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ON APPROXIMATE SOLUTION OF DIRICHLET PROBLEM IN
THE CASE OF INFINITE PLANE WITH HOLES

N. KOBLISHVILI AND M. ZAKRADZE

ABSTRACT. A modified version of MFS (the method of fundamental
solutions) for the Laplace operator in the plane case is considered.
Based on this version, the method of an approximate solution of
Dirichlet value problem for infinite plane with holes is given. Numer-
ical examples are considered to illustrate effectiveness and simplicity
of the proposed method.

1. INTRODUCTION
Let a domain D be the infinite plane z = x + iy = (z,y) with the holes

Bi(i = 1,2,---,m), which are bounded, respectively by closed piecewise

l .
smooth contours S;(S; = Y. SY; i =1,2,--- ,m) having no multiple points.
j=1

m
It is evident that the whole boundary of domain D will be S = |J S;.
i=1

Further, suppose that we know the parametric equations of smooth curves
S?:wy =2l (t), yi =y (t), where o) <t < 3/,

We will consider the following Dirichlet boundary problem for the domain
D. We need to find a function u(z,y) € C?(D)(C(D) satisfying the
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conditions:
Au(z)=0 Vz=(z,y) €D (1.1)
u(z) = g(2) Vze S (1.2)
1
u(z) =c+ O(m) for |z| — oo. (1.3)

Here A is the two-dimensional Laplace operator, g(z) = g(z,y) is a given
continuous function on the contour S and c is the real constant provided
le| < co. Problems of type (1.1), (1.2), (1.3) occur, e.g.,: in hydromechanics;
in elasticity theory; when studying plane fields (electric, thermal and so
on) in infinite domains produced by point sources and in other areas of
mathematical physics.

It is known [1]-[2] that the classical problem (1.1), (1.2), (1.3) is correct,
i.e., the solution exists, is unique and depends continuously on the data.
Note that the boundedness of the solution at infinity is an essential condition
for its uniqueness (see [1]-[2]).

It can be easily shown that if we fix in advance the value of the constant
¢, this will be a rather strong restriction. Really, since under conditions
(1.1), (1.2), (1.3) for the function u(x,y) the minimax principle is fulfilled
(see [1]-[2]), hence the problem (1.1), (1.2), (1.3) with hitherto fixed ¢ may
turn out generally unsolvable. To avoid this fact the constant ¢ should be
defined from the condition (1.2) while solving the problem (1.1), (1.2), (1.3).

It should be noted that when dealing with the problem of type (1.1),
(1,2), (1.3) finite difference methods and variation methods are not applica-
ble directly. For this we must pass to a finite domain by means of conformal
mapping and then use these methods (see [3-5]). It should be also noted
that the possibility of solving the problems of type (1.1), (1.2), (1.3) is stud-
ied theoretically using singular integral equations (Cauchy type integral) in
works of N. I. Muskhelishvili and his successors (see [6]).

2. THE MODIFIED VERSION OF MFS (THE METHOD OF FUNDAMENTAL
SOLUTIONS)

It is known (see [7-9]) that the method of Kupradze-Aleksidze (funda-
mental solutions) can be used in the general case to solve approximately
both internal and external boundary value problems (and also the number
of connectivity of domain and dimension of space do not meaning). On the
basis of theory [7]-[8] the system

{@i,k(z)};ozl:{1n|zfgi,k|};o:1a ZGS? (Z:1a27 ,m), (21)

plays the role of the system of fundamental solutions of the Laplace operator.

In (2.1) {zx}72, is a countable set of points lying everywhere densely on

~ o~ mo ~

the auxiliary closed Liapunov contours S;(S = J S;), where contours S;
i=1

lie respectively inside the finite domains B; and min p(S;,S;) > 0, where
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p is the distance between S; and §i. It is known that the system (2.1) is
linearly independent and complete not only in the space L2(S), but also in
C(S). Theoretically, with the aid of system (2.1), the boundary function
g(z) can be approximated to within any accuracy, but it is inconvenient for
an approximate solution of problem (1.1), (1.2), (1.3). Indeed, when using
the MFS, the approximate solution is sought in the form

m

N;
un(z) = ZZa,&N“) In ‘z - Ei,k‘a z €D,
k=1

i=1
where N = N1+ Na+-- -+ Ny, the points z; (K = 1,2, -+ , N;) are situated
“uniformly” on the auxiliary contour S;, and angi) are the coefficients of
expansion of the function g(z) into a series with respect to the first V;

functions of system (2.1). It is obvious that limuy(z) = co as |z| — oo,
which means that condition (1.3) for the solution to be unique is not fulfilled.

