo(v)+ang</)ik(1’_lk)]dudv+0(%) —

= /fo(v) [an/K(an(u —v) 72 (u) fo(u) du] dv+
+ O(an - vn) = A% +0o(1) + O(an - Yn)-

Therefore
EA?2 = A? +0(1).

Now

|2
Var A2 = = Z k? Var A?, < ¢; X Var A,,.

But it is not difficult to check that

E(A},)? =
{Z U+ S uPuP S v o+ 3N ol U(k]
1% i j#t Jjoi#Er i#r j#t

2
a
= 22 [ BULY + 2ni(ni = 1) QUL+
k

+ang(ng — V) EUR UP 4 6np(ni — V)(n, —2) EUL . 0B +
(g =1) EULY U +ng (g = 1) (g = 2) (e =3) (U]
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Further, likewise easily we find that

Bl U = | [[] Kante - ) Ktz — )it

X fi(y) fi(2) r(z) r(2) de dy dz

S_

27
n

S

BUS)’ = [[ K2(entu =) fulw) fule) () dudo < 2.

Qn

Other mathematical expectations are estimated in a similar manner.
Therefore

B(A2,)? = ng(ng — 1)(%4- 2)(ng — 3) [anEUl(I; ] n O( - )

N,

After simplifying transformations and applying the formula Var A7 =
E(A%,)? — (EA%,)?, we obtain max Var A2 —0asn— .
<p

Thus we have shown that A2 is an asymptotically unbiased and consis-
tent estimate of the value
- [ @

Further, we readily obtain

@ do~ [ fole)r(e) ds] <
<al’E [ |1:0) - Efi@)r(@) do+ i [ | 13(0)-

— fo@r(@)do < erofo, M+ Vaman g + )+

+einal/ rgaé(p{ /f] du</() (u—%)>2—

< 010( Y2 fan an v +

an\1/2

. /
since \/an Qi+ Yo = VI Qp Yn - (W) = 0.

Thus
(] e i)

converges to zero in probability.
Finally, we summarize the obtained results in the following theorem.
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Theorem 3. Let the conditions of Theorem 1 be fulfilled. Then under
the hypothesis Hy the random variable

G:L/Q (T — pn) ot

n

is asymptotically normal with the mean A(p) and variance 1. Here
fin =T, (p—1)-R(K), o, =A% (p—1)-R(Ky).

Corollary 1. Under the hypothesis Hy : fi(z) = --- = fp(x) the random

variable

ai/Q (T — pn) 0';1

is asymptotically normal with mean 0 and variance 1.

This corollary makes it possible to construct an asymptotic test of level
a (0 < a < 1) for testing the hypothesis Ho : fi(z) =---= fp(z) (homo
geneity hypothesis ); the critical domain for testing this hypothesis is
defined by the inequality

T, > Jn(a) = fn + a;1/2 On * Aa,s

where )\, is a quantile of level « of the distribution function of the standard
normal law.

Corollary 2. The local behavior of the power Py, (T, > dpn(t)) is as

follows:
~ A
Dy, (T > dof@) — 1= B(Aa - ﬁ).
o

Note that a statistic similar to (2) was studied in [11] for several inde-
pendent parametric estimates of a density when an estimate of a density
parameter is asymptotically normal (see also [12]).
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