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ON ONE PROPERTY OF A CONJUGATE TRIGONOMETRIC
SERIES

M. OKROPIRIDZE

ABSTRACT. If the 27 periodic and summable on the interval (—, )
function f(x) has a finite, symmetric derivative at the point z¢ and
oo

f~ %+ > (agcoskz + by sinkx), then
k=1

oo

li k sin kt(by, cos kxzo — ay sin kxg) = 0.
(r,t)ﬂl,o)zr sin kt(by cos kxzo — ay, sin kzo)

1. The 2m-periodic and summable on the interval (—m, ) function f(x)
corresponds to Poisson’s integral for the unit disk

1— 2

~1_2rcosutr2

Ustri) = 5= [ FOP (- o)dt. Pufa) (1)

P. Fatou has obtained fundamental results on the boundary values of
the integral (1) and its derivative. His theorem on the radial limit for the
derivative of the integral (1) sounds as follows:
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Theorem (P. Fatou [1], [2], p.99) If f(x) has at the point xo a finite
symmetric derivative

f(l)(lﬂo) _ %{% flzo + h);hf(xo - h)7

(2)
then the derivative ZUy(r,z) of the integral (1) has the radial limit at the
point (1,x0) and this limit is equal to the number f(xg):

r—1 ox

lim (M)mo = 1D (). (3)

The proof presented here differs from the already known ones and allows
us to get new facts (see Corollaries 1-3 below).
Proof of Equality (3). Note that the existence of the symmetric deriva-
tive f (1)(:00) does not, generally speaking, require of the function f to be
necessarily defined at the point xg.

We introduce the function ¢(t) in the form

s[f(xo+1t) = flwo—1t)]  for t#0
_J)2
o= {0 for t =0. (4)
The finiteness of the limit (2) and the equality (4) imply that
lim ¢(t) = 0 = ¢(0). (5)

t—0

Hence the function ¢(t) is continuous at the point ¢ = 0 and ¢(0) = 0.
According to Schwarz’s theorem, the Poisson integral Uy(r, x), corre-
sponding to the function ¢(t), has at the point (1,0) the zero limit ([3]; [4],
p.147-8).
Consequently,
li Us(r,xz) =0. 6
oy 0 V2 (6)
For the unilateral derivatives we have at the point ¢ = 0 the following
equalities:

$(t) — ¢(0) ¢(t)

do= Jlim T = i S = ) )
and
—¢(0
o = lm s(t) tsf)( ) _ tli%l_@ — D (zq). 8)

Thus the function ¢(¢) has at the point ¢ = 0 equal between themselves

unilateral derivatives. Hence at the point ¢ = 0 there exists the finite ordi-

nary derivative ¢'(0) equal to f(!)(zg). Therefore the derivative = Uy (r, z)
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has at the point (1,0) the angular limit equal to ¢'(0) = f() (), by P. Fa-
tou’s theorem ([2], p.100). This means that for every constant ¢ > 0 the
equality

0
: il _ (1)
(r,z%nl%l,o) IU¢(7’, x) = fH(xo) 9)

|z|<c(l—r)

is fulfilled. O
Now let us find the connection between the integrals Uy (r, ) and Uy (r, ).
We have

27TU¢(7’,£L’):%/[f(x0+t)7f(l‘07t)]PT(t7x)dt:

—T

/f (T —x — 20 dT——/f (T + & — x0) dT.

Consequently,
2U4(r,z) = Uyp(r,x0 +x) — Us(r,z0 — ). (10)
Equalities (6) and (10) yield

li — — =0. 11
(r,x)lgh,o) [Ug(r,xo 4+ x) — Ug(r,mo — x)] =0 (11)

Next, from equality (10) we arrive at the following relations:

5} 5}
26—U¢rac /f p P.(t—x—x9)— 8P(t+x—aco)}dt=

:1—7~2/ft 2rsin(t — x — o)

(1 —2rcos(t —x — xzg) +12)2

2rsin(t + « — xo)
(1 =2rcos(t +x — xp) +12)2

+ } dt. (12)

Taking into account equality (9), it follows from (12) that

li rsin(t +x — zo) N
im
(r,z)—(1,0) (1 — 2r COS(t +x— 930) + 7”2)2
|| <c(l—7)
2rsin(t — x — ) } "
= ) > 0. 13
+ (1 —2rcos(t —x —xp) +12)2 [ (xo), ¢ (13)
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If now we put in equality (12) the particular value x = 0, then we shall
get the equality

0 1—1r2 h 2rsin(t — x
(@U")(T’I))Fo = /f(rf)(1 — 2rcos(izoj)+ 2)2 dt (14)

which by virtue of (13) implies that
1
lim — /f(t)PT(t —x0) - Qr(t — o) dt = fM (o), (15)

where @, is the conjugate Poisson kernel

2rsinu

Qr(u) =

On the other hand, the equality

1—2rcosu+12’

((%P,(t—x))xzo = Po(t —29) - Qu(t — xp) (16)

is valid and therefore equality (15) can be written as

i (l frog o) _-

— lim (%Uf(r, x)) = D (). (17)

r—1 r=x0

Thus we have established equality (3).
2. The main point of equality (11) can be stated as follows:

Corollary 1. If the 2w-periodic function f € L(—m, ) has at some point
To a finite, symmetric derivative fV) (), then the corresponding to it Pois-
son integral Us(r,x) has the property

li — — =0. 1
(r,x)lgh,o) [Ug(r,xo 4+ x) — Ug(r,mo —x)] =0 (18)

3. Equality (15) admits the following statement:
Corollary 2. Let the function f € L(—m,7), f(z + 27) = f(x) have at
some point xo a finite, symmetric demvatwe f 1)( 0)- Then the equality

T

lim S /Pr(t—mo)-Qr(t*xo)dt: F O (20) (19)

r—1 21
-7

holds.
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4. If the Fourier series has for the 2m-periodic function f € L(—m,m) the

form
ap >
[~ 5 + (an cosnz + by, sinn:c),

=1

3

then -
a .
Us(r,z) = ?O + Z r"(an cosnz + by, smnac),

n=1
and equality (3) is written as

o0

lim n-r" (bn COSNTo — Ay Sin n:co) = f(l)(:no). (20)
r—1 1
Since
Us(r,zo + x)-Us(r,zog —x)=2 Zr” sin na (by, cos nzo—ay, sinnxg), (21)
n=1

Corollary 1 can be rephrased in the form of

Corollary 3. If the 2w-periodic function f € L(—m,m) has at some point
o a finite, symmetric derivative f(l)(:co), then the equality
o0
li " sinnt(b — i =0 22
(M)gr(llyo);r sinn ( n, COSNT — Ay, smn:co) (22)

holds.

REFERENCES

1. P. Fatou, Séries trigonométriques et séries de Taylor. Acta Mathemat-
ica, 30(1906), 335-400.

2. A. Zygmund, Trigonometric series. Cambridge Univ. Press, I, 1959.

3. H. A. Schwarz, Zur Integration der partiellen differential-gleichung
% + gi;; = 0. Gesammelte Abhandlungen. Bd. 11, Berlin, 1890, 175-210.

4. C. Caratheodory, Funktionentheorie. Bd. I, Verlag Birkhduser, Basel,
1950.

(Received 18.01.2002.)

Author’s address:

Secondary School No. 51

2, Melikishvili St., Thilisi, 380057
Georgia