Remark 1. In the sequel (see [9]) while solving approximately the bound-
ary value problem, under contour gl we will mean the Jordan contour which
represents the boundary of the plane figure B;(B; C B;). The figure B; is
similar to B;, oriented in the same way and they have one and same the
“center” of gravity. As for the values p(S;,5;) and N, they can be chosen
during the numerical realization of the algorithm, taking into account an a

posteriori estimates of the accuracy of the results.

Remark 2. If we seck the solution to the problem (1.1), (1.2), (1.3) in
the form

m Ni
N; ~
uN(z):Z afﬁ )h’l}Z*Zi’k}‘l’CN,
i=1 k=1
Z & ()
under the condition ) >  a, = 0, where cy is a real constant and
i=1k=1

len| < oo, then it can be easily proved that uny(oco) = c¢ny. However while
finding the constants akNi)(k =1,2,--- ,N;;i=1,2,--- ,;m) and ¢y some
considerable difficulties arise which are connected with investigation of the
questions about solvability of obtained systems and conditionality of its
matrix.

In order to construct the desired system of functions {v;x(2)}72,,
(t=1,2,--- ,m), we pass from the infinite multiply connected (namely m—
connected) domain D to the finite multiply connected domain D* bounded

m
by S* (S* = |J S;), using the elementary conformal mapping
i=1

R2

2" =29+ (2.2)

z—z

where zg is “the center” of either domain (hole) from domains B;, and R
is the real constant which is the radius of the circumference G centered at
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the point zp. In the sequel we will call this domain the basic hole and we
denote it with By. It is obvious that there is no necessity for the domain
B to contain the circumference G(zo; R) entirely. It should be mentioned
that theoretically it does not mean which of domains B; (i = 1,2,---,m)
will be in the role of the basic domain (hole). However while numerical
realization that hole (if such exists) should be taken as basic which lies in
the “center” with respect to others. This will give possibility to avoid big
numbers (i.e., to reduce calculation error). In the case of the conformal
mapping (2.2) the situation is as follows: the whole plane z is mapped onto
the whole plane z* and conversely. In particular, z = oo transforms into the
point 2* = zp € D*; the infinite domain D becomes the finite m-connected
domain D*, while the contours S and S transform without changing their
differential propertles into the contours S* and S* , respectively; the contour
S1 (the i image of auxiliary contour Sl) will contain the contour S} and the
rest contours S “ (i # 1) will be respectively situated inside B (which are the
images of the domains B;(i # 1)); min p(S;, S7) > 0 sinse min p(S;, S;) > 0
From (2.2) we have

RQ

¥ — 20
consequently it is easy to see that if mapping (2.2) defines the domain
D* with boundary S* , then with the help of mapping (2.3) the problem
(1.1), (1.2), (1.3) transforms into Dirichlet problem for the domain D*.
Indeed, for the conformal mapping (2.3) the function u(z) becomes the

function u*(z*) = u( B ~-) which is harmonic in D*\{20}, continuous
in D"\{z0} and bounded in the neighborhood of the point z (i.e., zo is
a removable singular point). However, by virtue of the theorem on the
elimination of singularities of a harmonic function (see [1], [2], [3]), the
function u*(2*) is harmonic in the domain D* and continuous on D". Thus,
using mapping (2.2) we actually reduce problem (1.1), (1.2), (1.3) to the
problem

Au*(z*) =0, Vz*=(z%,y")e€ D", (2.4)
u(z*) =g¢"(z%), Vz"eSsT, (2.5)

where g (=*) = g(z0 + =),
From (2.2) we obtain
o= (o)
= |z — 20

and therefore, by choosing the point zy and radius R, in applied problems
a strong compression or extension does not take place at boundary points
when mapping (2.2) is used. This means that under mapping (2.2) the
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countable sets of points {z; k}2,, {Zik}t52, (i =1,2,---,m) lying every-
where densely on the contours S and S respectively, transforms into the
countable sets of points {S;}72,, {Z]}72, lying everywhere densely on
the contours S* and S* respectively and conversely. Thus if we consider the
system of functions

