
Proceedings of A. Razmadze
Mathematical Institute
Vol. 129 (2002), 113–128

CLASSES OF PSEUDO-CONCAVE TYPE FUNCTIONS AND THEIR

APPLICATIONS

A. YAKUBOV

Abstract. In the present paper we introduce classes of functions
of pseudo-concave–pseudo-convex type functions (A) : Aγ(t), Aλ(t),

A
γ(t)

λ(t)
and (W ) : W γ(t), Wλ(t), W

γ(t)

λ(t)
, respectively, with functional

parameters. A complete description of such classes and some of their
applications are given. Their connection with the well-known Barry-
Stechkin type classes Φk corresponding to γ(t) = 1, λ(t) = tk k =
1, 2, . . . , and with other majorant classes is established.

1. Main Definitions and Notation

Definition 1. A nonnegative function f(x) is said to be almost increasing
(almost decreasing) on a set E ⊆, if the exists a constant C > 0 (d > 0)
such that for all x, y ∈ E from the inequality x < y follows the inequality
f(x) ≤ Cf(y) (f(x) ≥ df(y)). The number

C(f) = sup
x<y;x,y∈E, f(y) 6=0

f(x)

f(y)
, 1 ≤ C(f) <∞, (1)

is called a coefficient of almost increase of an almost increasing function
f(x). Similarly,

d(f) = inf
x<y;x,y∈E, f(y) 6=0

f(x)

f(y)
, 0 < d(f) ≤ 1, (2)

is the coefficient of almost decrease of an almost decreasing function (see
[1]–[3]).
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Two nonnegative functions f(x) and ϕ(x), x ∈ [0, ℓ] will be called, as
usual (see [1]), equivalent on [0, ℓ] : f ∼ ϕ, if there exist C1 > 0 and C2 > 0
such that C1ϕ(x) ≤ f(x) ≤ C2ϕ(x).

Lemma 1. For the function f(x), 0 < x ≤ ℓ to be almost increasing

(almost decreasing), it is necessary and sufficient that it be equivalent on

[0, ℓ] to a non-decreasing (non-increasing) function (see [3]).

Everywhere below, all the functions under consideration will be defined
on the interval [0, ℓ], ℓ > 0.

Introduce the following notation:
W+ = {ϕ : ϕ(t) ∈ C(0, ℓ], ϕ(t) > 0, t > 0,
W ∗ = {ϕ : ϕ(t) ∈W+ and ϕ(t) almost increases on (0, ℓ},
W∗ = {ϕ : ϕ(t) ∈ W+ and ϕ(t) almost decreases on (0, ℓ},
W = W ∗ ∪W∗ is a class of almost monotone functions,
W ∗

∗ = W ∗ ∪W∗ is a class of almost simultaneously increasing
and decreasing functions,
W ∗

0 = {ϕ : ϕ(t) ∈W ∗ and ϕ(0) = 0} = W ∗\W ∗
∗ ,

W∞ = {ϕ : ϕ(t) ∈W∗ and lim
t→0

ϕ(t) = ∞ = ∞} = W∗\W ∗
∗ .

Let α(t) and β(t) be the fixed functions from the class W .

Definition 2. We shall say that the nonnegative function ϕ(t) belongs to
the classAα(t) if ϕ(t)/α(t) almost increases and to the classAβ(t) if ϕ(t)/β(t)

decreases. By A
α(t)
β(t) we denote the intersection

A
α(t)
β(t) = Aα(t) ∩Aβ(t).

Classes of the type (A): Aα(t), Aβ(t) and A
α(t)
β(t) . Basic Properties.

Property 1. Let αi(t) ∈ W , i = 1, 2. If
α1(t)
α2(t)

∈ W ∗, then Aα1(t) ⊂ Aα2(t).

Analogously, if
β1(t)
β2(t)

∈W ∗, βi(t) ∈W , then Aβ2(t) ⊂ Aβ1(t).

Corollary 1. Aα1(t) ≡ Aα2(t) and Aβ1(t) ≡ Aβ2(t), if α1(t) ∼ α2(t) and

β1(t) ∼ β2(t).

By Lemma 1 and Corollary 1, the functions α(t) and β(t) can be assumed
to be monotone.

Property 2. If f(x) ∈ A
α(x)
β(x), then there exist positive constants d and C

such that

dβ(x) ≤ f(x) ≤ Cα(x).

In the case of the classes Aα(t) and Aβ(t) the corresponding one-sided in-

equalities are valid.

