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MULTIDIMENSIONAL COCHRAN AND LEE TYPE INEQUALITIES
WITH WEIGHTS

P. JAIN, L. PERSSON AND A. WEDESTIG

ABSTRACT. Let 0 < p < g < o0, f, V, and W be positive measurable
functions on R™ and let B; be a ball in R™ with centre at origin. A
general inequality of the type

( / [ex0 5 / 1nf(y>der(m)dw)l/q <
R™ By
< C(/fp(x)V(x)da;)l/p 1)
Bn

is proved. Moreover, for the power case W (z) = |Bz|%, V(z) = |Bg|?

a necessary and sufficient condition for (1) to hold is proved and stable

estimates for the least constant in (1) is given. Also the corresponding

companion inequalities, where f is replaced by f , are pointed
Bg R"\ By

out.

In their paper [2] J. A. Cochran and C. S. Lee proved the inequality

[GXP (530_8 =~ 'n f(?/)dy)} 2vdr < e [ 2%f(z)dz,  (2)
[lol] /

where a, ¢ are real numbers with € > 0, f is a positive function defined on
a+1
(0, 00) and the constant e“T is the best possible. This inequality, in fact, is
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a generalization of the famous Knopp inequality [11], which is obtained by
taking € = 1 and @ = 0 in (2). Inequalities of the type (2) and its analogues
has further been investigated and generalized by many authors e.g., see [4],
5, (6], (7], (8], (9], [10], (12], (13], [14], (15}, (16] and [17].

Very recently, A. Cizmesija, J. Pecaric and I. Perié¢ [1, Th 9, formula (23)]
proved an n—dimensional analogue of (2) by replacing the intervals (0, co)
by R™ and the means are considered over the balls in R™ centered at origin.
Their inequality reads:

/[exp <5|Bx|€/|By‘€1lnf(y)dy)]‘Bl.|adac§
En

B,

a+1

gea/j@mﬂrm, (3)
R n

where a € R, € > 0, f is a positive function on R", B, is a ball in R™ with
radius |z|, € R™, centered at the origin and |B,| is its volume.

In this paper we further generalize the inequality (3) to a more general
situation. First we prove that a more general inequality

<R[ {exp <ﬁlln f(y)dyﬂqW(:c) dac) ‘ §C</fp(m)V(;c) dz)i @)

R

holds, where f is a positive function on R", W and V are arbitrary weight
functions on R™ and 0 < p < ¢ < oo (See Theorem 1). In particular, if
W(z) = |B,|* and V(z) = |B,|°, then the corresponding Cochran-Lee type
inequality reads

—€ e—1 K a 1
(/ {exp <5|Bm| /|Bm| lnf(y)dyﬂ |Bm| d:c> <
R B,

< C(/f”(m)|Bz|bd:v), (5)
J

where

1

C= (2—)> “ev i and a= 1

q p

Note that for the case ¢ = p the constant in (5) is sharp and coincides with
the (Cizmesija-Pecaric-Peri¢)inequality (3) when p = ¢ = 1 and (5) does
not in general hold if a # %(b + 1) — 1. The last statement follows from
our Theorem 2, where necessary and sufficient conditions for the inequality
(5) to hold is derived and where also stable upper and lower estimates of
the least constant C' (the operator norm) are pointed out. Further, we
also study the inequality which is a companion to that of (4) in which the

integral [ is replaced by [ (see Theorem 3) and as a consequence of
B, R7\ By

(b+1)—1.
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this result we obtain an inequality like that in (5) also for this case (see
Theorem 4) thereby generalizing also the companion inequality of (3) (see
[1, Th 9, formula (24)]).

Before we go further, we give some notation and preliminaries which we
shall use in the sequel. By weights W, V, we shall mean positive locally
integrable functions on R™. The symbol B, denotes a ball in R with radius
|z], x € R™ and centered at origin. The surface of B; (unit ball in R"™) is
denoted by S,,—1 and its area by [S,—1]. The volume of B,, denoted by
| B;|, can be calculated as

||

1B,| = / dy = / (/|x|t” 1dt> _ [2l"1Sn] 'S" do

ly|<|z| Sn—1

We also need the following n—dimensional Hardy inequality proved by
P. Drabek, H. Heinig and H. Kufner [3]:

Theorem A. Let W and V' be weight functions on R™ and 1 < p < g < oo.
Then the inequality

(R[ ( B/ fy) dy) W(z) d:c) ‘< C<R[ P(2)V () dz) g )

holds for all non-negative functions f if and only if

e[ o)’ ( v <

x

and the best possible constant C' in (7) can be estimated in the following
way :

p—1

1

A gCgAn(Ll) "t

Our first main result is given as follows :
Theorem 1. Let 0 < p < g < oo it and W, V be weight functions on R™.
If