{(p:,k(z*)};ozl = {QD*(Z*,sz};o:l = {1D|Z* - z;}:k'};(’:l, (26)

where the points {E;‘ w152 lie everywhere densely on the contour S * )it can
be used for an approximate solution of problem (2.4), (2.5), since, by virtue
of the theory (see [7,8]), the system of fundamental solutions (2.6) is linearly
independent and complete in the spaces L2(S*) and C(S*). If we insert the
values z* and z}, from (2.2) into system (2.6), then it is obvious that for
the resulting Sysluem of fundamental solutions

(i = (om0 =] R = 2) o en

z—20)(Zik — 20) 1) k=1

of Laplace operator following theorem is valid.

Theorem 1. 1o. Ay, ,(2) =0, Vz € D;
20. The system {1 1(2)}72 (i =1,2,--- ,m) is linearly independent and
complete not only in the space La(S), but also in C(S).
30. 1ljm(z) is finite as |z| — oo.
ik

Since, in our case g(z) € C(S), therefore on the basis of property 2¢ for
the arbitrary e > 0 there exist such natural numbers N?(¢) and system of

coefficients a( ) (i=1,2,--,m, k=1,2,--- | N;), that if N; > N?, then

m N;
N;
max ‘g(z) - Z aff )wi,k(z)‘ <e
=€ i=1 k=1
If we introduce notation
m N;
un(z) = Z a )1/)1,
1=1 k=1

where N = Ny + Ny + --- + N,, then on the basis of minimax principle

we obtain that max|u(z) — un(z)| < e, where u(z) is exact solution to the
z€D

problem (1.1), (1.2), (1.3), i.e., un(z) converges uniformly to u(z) in D for
N — oo. Actually, we have the sequence of harmonic functions {uy(z)}
in D, which converges uniformly to u(z) in D. It should be noted that
when solving the problem (2.4), (2.5) with the help of the system (2.6) the
conditions of the first theorem of Harnack [5] are fulfilled. On this basis it is
evident that analogous theorem takes place in solving of the problem (1.1),
(1.2), (1.3) using the system (2.7). Namely, following theorem is valid.
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Theorem 2. The sequence of harmonic functions {un(z)} not only con-
verges uniformly in D to u(z), but the sequence of derivatives of un(2)
converges as well to derivatives of u(z) uniformly in D, i.e.,

Nlim un(z) =u(z), zé€ D,

Nooo QxPOyn—P  QxPOyn—P’

(z,y) € D, (2.8)

where n is fized natural number, p is integer and n > p > 0.

Under N — oo we mean that all N; — oo. For visualization we show
correctness of the equality (2.8), when n = 1.
From (2.2) and (2.3) we have

{ a* = z*(z,y) { r=x(z*,y*)

y =y (zy) y=y(z*,y") "’
therefore
oun (z,y) _ ouy (z*,y*) _ ouy (z*,y*) ox*  Ouy(z*,y*) Oy*
Ox Ox Ox* Ox oy* ox’ (2.9)
u(x,y) _ ou*(x*,y*) Ou'(z*,y*) dz* Ou*(z*,y") Oy* '
oxr Oz - Oz Ox oy* Ox

Since in (2.9) u*(z*,y*) is exact solution to the problem (2.4), (2.5) and
uwy (z*, y*) is the approximate solution to the problem (2.4), (2.5) (with the
aid of system (2.6)), hence in terms of the theorem of Harnack we have

aN(I' Y ) N du (:L' Y )’ aU’N(I Y ) _
or* oz* oy*
ou*(x*,y*)
Nl Sl R )
oy*
for the arbitrary point (z*,y*) from the domain D*. It is evident, in terms
of (2.10) from (2.9) we have

(2.10)
, as N — oo,

8UN (Ia y) 6’&(.%, y)
—
Ox
for Y(z,y) € D. Q.E.D.
Thus, for approximate solution of the problem (1.1), (1.2), (1.3), we built
one modified version of MF'S and on the basis of the stated Theorem 2 the
approximate solution uy(z) is to be found in the form