Following (1) and (2), we introduce the notation:

Cα(f) = sup
0<x<y≤ℓ

α(y)f(x)

α(x)f(y)
, for f(x) ∈ Aα(x) (3)
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and

dβ(f) = inf
0<x<y≤ℓ

β(y)f(x)

β(x)f(y)
, for f(x) ∈ Aβ(x). (4)

Property 3. If f(x) ∈ Aα1(x) and g(x) ∈ Aα2(x), αi(x) ∈ W , i = 1, 2,
then

f(x)g(x) ∈ Aα1(x)α2(x) and Cα1α2(fg) ≤ Cα1(f)Cα2(g). (5)

The similar statement will be true for the classes Aβ(x) if we replace (5)
by dβ1β2(fg) ≥ dβ1(f)dβ2(g).

Property 4. For the class A
α(x)
β(x) to be empty, it is necessary and sufficient

that
β(x)
α(x) be almost increasing.

Property 5. The class A
α(t)
β(t) possesses the property

f(x) ∈ A
α(x)
β(x) ⇔ f(x)δ(x) ∈ A

α(x)δ(x)
β(x)δ(x)

for any functions α(x), β(x), δ(x) ∈ W .

Property 6. If f(x) ∈ Aα(x), then 1/f(x) ∈ A1/α(x), where dα(1/f) =

[Cα(f)]−1. Similarly, if f(x) ∈ Aβ(x), then 1/f(x) ∈ A1/β(x) and Cβ(1/f) =
[dβ(f)]−1.

Property 7. If f(x) ∈ Aα(x) or f(x) ∈ Aβ(x), then f−1(x) ∈ Aα−1(t) or

f−1(x) ∈ Aβ
−1(t), respectively.

Property 8. Let f(x) ∈ Aα(x), f(x) 6= 0 for 0 < x < ℓ and the function

1/f(x) be integrable in the neighborhood of the origin. Then α(x)/x ∈W∞
and

hf(x)
def
=

x
∫

0

dt

f(t)
∈ A0

x/α(x),

where dx/α(x)(hf ) ≥ 1/Cα(f).

Property 9. Let f(x) ∈ A
α(x)
β(x), where α(x) and β(x) are non-decreasing

and tending to k + ∞ as x→ +∞. Then

f
[

h−1
f

]

∈ A
α[ x

α(x)
]

β[ x
β(x)

] .

Proofs of Properties 1–9 are obtained by a direct reasoning on the basis

of the definition of classes A
α(x)
β(x).
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Isomorphism of Classes Aα(x), Aβ(x), A
α(x)
β(x) . In the lemma and theorem

below, the functions αk(x) and βk(x), k = 1, 2, are assumed to be fixed and
monotone of the class W+([0, ℓ]).

Lemma 2. The classes Aα1(x) and Aα2(x) are isomorphic. The classes

Aβ1(x) and Aβ2(x) are isomorphic, as well. The isomorphism between these

classes is prescribed by the relations

f1(x) =
α1(x)

α2(x)
f2(x) and f1(x) =

β1(x)

β2(x)
f2(x),

respectively.

Theorem 3. The isomorphism between the classes A
α1(x)
β1(x) and A

α2(x)
β2(x) is

prescribed by the relation

f1(x) =
α1(x)

[α2(x)]P (x)

[

f2(x)
]P (x)

, (6)

where

P (x) = ln
β1(x)

α1(x)

/

ln
β2(x)

α2(x)
,

βi(x)

αi(x)
∈W ∗

0 , i = 1, 2.

Proof. From (6) we have

[ f1(x)

α1(x)

]ln
β2(x)

α2(x)

=
[ f2(x)

α2(x)

]ln
β1(x)

α1(x)

.

Thus the almost increase of the function f2(x)
α2(x)

implies the almost increases

of the function f1(x)
α1(x) . Similarly,

f1(x)

β1(x)
=
α1(x)

β1(x)

[ f2(x)

β2(x)

]P (x)

·
[β2(x)

α2(x)

]P (x)

.

In order for f1(x)
β1(x)

almost to decrease, it is sufficient that α1(x)
β1(x)

·[ β2(x)
α2(x) ]

P (x) = 1.

This can be achieved by taking logarithm in both parts of that equality.

The most natural is the situation α(t) = tα, β(t) = tβ , α, β ∈ R. We
accept the notation At

α

= Aα, Atβ = Aβ , A
α
β = Aα ∩Aβ .

Note that the coefficients Cα(t) and dβ(t) (see (3), (4)) increase mono-
tonically with respect to parameters α and β:

Cα1(f) ≤ Cα2(f) and dβ1(f) ≤ dβ2(f) for α1 ≤ α2 and β1 ≤ β2.