1
W2

1 1 g
D, = sup B, T [eXp (—/m—d )] < 00, 8

where W1 is the arithmetic average, i.e.,

Wi(z) = ﬁ / W (|z]o) do,

Sn—1
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then

(/{QXP (ﬁ/lnf(y) dy)rW(x) dx)%SC(/f”(ac)V(x) dx)p 9)

Rn

holds for all positive functions with some finite constant C. Moreover, the
least possible constant such that (9) holds can be estimated as follows:

1/q

C< (3) /P D,,. (10)
q

Proof. By applying Theorem A, with 2, £, W (z)|B,|=, 0 < a < p, in

o’ o)

place of p, ¢, W(z) and replacing f by f<, we get that if

Apo = suﬂg( / W(y)\Bdey) (/Vﬁ(y)dy) < o0,
zER™

n\Bg ©

then the inequality

(/ (“;m' /f“(y) dy)%W(x) dm)% = Ca(/fp(x)V(x) dx)%

Rn

holds for all f > 0 and the constant C, satisfies

o) ()

pP—« Q@

We note that

where

1\%
Ap,o = sup (—) X

zERN N
X <]Rn\/B W(y)}By|quy)E <B/ Vﬁ(y)dy>% <oo. (1)

We also note that the scale of power means

(3 /fa<y)dy)l/a

is increasing in « and converges to the geometric mean

xp (ﬁ [mrw) dy)
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asa — 0 and lim (=2-)"% = ¢!/P. Thus the inequality (9) holds with

a—0t P«
C< Anp%€5, (12)

where

Next we note that

= sy (1ol (B2 (i () F o)

Rn\B,
X( 1 /Va ()d)ai
=N «rl\y)ay
| Be|
B,
Now using the variable transformation y = |z|z, in the first integral we
obtain
1 lz[\ & |-n 1 _ng
Ia::—/Wy<—) T dy:—/W:Ezz * dz
a W) " ol - (1212) ||
]R"\Bw ]R"\Bl
1 n—24_1
=— W (|z|to)t™ ™ ~!dt do. (13)
o
Spo1 1
Moreover, we note that
X|[1,5] (t)n(g — 1)t"’%*1 — 61(t) as a— 07,
o

where d1(¢) is the Dirac delta function at ¢ = 1 (point unit mass at ¢t = 1).
This implies that

1 1
Iy — e / W(|z|o) do = n—q‘Sn_1|W1(x) as a — 0T, (14)
Sn—1

Now, by taking the limit & — 0% in (11) and using (6), (13) and (14) we
find that

A ,l| |ﬂ—ﬂ(5n—1)%*%wl( ){ ( 1 /1 1 i )}%
= supgq ¢|z|? * ()| exp | —=— n =
nT b n 1 Bl ) vy

=q 9D,. (15)

By using (8) combined with (12) and (15) we obtain (9), (10) and the proof
is complete.

Next we will prove that the following stronger statement holds for the
special case V(z) = |B,|® and W (z) = |B,|* :
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Theorem 2. Let 0 <p < g<o0,a,beR ande € Ry. Then

<R/ {exp <€‘Bx‘EB/‘By|Ellnf(y)dyﬂ \Bx|adx)q -

x

< C</f”(fﬂ)|Bx|bdx)% (16)
J

holds for all positive functions f for some finite constant C' if and only if

1 1
etl _b+1 (17)
q p

and the best constant C in (16) satisfies

Remark 1: We note that by applying Theorem 2 with p = ¢ = 1 we obtain
a more general statement than the (Cizmesija-Pecaric-Perié¢) estimate (3).

Proof. Assume that (17)holds and let f be an arbitrary positive function
on R™. By writing (16) in polar coordinates we find that

T natn—1 . 180 s\ e
narn— En n—1 ne—
[ [= exp | zeig—r S f( - ) y"etx
Sn-1 0 Spn-1 0

1/q

x In f(ya) dy daﬂ ' dx d7'> <

0 b 1/p
§c< [t (15l) f”(:c7)d:cd¢> .
S

n—1 0

By first making the variable transformation y = r= and after that the
transformation x = ¢t we find that this inequality can be rewritten as

00 [t]
[Sn— atl_q1),p—1 -1
(1 T (st vmtop ([ | et
n—1 n

—1
1

xlnf(r%a)drda)%dtdr) ' <

1

s} b
SC( [ f(—‘s’;;l') t"<bi£1>t”1fp(t%r)§dtdr) ,
Sn_10
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i.e., in view of (6) and the assumption (17)

(11 eXI’<|B|B/“””1 gar)u)

R N e [ B v
<o( =) ([ o), o)

n
R

where fi(ro) =

W(z) = |B,|(“5 D

f ( o). We will now apply Theorem 1 with the weights
D and V(z) = |B, |5~

) and note that in this case

rER™

ati_1 1 b1 B
D,, = sup|B ‘( )(expm/ln|3y‘ e +1dy) ) (19)
B,

Moreover, some straightforward calculations show that

/1n|By|’b dyf// (1- b+1)1n(|sr;;1|y")dyd0:...