, as N — oo,

m

N 2(Zik — 2
UN(Z)EUN(xay):Zzag\h)ln‘( R Gk~ 2) . (2.11)

i=1 k=1 = z0)(Zik = 70)

where the auxiliary points (simulation sources) z; x(i = 1,2,---,m; k =

1,2,--- N;) are situated “uniformly” on the contours S;.
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As for the coefficients aé 9| they can be found (see [7,8,9]) from the
system of linear algebraic equations of the form

m  N;
Z a4 (20, Zik) = 9(2n), (2.12)
i=1 k=1

where the collocation points 2, ; (r=1,2,---,m; j =1,2,--- | N;) lie “uni-

formly” on the contours S,.
From (2.11) for the approximate value of constant ¢ we have

m
— T _ _ (N3)
CN_ZIEEQUN(Z)_UN(OO)_Z ap In
or |en| < oo. In paper [10] is considered the case when m = 1 and the hole
Bj is of a cut-type.

3. NUMERICAL EXAMPLES

As the given numerical experiments show, while solving the problem
(1.1), (1.2), (1.3) with the help of the offered method when m > 2 the
following should be taken into account.

In the given modified version of MFS (as in the general MFS) it is evident
that total number of auxiliary and collocation points depends on accuracy of
solution of the problem (1.1), (1.2), (1.3) (and conversely), i.e., N = N(e).
Since when constructing the approximate solution ux(z) in the form (2.11)
in order to find the coefficients ach"), the system (2.12) of N-th order is
being solved, therefore, on the other hand, the accuracy of the solution to
the problem (1.1), (1.2), (1.3) is being limited by technical possibilities of the
computers. In order to achieve possibly high accuracy of the solution to the
problem considering the possibilities of the given computer, when m > 2, the
optimal (in the sense of approximation of the boundary function) auxiliary
contour :S'; should be found separately for each contour S; (for the same
boundary function g(z)) and then the numbers N; should be chosen, the
system (2.12) formed and solved. The indicated process will be described
for Example 1 in more details. In the exemples in the role of the domain
D is taken the infinit plane z with five holes, i.e., considered the case when
m = 5. In the role of the boundary function g(z) were taken the functions:
1) g1(2) = In|z — 2| — In|z| + 1, z € S, where the fixed point z€D; 2)
g2(2) = }j:, z € S. In all examples the origin z = 0 was inside the basic
domain (hole) By and zp = 0. It is evident, for g(z) = g1(z) ,the exact
solution to the problem (1.1), (1.2), (1.3) for u(co) = 1, is the following
function u(z) = In|z — 25| —In|2| + 1, 2 € D. In all examples considered

i

below the coeflicients a,g of the approximate solution (2.11) were found
by the collocation method from system (2.12).
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In the Tables 1 and 3 &;(i = 1,2,---,5) and &} are a posteriori estimates
of maximal error of the approximate solution ug) (z) to the problem (1.1),
(1.2), (1.3), whereas the infinite plane z has only one hole of the type B;(i =
1,2,---,5) (see below); emaz and O are the a posteriori estimats of maximal
and mean square error of the approximate solution to the problem (1.1),
(1.2), (1.3) for m = 5 on the contour S; i.e.,

€ = max l9(2) — u%)(z)‘ A~ max ‘Q(Ti,j) - “g) (7i,5)]
Eman = I?Eaéc‘g(z —un(z ‘ ~ max{|g Tij) — un (T |}Z 1
m M ) 1/2
B={ 3> l9(ris) —un(r)]*} " /(m),
i=1 j=1
where the points 7 ; (j = 1,2,--- , M) lie “uniformly” on the contours S;,
respectively, v = |u(o0) — un(00)| = |1 — un(c0)|. As for the approximate

solutions ! L , they are sought in the form

(2 Z (L) EL: a1 ‘ R (Zi — 2)
a; (2,Zig) = n T — 1,
" ot (z = 2§) (Zin — 2§)

where the point z{ is the “center” of the domain B; and the points Zig (k=
1,2,---, L) are situated “uniformly” on the contour S;. The coefficients aELk)
can be found (see [7], [8], [9]) from the system of linear algebraic equations

of the form

L
Z az(',l;c)w(zi,7'a Zik) = 9(zir),

k=1
where the collocation points z;, (r = 1,2,---,L) lie “uniformly” on the
contour S;. In the numerical experiments were taken M = 10000 and

calculations were performed with double accuracy.