Obviously, every function f(x) ∈ Aα is integrable in case α > −1. The
following inverse statement is also valid.
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Lemma 4. If f(x) 6≡ 0, f(x) ∈ Aβ and for any d > 0

d
∫

0

f(t) dt <∞,

then β > −1.

From Property 2 follows

Lemma 5. If f(x) ∈ Aαβ , then

dβ(f)λβf(x) ≤ f(λx) ≤ Cα(f)λαf(x) for 0 ≤ λ ≤ 1 (7)

and

1

Cα(f)
λαf(x) ≤ f(λx) ≤ 1

dβ(f)
λβf(x) for λ ≥ 1. (8)

In the case of classes Aα, Aβ in (7) and (8) the one-sided inequalities cor-

responding to the classes Aα and Aβ are valid, respectively.

Lemma 6. Let f(x) ∈ Aα, α > 0 and f(x) strictly increase. Then

f−1(x) ∈ A1/α, where f−1(x) is the inverse to f(x) function. Analogously,

if f(x) ∈ Aβ , β > 0 and f(x) is strictly monotone, then f−1(x) ∈ A1/β.

Moreover,

C1/β(f−1) =
[

dβ(f)
]−1/β

and d1/α(f−1) =
[

Cα(f)
]−1/α

. (9)

Proof. The statements of the lemma and equality (9) (see (3),(4)) can be
verified directly.

Lemma 7. Let f(x) ∈ Aµν , g(x) ∈ Aαβ . β ≥ α ≥ 0, ν ≥ µ ≥ 0. Then

f ◦ g def
= f

[

g(x)
]

∈ Aαµβν ,

and

Cαµ(f ◦ g) ≤ Cµ(f)

dν(f)

[

Cα(g)
]µ[

C0(g)
]ν−µ

, (10)

dβν(f ◦ g) ≥ dν(f)

Cµ(f)

[

dβ(g)
]ν[

C0(g)
]µ−ν

. (11)

The above lemma can be proved directly by simple transformations.

Lemma 8. Let f(x) ∈ Aαβ for 0 ≤ α ≤ β < 1, f(x) 6= 0 and let 0 < x < ℓ

be the function introduced in Property 8, and ah−1
f (x) be the inverse to it

function. Then

f ◦ h−1
f

def
= f

[

h−1
f (x)

]

∈ A
α

1−α

β
1−β

,

note that

C δ
1−α

(

f ◦ h−1
f

)

≤
[

Cα(f)
]

1
1−α

/

dβ(f)
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and

d β
1−β

(

f ◦ h−1
f

)

≥
[

dβ(f)
]

1
1−β

/

Cα(f).

Proof. By Lemmas 6 and 7 and also Property 8 we conclude that 1/f(x) is

integrable in the neighborhood of the origin and hf (x) ∈ A1−β
1−α, where

C1−β(hf ) ≤ 1
/

dβ(f), d1−α(hf ) ≥ 1
/

Cα(f).

But then by Lemma 6 we have h−1
f (x) ∈ A

1
1−α

1
1−β

, and taking into account (9)

and inequalities (10) and (11), we obtain

C α
1−α

(

f ◦ h−1
f

)

≤ Cα(f)

dβ(f)

[

C 1
1−α

(h−1
f )

]α ≤ [Cα(f)]
1

1−α

dβ(f)
,

d β
1−β

(

f ◦ h−1
f

)

≥ dβ(f)

Cα(f)

[

d 1
1−β

(h−1
f )

]β ≥ [dβ(f)]
1

1−β

Cα(f)
.

On the Class A∞. Denote

A∞ = ∩
α>0

Aα.

The class A∞ is non-empty: an example of a function from that class is the
function

f(x) = ex−1/x, x > 0. (12)

Lemma 9. The coefficient Cα of the function (12) for any α is calculated

by the formula

Cα(f) = e−2
√
α2−4

[α+
√
α2 − 4

2

]2α

, (13)

if α ≥ 2 and Cα(f) = 1, if α ≤ 2.

The proof is carried out by direct calculations: Let fα(x) = x−αf(x),

then f ′
α(x) = ex−

1
x
x2−αx+1
xα+2 , from which we easily obtain (13).

Equality (13) shows that Cα(f) increases rapidly as α → ∞ (for any
function f ∈ A∞, as the lemma shows).

Lemma 10. For any function f(x) ∈ A∞, f(x) 6≡ 0, lim
α→∞

Cα(f) = ∞;

moreover, Cα(f) increases as α→ ∞ more rapid than the exponential func-

tion with arbitrarily large base:

Cα(f) ≥ CNα,

no matter how N > 1 is; here C = C(N) > 0 does not depend on α.
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Proof. For any α, by (2) we have

Cα(f) = sup
0<x≤y

(y

x

)α f(x)

f(y)
≥ sup

0<x≤Nx
Nα f(x)

f(Nx)
= CNα,

where C = sup
x>0

f(x)/f(Nx) > 0, if f(x) 6≡ 0.