BZ‘

(20)

- |BI|(1n|Bm\’T+1 + HTl -1).

Thus, by combining (19) and ( 0) we find that

so that, according to the assumption (17)

bl 1
D, =e=r " » <0

which, by Theorem 1, means that (16) holds for each positive function f
and, moreover, by (10) and (18),

1/q 1_1 b+1

c<(B) i
q

On the contrary, assume that (16) holds for all positive functions f. Again

we rewrite (16) on the form (18)and apply this inequality with the test

function

= |B,|” oo )XBJ,

where z € R™ is arbitrary. We obtain

at1 1 1 l/q
(/\Bt : _1(eXp ﬁ/lnwsﬁ“‘%)ds) dt) <Co|B.|""", (21)
B, Bt
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where

Co =

L\ (o
(—'S" 1') ei 3 C. (22)

By now again using polar coordinates and making some straightforward
calculations similar to those before we find that

[ R PN P s P (2 )

By

Hence, in view of (21)

Eb;;l_% </ ‘Bt‘ajlil‘i’%(l*bigl) dt) Y S CO|BQ:|1/p

T

which we rewrite as

q 1/q
</\Bt\%1dt) <ev ™5 Col By, (23)
where
a+1 b+1
po=p/(a+1),a=— g, —. (24)

By using polar coordinates in (23)we find that

B 1/q . L
(Jrmgmta) " =l () < -2 .

i.e., that

11 1/q 4
B 77 < (L) e G, (25)
Po
This can be true for each x € R™ if and only if py = p which means that
a = 0 so that, by (24), (17)holds. Moreover, according to (22)and (25) we
see that

1/q
c> (£> eb;pl_%gi_%

q
and the proof is complete. O

Remark 2: If we take p = ¢ so that a = b, then the inequality (16)holds
b
with the constant C' = ¢'57 . By using the functions

b+1

-] —(b+1) [ .|~ 2 (b+1—ed)
fé(x):{ ™5 By~ [z ,x € By,

e | By [T || T 01Dy e R\ By,
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in (16)and letting 6 — 0%, it can be shown that the constant C' = e is
sharp.
We also state the following complement of Theorem 1:

Theorem 3. Let 0 < p < g < oo and W, V' be weight functions defined
on R™. If

1_
q

1
~ 1 .1 1 1 P
D,, := sup |B, PWa(x [exp( /ln~—dy)] < 00,
sp BT e (] ) )

= iy 1 — 1 ~ 11 — 1
W(s)=Wi(s~H)<|s| " V) = v(sTE)Z]s

then

1

(/[QXP(€|Bx|E / ‘By|_a_1lnf(y)dy)]qW(x)dm)Eg

R R"\B,
< C(RZ @)V (@) dm) (26)

holds for all positive functions f. Moreover, the least possible constant such
that (26) holds can be estimated as follows:

1
C< (£> qe%Dn.
q

Proof. By using polar coordinates, (6) and some variable transformations
similar to (but not the same) as those used in the proof of Theorem 2, the
equation (26)can be transformed to

(/[eXPQBl /1nf(z‘5)dz>]qv~[/(s)ds)% <

n S|BS
<o [t ty)

Now by applying Theorem 1 and again using polar coordinates, (6)and
some variable transformations again, we get the result. O

S =

For the power weight case W(x) = |B.|%, V(z) = |B:|®, we have the
following more precise result:
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Theorem 4. Let 0 < p < qg< o0, e >0 and a, b € R. The inequality

(f[ewtlnr [ m msa)]1nar) <

R™ R™\B,
< C< fp(x)|Bx|bdx) ’ (27)
/

holds for all positive functions f on R™ and some finite constant C, if and
only if
a+1l b+1

q p

Moreover, the least possible constant C such that (27) holds can be estimated
as follows:

ES ES
(Z—j) qg%_%e_(bet)l"_%) <C< (2—)) qg%_%e_baipl,

Remark 3: If we take p = ¢ so that a = b, then the inequality (27)holds

b+1
with the constant C' = e~ "s» . By using the functions

5 |By |~V || FOHIHeD) o e Re\ By

b+1 n
e er | By |~ |g| 5010 e By
- { G 1

in (27)and letting  — 0%, it can be shown that the constant C' = e s
sharp. In particular, by combining this fact with our previous Remark 2 we
see that Theorems 2 and 4 with p = ¢ = 1 give a more general information
than that in [1, Theorem 9].
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