The auxiliary points, the collocation points and the points for a posteriori
estimates lie “uniformly” with respect to the parameter ¢ on the contours
S; and S; (i =1,2,---,5), respectively.

Example 1. In the role of the boundary function g(z) is taken g(z) = g1(2)
and in the role of the domain D is taken the infinite plane z with the holes
B; (i =1,2,---,5), which is situated in the following form. The domain
(hole) By is the square

By Jz| <5, |y <5;
the domain Bs is the interior of the ellipse

So:x=>5cost+ 200, y=sint+ 100, 0<t <27
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the domain Bs is the interior of Pascal’s limacon
Ss:z = R*(¢ + a¢?) — 20 — 1004,

where ( = e (0 <t <27), R* =2,a=0.5and i = /—1 the domain By is
the interior of the Booth’s lemniscate

Sy:z

= — 100 + 2002

1 — a(? + 200
where ¢ = e (0 <t < 27) and a = 0.5; the domain Bjs is the interior of
the epicycloid

4
S - ZZR*(C-FZ) + 50 — 1004,

where ( = e (0 <t < 27) and R* = 2.

In the role of the auxiliary contours S; (¢ = 1,2,---,5) are taken the
following contours: S; is the boundary of the squere

By :|z| <25, |yl <2.5:9 :%=4.95cost+200; y=0.Tsint+ 100,
where 0 <t < 27;
S5 %= R*(C +al?) — 20 — 100i,

where ¢ = 0.9¢" (0 < ¢ < 27), R* =2 and a = 0.5;

Sy 7= ¢ = — 100 + 200i

_1—aC

where ¢ = 0.8¢ (0 <t <27) and a = 0.5;

§5:2=R*(Z+ %) + 50 — 1004,

where ¢ = 0.9¢" (0 < t < 27) and R* = 2.

_ Remark 3. As it was noted above, selection of the auxiliary contours
S; for each contour S; should be done separately, i.e., independently from
each other. Evidently, this can be done in two ways: directly for the given
contours S; or using parallel transfer. For example in the case of contour
Sy we can first find the auxiliary contour S for the contour S9 : x = 5 cost,
y = sint, 0 < ¢ < 27 and then by the help of parallel transfer obtain to
contour Ss.

In the Table 1 the results of approximate solution to the problem (1.1),
(1.2), (1.3) are given for the case, when the infinite plane z has only one
hole of the type BY (i = 1,2,---,5) with boundary SY; L is the number
of the auxiliary points and collocation points situated “uniformly” on the
contours S and S?, respectively and zg = (1,0).
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Table 1
L €1 €9 €3 €4 €5
100 | 0.2E —10 | 0.6E—03 | 0.3E —05 | 0.1E — 07 | 0.2E — 05
200 | 09K —14 | 0.1EF—06 | 04F —10 | 0.5FE —14 | 0.3E — 10
300 | 0.6F—14 | 02E—10 | 04F —14 | 0.3E —14 | 0.5E — 14
400 | 04F —14 |08E —14 |0.1F—14 | 0.1E —14 | 04E — 14

In the Table 2 the results of approximate solution to the problem (1.1),
(1.2), (1.3) are given for domain D in the two cases: 1) 2§ = (1.0), ie.,
zh € By; 2) z§ = (200, 100), i.e., z5 € Ba. The numbers N; (i =1,2,---,5)
were chosen from the Table 1. It should be noted that, when 2§ € B,
function u(z) = ¢1(2) is the exact solution to the problem (1.1), (1.2),
(1.3) and it is evident it has not singularity outside of the domain Bj.
Respectively, the approximate solution uy(z) of this problem would have
no singularity outside of the domain B;. It means that in this case intensities
27ra§€Ni) of the simulation sources ((see [9]), which are situated in the points
Zie(t = 2,3,4,5; k = 1,2,--- | N;) should practically be equal to zero and
this takes place while solving system (2.12). It is evident, in this case, if
max |uy(z) —u(z)| < € as z € S1, then on the basis of the minimax principle
this condition takes place automatically on the contours S; (i = 2,---,5).
Analogously, if 2} € Bs, then function u(z) = g1(z) is harmonic outside

of the domain B; U Bs and respectively the coefficients a]iN*) ~0 (i =

3,4,5; k=1,2,---, N;), which takes place while numerical realization.