Corollary 2. There is no function f(x) ≥ 0, except f(x) 6≡ 0, such that

f(x)/xα would increase for any α.

Indeed, if there is any, then for it Cα(f) 6≡ 1 for all α, which contradicts

Lemma 10.

Classes of the Type (W ): W γ(t), Wλ(t) and W
γ(t)
λ(t) .

Definition 3. We shall say that the function ψ(t) ∈W ∗
0 , 0 ≤ t ≤ ℓ, almost

decreases with some “supply” of almost increase, if there exists an almost
increasing function µϕ(t) ∈ W ∗

0 such that the function ψ(t)/µψ(t) almost
increases on (0, ℓ].

Every such function µψ(t) is assumed to be called a “supply” of the
function ψ(x) almost increase.

Obviously, if µψ(t) is a “supply” of the function ψ(t) almost increase, then
the function µ1(t) is such that µψ(t)/µ1(t) almost increases and likewise is
a “supply” of the function ψ(t) almost increase.

Definition 4. We shall say that the function ψ(t), 0 < t ≤ ℓ, almost
decreases with some “supply” of almost decrease, if there exists a monoton-
ically increasing function ν(t) ∈W ∗

0 such that the function ψ(t)ν(t) almost
decreases on (0, ℓ].

Every such function ν(t) we call a “supply” of the function ψ(t) almost
decrease and denote it by νψ(t).

Let γ(t) and λ(t) be fixed monotone functions of the class W+.

Definition 5. We shall say that the function ϕ(t) ∈ W+ belongs to the
class W γ(t) on [0, ℓ] if the function ϕ(t)/γ(t) almost increases with some
“supply” of almost increase (depending on ϕ(t)) and that ϕ(t) belongs to
the classWλ(t) if the function ϕ(t)/λ(t) almost decreases with some “supply”
of almost decrease (depending on ϕ(t)).

In particular, for γ(t) = tγ , γ ∈ R we denote W tγ def
= W γ . Analogously,

Wtλ
def
= Wλ. For γ ≥ 0, the classW γ coincides with the Barry-Stechkin class

Φγ , and for λ = k, k = 1, 2, 3, . . . , we have the well-known Barry–Stechkin
class Φk (see [1]–[3], [10]–[13]).

We define the class W
γ(t)
λ(t) as the intersection of the classes W γ(t) and

Wλ(t):

W
γ(t)
λ(t) = W γ(t) ∩Wλ(t).
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Classes of the type (W ) have properties of classes of type (A) with cor-
responding improvements due to the presence of “supply” functions for the

classes (W ). For example, if γ(t) ∼ λ(t), then the class A
γ(t)
λ(t) consists only

of the functions ϕ(t) ∼ γ(t) ∼ λ(t), while the class W
γ(t)
λ(t) is empty for

γ(t) ∼ λ(t). Moreover, the classes (W ) have those properties which do not
possess the classes (A). For example, the condition ϕ(t) ∈ Aγ(t) does not
imply the fulfilment of any of the conditions (Bγ)-(Pgm) below, while the
condition ϕ(t) ∈W γ(t) is equivalent to any of the conditions (Bγ)-(Pγ) (see
theorems on the equivalence), if for µϕ(t) and νϕ(t) the condition (Z1) is
valid.

The inequality in Property 2 for A
α(t)
β(t) in the case of the class W

γ(t)
λ(t) is

written as follows:

C1
λ(t)

νf (t)
≤ f(t) ≤ C2γ(t) · µf (t), νf (t), µf (t) ∈W ∗

0 .

In the case of power functions γ(t) = tγ , λ(t) = tλ, λ ∈ R, γ < λ we have
C1t

λ−ν ≤ f(t) ≤ C2t
γ+µ, ν, µ > 0 etc.

Theorems of the Equivalence. The conditions

(Z1) :

δ
∫

0

σ(t)

t
dt≤B1σ(δ) and (Z2) : δ

ℓ
∫

δ

σ(t)

t2
dt≤B2σ(δ), 0≤δ,

are called, respectively, the first and the second Zygmund condition for σ(δ).

Theorem 11. For the functions of the class W+ the following statements

are equivalent:

(Cγ) ϕ(t) ∈W γ(t) there exists µϕ(t) such that (Z1);

(Bγ)
∞
∑

ν=n+1

γ( 1
n

)

γ( 1
ν
)
· ϕ( 1

ν
)

ν ≤ Bγϕ( 1
n );

(Zγ)
δ
∫

0

γ(δ)
γ(t) ·

ϕ(t)
t dt ≤ Bγϕ(δ);

(Lγ) C > 1,

lim
δ→0

ϕ(Cδ)

ϕ(δ)
> ξ(C), ξ(C) = sup

0δ<l

γ(Cδ)

γ(δ)
;

(Sγ) for the function ϕ(δ) there exists the power function µϕ(δ) = δµ,

0 < µ < qγ such that
ϕ(δ)

γ(δ)µϕ(δ) almost increases, qγ = lim
t→0

ln γ(t)
ln t ;

(Pγ) for any 0 < θ < 1, for functions ϕ(δ) there exists p > 1 such that

the inequality

ξ(p)ϕ
( 1

pn

)

< θϕ
( 1

n

)

, ξ(p) = sup
0<α<l

γ(pδ)

γ(δ)

is valid.
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Theorem 12. For the functions of the class W+ the following statements

are equivalent:

(Cλ) ϕ(t) ∈Wλ) and for νϕ(t) is fulfiled (Z2);

(Bλ)
n
∑

ν1

λ( 1
n

)

λ( 1
ν
)
· ϕ( 1

ν
)

ν ≤ Bλϕ( 1
n );

(Zλ)
l
∫

0

λ(δ)
λ(t) · ϕ(t)

t dt ≤ Bλϕ(δ);

(Lλ) for the function ϕ(δ) there exists C > 1 such that

lim
δ→0

=
ϕ(Cδ)

ϕ(δ)
< η(C), η(C) = inf

0<δ<l

λ(Cδ)

λ(δ)
;

(Sλ) for the function ϕ(δ) there exists the power function νϕ(δ) = δν ,

0 < ν < qλ such that
ϕ(δ)νϕ(δ)
λ(δ) almost decreases, qλ = lim

t→0

lnλ(t)
ln t ;

(Pλ) for any 0 < θ < 1, for the function ϕ(δ) there exists p > 1 such

that the inequality

ϕ
( 1

n

)

< θη(p)ϕ
( 1

np

)

, η(p) = inf
0<δ<l

λ(pδ)

λ(δ)

is valid.

The proofs of these theorems are obtained by means of Lemmas 2 and 3
proven in [1] for cases γ(t) = 1 and λ(t) = tk k = 1, 2, . . . , and by theorems
on the isomorphism of classes W γ(t) and Wλ(t).

Classes of the Type A(∞) and W (∞). Classes Aγ(t), Aλ(t), A
γ(t)
λ(t) as well

as W γ(t), Wλ(t), W
γ(t)
λ(t) reflect a local behavior of functions ϕ(t) from the

classes W+ or W in the neighborhood of zero.
To consider the functions ϕ(t) from the classes W+ and W in the neigh-

borhood of the point at infinity +∞, we shall impose on the functions ϕ(t)
certain additional restrictions, analogous to those introduced for the case in
the neighborhood of zero.

Let γ(t) and λ(t) be the given monotone functions of the class W (0,∞).

We define classes Aγ(t)(∞), Aλ(t)(∞) and A
γ(t)
λ(t)(∞) as follows.

We shall say that the function ϕ(t) ∈W+(0,∞) belongs to the class Aγ(t)

or to the class Aλ(t)(∞) if ϕ(t)/γ(t) almost increases as t → ∞, and there

exists lim
t→∞

ϕ(t)
γ(t) = a, where 0 < a ≤ ∞ for ϕ(t) ∈ Aγ(t)(∞), and if ϕ(t)/λ(t)

almost decreases as t→ ∞, then there exists lim
t→∞

ϕ(t)
λ(t) = b, where 0 ≤ b <∞

for ϕ(t) ∈ Aλ(t)(∞). The class A
γ(t)
λ(t)(∞) will be defined as an intersection

of classes Aγ(t)(∞), Aλ(t)(∞) : A
γ(t)
λ(t)(∞) = Aγ(t)(∞) ∩Aλ(t)(∞).

Classes Aγ(∞), Aλ(∞), Aγλ(∞), γ, λ ∈ R correspond to the power func-
tions γ(t) = tγ , λ(t) = tλ, γ, λ ∈ R.
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For definition of the classes W γ(t)(∞), Wλ(t)(∞), W
γ(t)
λ (∞) it is more

convenient to impose additional conditions in terms of Zygmund conditions.

Let γ(t) and λ(t) be the given monotone functions of the class W (0,∞).