Table 2

Ny | Na | N3 | Ny | Ns Emax B B

100 | 100 | 100 | 100 | 100 | 0.2E — 10 | 04E — 11 | 0.7TE — 15

200 | 200 | 200 | 200 | 200 | 0.7E —13 | 0.2FE — 13 | 0.2F — 14

200 | 300 | 200 | 200 | 200 | 0.8E—13 | 0.2FE —13 | 0.1E — 13

200 | 400 | 300 | 200 | 300 | 0.2E —13 | 0.5FE —14 | 0.3E — 14

zg = (200, 100)

100 | 100 | 100 | 100 | 100 | 0.8£ —03 | 0.1E —03 | 0.8E — 06

100 | 200 | 200 | 200 | 200 | 0.3E —07 | 0.6E —08 | 0.1E — 09

200 | 300 | 200 | 200 | 200 | 0.5 E —12 | 0.1E —12 | 0.TE — 14

200 | 400 | 300 | 200 | 300 | 0.bE—13 | 0.1E —13 | 0.6E — 15

Example 2. In the role of function g(z) was taken function g(z) = g2(2)
and for the domain D two cases were considered. In the first case the domain
D has previous form and in the second case only the domain Bj is replaced
with the domain Bf, which represents the interior of ellipse ST : 2* = cost,
y* = 10sint, 0 < t < 27. In the first case in the role of contour S} was
taken boundary of squere §1 : 2 =0.999z, where z € S and the remainder
contours were the same. In the second case in the role of contour ST was
taken ellipse Siz = 0.2cost, y = 9.95sint (0 < ¢ < 27). The results of
numerical experiments are given in the Tables 3 and 4.
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Table 3

€1

€2

€3

€4

€5

k%
€1

100
200
300
400
500
1000

0.1£-01
0.6£—-02
0.4E—-02
0.2E—-02
0.1E—-02
0.8E—-03

0.2E-04
0.4E-08
0.3E-11
0.4E—-14
0.4E—-14
0.1E-14

0.5E—-06
0.9E—-11
0.2E—-13
0.1E-14
0.1E-14
0.1E-14

0.5E-09
0.3£-14
0.3£-14
0.2E-14
0.2E-14
0.1E-14

0.1E-05
0.4E-08
0.3£-10
0.6E—-11
0.3E—-14
0.1E-14

0.7E—-04
0.9E-07
0.6E—-09
0.6E—-11
0.5E—-13
0.2E-14

Table 4

Ny

N3

Ny

Ns

Ema:v

CN

100
200
400
1000

100
200
300
100

100
200
200
100

100
200
200
100

100
200
300
100

0.1F —-01
0.5E — 02
0.2E — 02
0.6E — 03

0.8E — 02
0.3E —03
0.1F —02
0.2E —03

0.9324
0.9333
0.9337
0.9339

Nt

No

Ny

Ny

Emax

CN

100
200
400
500

100
200
300
400

100
200
300
300

100
200
300
300

100
200
300
500

0.7 — 04
0.8E — 07
0.6 —11
0.5E —13

0.1E — 04
0.1FE — 07
0.1F —11
0.7 — 14

0.9246
0.9246
0.9246
0.9246

4. COMMENTS

1. The Tables 1 and 3 have only auxiliary character for the Tables 2
and 4, respectively. These tables help us to find the numbers N; and the
contours S; when solving the problem (1.1), (1.2), (1.3). At this principle
of selection of the numbers N; and the contours §Z we use economically the
possibilities of computer, in order to achieve higher accuracy of solution of
the problem (1.1), (1.2), (1.3). Besides, at this significantly less machine
time is needed than without using such selection.

2. In the Example 2, when the contour S; represents the boundary of
square By : |z|] < 5, |y| < 5, in the role of auxiliary contour is taken
contour §1 : 2z = 0.999z, where z € S;. In order to achieve the accuracy,
g1 = 0.8E — 03, L = 1000 auxiliary points are taken (see the Table 3).
It is explained by the fact that if a domain has re-entrant angles (see [8])
and the boundary function g(z) is not of type of the function ¢1(z), then
to improve the conditionality of the system matrix (2.12) the contour §1
should approach S. In this case in order to obtain good results, number L
should be increased.
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