Definition 6. We shall say that the function ϕ(t) ∈ W+(0,∞) belongs to
the class W γ(t)(∞) or Wλ(t)(∞) if for some ℓ > 0 the integral Zygmund
conditions

(Zγ)(∞) : sup
δ≥ℓ

γ(δ)

ϕ(δ)

δ
∫

ℓ

ϕ(t)

tγ(t)
dt = Bγ(∞) <∞

or

(Zγ)(∞) : sup
δ≥ℓ

λ(δ)

ϕ(δ)

∞
∫

δ

ϕ(t)

tλ(t)
dt = Cλ(∞) <∞

are respectively fulfilled.

The class W
γ(t)
λ(t) (∞) will be introduced as an intersection of the classes

W γ(t)(∞) and Wλ(t)(∞):

W
γ(t)
λ(t) (∞) = W γ(t)(∞) ∩Wλ(t)(∞).

The classes W γ(∞), Wλ(∞), W γ
λ (∞) correspond to the cases γ(t) = tγ ,

λ(t) = tλ, where γ, λ ∈ R.

Properties analogous to those of the classes of type (A) and (W ) are
likewise valid for the classes of type A(∞) and W (∞). Note that these
classes are non-empty for γ < λ: the power function ϕ(t) = tP satisfies
condition (Zγ)(∞) for P ≥ γ, P > 0 and condition (Zλ)(∞) for P < λ.

2. Some Applications of the Classes of Type (A) and (W )

2.1. Majorizing Classes. One of the most important applications of the
classes of type (A) and (W ) is that the pseudo-concave functions are used
in the capacity of majorizing functions to characterize generalized Hölder
spaces Hϕ. This fact traces back to the works of S. M. Nikol’sky in which
the functions ω(t) from the class of moduli of continuity Ω were used as
majorizing functions.

In [1], the classes of majorizing functions Φ and Φk were introduced in
connection with the necessities of the theory of function approximation and
for obtaining generalized theorems related to Privalov’s problems.

Different classes of majorizing functions have been introduced in the
works due to Kh. Sh. Mukhtarov [3], S. G. Samko [2], N. G. Samko [14],
[15] and also in [10]–[14], [17], etc.
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2.2. On Fractional Integrals of Functions from the Classes A
γ
λ and W

γ
λ .

Denote

ϕ∗
λ = tλ sup

τ≥t

ϕ(τ)

τλ
and ϕγ = tγ sup

τ≤t

ϕ(τ)

τγ
.

The functions ϕ∗
λ(t) and ϕγ∗(t) are the least majorizing functions of ϕ(t)

among all its majorants, which after dividing by tλ and tγ decrease and
increase, respectively. From the definition of the functions ϕ∗

λ and ϕγ we
get that ϕ∗

λ(t) ∼ ϕγ∗(t) ∼ ϕ(t) for any function ϕ(t) ∈ Aγλ.

Consider the functions

(Iγ + ϕ)(x) =
1

Γ(γ)

x
∫

0

(x− t)γ−1ϕ
γ
∗(t)

tγ
dt, γ > 0

and

(Jλ + ϕ)(x) =
1

Γ(λ)

x
∫

0

(x− t)λ−1ϕ
∗
λ(t)

tλ
dt, λ > 0

which are fractional integrals of
ϕγ

∗
(t)
tγ and

ϕ∗

λ(t)
tλ of order γ and λ, respec-

tively. By simple transformations and reasoning it is not difficult to prove
that (Iγ+ϕ)(x) ∼ ϕ∗(x) ∼ ϕ(x) for γ > 0 for ϕ(x) ∈ Aγλ and ϕ(x) ∈ W γ

λ ;
analogously, (Jλ+ϕ)(x) ∼ ϕ∗(x) ∼ ϕ(x) if ϕ(x) ∈ Aγλ for γ < λ < 1 + γ and
if ϕ(x) ∈ W γ

λ for γ < λ ≤ 1 + γ.

Thus the constructions Iλ+ and Jλ+ for the functions ϕ(x) of the classes
Aγλ and W γ

λ are prescribed by the functions, equivalent to ϕ(x), which have
fractional derivatives up to orders γ and λ, respectively.

The function (Iλ+ϕ)(x) for λ = k satisfies Corollary 2 from [9] (p. 159).

Therefore by monotonicity of ϕ∗(x) and ϕ∗(x)
xλ for λ = k we have

ωk(T
k + ϕ, t) ∼ (Ik + ϕ)(t) ∼ ϕ∗(t) ∼ ϕ(t).

2.3. Classes of Operators of Pseudo-Convex Type. Since the basic proper-
ties of functional classes Aα, Aβ , A

α
β as well as of classes W γ , Wλ, A

γ
λ are

written by means of inequalities, we can introduce their natural generaliza-
tions to the case of classes of nonlinear operators of pseudo-concave–pseudo-
convex at cones partially ordered spaces.

Definition 7. We shall say that the operator A belongs to the class V γ ,
γ ∈ R (or to the class Vλ, λ ∈ R), if the inequality

A(αu) ≤ αγAu (or A(αu) ≥ αλAu, respectively) (14)

is fulfilled for all 0 < α < 1 and the opposite inequality for α > 1. Operators
of the class V γ is called pseudo-convex for γ > 1 and pseudo-concave for
λ < 1 for Vλ.
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Define a class of operators V γλ as intersection of classes V γ and Vλ:

V γλ = V γ ∩ Vλ, γ ≤ λ.

This class is empty for γ > λ.

Definition 8. We shall say that the operator A belongs to the class Λγ ,
γ ∈ R (or to the class Λλ, λ ∈ R), if there exist µA > 0 and ν∗ > 0 such
that

Aαu ≤ αγ+µAAu (or Aαu ≥ αλ−νAAu),

for 0 < α < 1 and an opposite inequality for α > 1 (conf. (14)).

Define the class Λγλ as intersection of classes Λγ and Λλ:

Λγλ = Λγ ∩ Λλ, γ ≤ λ.

This class is empty for γ ≥ λ.
We shall not dwell here on the properties of those classes. They can be

easily obtained from the corresponding properties of the classes of type (A)
and (W ).

These classes are very effectively used for investigation of nonlinear oper-
ator equations of type u = Au+ f , where A is the nonlinear operator from
the classes of type V or Λ (see [4]–[6], [16], [20]).

2.4. Application to Nonlinear Integral Equations. Consider here two ap-
proaches to utilization of classes of type A, W for investigation of nonlinear
Volterra integral equations of the type

u(x) =

x
∫

0

Q(x, t)ϕ
[

u(t)
]

dt+ f(x) (15)

where Q(x, t) is a measurable nonnegative on [0, ℓ] × [0, ℓ] function and
[0, ℓ] ⊂ R

n is a parallelepiped in R
n. Regarding the nonlinearity we assume

that ϕ is the monotone function such that

ϕ(u) ∈ Aγλ or ϕ(u) ∈W γ
λ , −1 ≤ γ < λ ≤ 1 (16)

On the basis of inequalities for ϕ ∈ Aγλ we obtain a priori estimates for
solutions u(x) of the equation. Taking into account Property 2, we get

u(x)≥
x

∫

0

Q1(x, t)u
γ(t) dt+f(x), u(x)≤

x
∫

0

Q2(x, t)u
γ(t) dt+f(x),

where Q1(x, t) ≤ Q(x, t) ≤ Q2(x, t). We apply the well-known theorems
on integral inequalities with power nonlinearity whose theory is completely
enough developed (see [18] and bibliography in [18]): solving equations

v(x)=

x
∫

0

Q1(x, t)v
λ(t) dt+f(x) and ω(x)=

x
∫

0

Q2(x, t)ω
γ(t) dt+f(x),
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and taking into account (16), we find a priori estimates for the solution
u(x) of equation (15): u(x) ≥ v0(x) and u(x) ≤ ω0(x) which define a cone
segment 〈v0, ω0〉 containing a solution of the initial equation. Apply further
the commonly known classical schemes from [4]–[6].

Consider the equation

u(x) = Au(x), Au =

∫

Ω

Q(x, t)ϕ
[

u(t)
]

dt, (17)

where Ω is the domain in R
n, Q(x, t) and ϕ(u) have the properties: (a)

Q(x, t) is measurable and nonnegative on Ω × Ω; (b) ϕ(u) is monotone and
ϕ(u) ∈ Aγλ, −1 < λ < 1.

Let K be a cone of positive in Ω functions and the operator A be defined
on K. Let g(x) ∈ K. Denote by Kg a constituent of the cone K from
functions u(x), equivalent to the function g(x).

Theorem 13. Let conditions (a) and (b) be fulfilled and let there exist a

function g(x) ∈ K such that Ag ∼ g. Then in Kg there exists a unique

solution u∗(x) of equation (17) and

u∗(x) = lim
n→∞

Ang(x).

It can be easily shown that in the case of convolutional kernel Q(x, t) =
K(x − t) for almost weak anti-synchronous (see [19], [20]) K(x) and u(x)
the function g(x) can be constructed explicitly with respect to the kernel
K(x) and nonlinearity of ϕ. Let we have the equation

Au =

x
∫

0

K(x− t)ϕ
[

u(t)
]

dt.

Denote x ∈ (x1, . . . , xn) ∈ [0, ℓ] = [0, ℓ1] × · · · × [0, ℓn], K(x) > 0, x ∈ [0, ℓ],
ϕ ∈ A0λ

∗, 0 < λ ≤ 1, ℓ = (ℓ1, . . . , ℓn), ℓi > 0, i = 1, n.

This function is monotone, since there exist G−1(u), where G−1(u)
u in-

creases and G−1(u)

u
1

1−λ

decreases.

Suppose

g(x) = G−1

(

x
∫

0

K(t) dt

)

.

Then under the additional assumption

x
∫

0

K(t)

(

t
∫

0

K(τ)

)
1

1−λ

dt ≥ C

(

x
∫

0

K(t) dt

)
1

1−ν

(appearing for n > 1), we find that Ag ∼ g (in this connection see also
[4]–[6]).
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Note that in terms of the classes of type (A) and (W ) on every interim
step of transformations we have an exhaustive information on the smooth-
ness of an obtainable expression, including also of coefficient values of almost
monotonicity of these expressions.

2.5. Multiplicative Inequalities of Kolmogorov Type. The following lemma
is actually used in proving interpolation theorems for generalized Hölder
spaces Hϕ.

Lemma 14. Let
γ1(t)
γ2(t)

,
γ2(t)
γ3(t)

∈ W0 and
λ1(t)
λ2(t)

,
λ2(t)
λ3(t)

∈ W0. Then for ev-

ery functions ϕ1(t) ∈ W
γ1(t)
λ1(t) and ϕ3(t) ∈ W

γ3(t)
λ3(t) there exists the function

ϕ2(t) ∈W
γ2(t)
λ2(t) such that

ϕ2(t) = ϕν1(t) · ϕν3(t), (18)

where 0 < ν = ln γ2(t)
γ3(t)

/

ln γ1(t)
γ3(t) = ln λ2(t)

λ3(t)

/

ln λ1(t)
λ3(t) < 1, and vice versa, for

every function ϕ2(t) ∈W
γ2(t)
λ2(t) there exist ϕ1(t) ∈W

γ1(t)
λ1(t) and ϕ3(t) ∈ W

γ3(t)
λ3(t)

such that equality (18) is fulfilled.

Proof. We have

ϕ2(t) = ϕν1(t) · ϕ1−ν
3 ∈W

γν
1 (t)·γ1−ν

3 (t)

λν
1 (t)·λ1−ν

3 (t)
= W

γ2(t)
λ2(t) .

In the case of classes W γ(t) or Wλ(t) the proof is similar.

Theorem 15. Let Hϕi , i = 1, 3 be generalized Hölder spaces with naturally

introduced norms ‖f‖Hϕi , i = 1, 3, where ϕi(t) ∈ W γi

λi
, i = 1, 3 satisfy the

conditions of Lemma 14. Then the inequality of Kolmogorov type is valid:

‖f‖Hϕ2 ≤ C · ‖f‖νHϕ1 · ‖f‖1−ν
Hϕ3 ,

where ν is defined just in the same way as in Lemma 14.

On the basis of Lemma 14 and Theorem 15 we can prove in the standard
manner that generalized Hölder spaces with natural norms form a scale of
Banach spaces (see also [3], [7]).

2.6. Improvement of Some Classical Results. Application of classes W γ
λ al-

lows one to improve the well-known results for moduli of continuity (see,
for e.g., [8], Theorem 348, pp. 417–421).

Theorem 16. Let the integral smoothness moduli ωk(f
(r), δ)p and ωk(f, δ)p,

1 ≤ p ≤ ∞, k = 1, 2, . . . , satisfy the conditions

δ
∫

0

ωk(f
(r), t)p
t

dt ≤ B0ωk(f
(r), δ)p (19)
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and

δk
ℓ

∫

δ

ωk(f, t)p
t1+k

dt ≤ Bkωk(f, δ)p. (20)

Then there exist 0 < µ < 1 and 0 < ν < k such that the inequalities

ωk(f
(r), αδ)p ≤ C0 · ωk(f (r), δ) · αµ

and

ωk(f, δ)p ≤ Ck · ωk(f, αδ) ·
1

αk
· αν ,

uniformly with respect to all 0 < α < 1/2, 0 < δ < 1/2 are, respectively,

valid.

Proof. Relying on the theorems on the equivalence, it follows from (19) and
(20) that ωk(f

(r), δ)p ∈ W 0 = Φ0 and ωk(f, δ)p ∈ Wk = Φk. By conditions
(Sγ) and (Sλ) we obtain the existence of the required values µ, ν > 0; they
can be calculated explicitly by the values B0 and Bk.

Note that in [8] these statements have been obtained with the factor 1
| lnα|

instead of αµ and αν .
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