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CLASSES OF PSEUDO-CONCAVE TYPE FUNCTIONS AND THEIR
APPLICATIONS

A. YAKUBOV

ABSTRACT. In the present paper we introduce classes of functions
of pseudo-concave—pseudo-convex type functions (A) : AY®) Axct)s

AL and (W) s WO, Wy, W,
parameters. A complete description of such classes and some of their
applications are given. Their connection with the well-known Barry-
Stechkin type classes @}, corresponding to v(t) = 1, A\(t) = t¥ k =
1,2,..., and with other majorant classes is established.

respectively, with functional

1. MAIN DEFINITIONS AND NOTATION

Definition 1. A nonnegative function f(z) is said to be almost increasing
(almost decreasing) on a set E C, if the exists a constant C > 0 (d > 0)
such that for all x, y € E from the inequality < y follows the inequality

f(z) < Cf(y) (f(z) = df (y)). The number

f(@)
= T, 10
o $<y;w,yseu£,f(y)¢0 fly)’ 1< C(f) < oo, (1)

is called a coefficient of almost increase of an almost increasing function
f(z). Similarly,

_ , flz)
4 = I<y;m791€n1£,f(y)¢0f(y)7 0<df)<t, @)

is the coefficient of almost decrease of an almost decreasing function (see

[11-[3)-
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Two nonnegative functions f(z) and ¢(z), z € [0,¢] will be called, as
usual (see [1]), equivalent on [0,£] : f ~ ¢, if there exist C; > 0 and Cy > 0
such that C1,(z) < f(z) < Cop(x).

Lemma 1. For the function f(z), 0 < x < £ to be almost increasing
(almost decreasing), it is necessary and sufficient that it be equivalent on
[0,4] to a non-decreasing (non-increasing) function (see [3]).

Everywhere below, all the functions under consideration will be defined
on the interval [0, ¢], £ > 0.
Introduce the following notation:
Wi ={p:0(t) € C0,4, p(t) >0,t>0,
W* ={p: ot ) € W, and ¢(t) almost increases on (0, £},
= {p: ¢(t) € W, and ¢(t) almost decreases on (0, £},

W W* U W, is a class of almost monotone functions,
Wi =W*UW, is a class of almost simultaneously increasing
and decreasing functions,
Wo ={y: @()GW* and ¢(0) = 0} = W\W,

Woo ={p: o(t) € W, and hm<p( ) =00 =00} = W \W}.
Let a(t) and B(t) be the ﬁxed functions from the class W.

Definition 2. We shall say that the nonnegative function ¢(t) belongs to
the class A*(® if o(t)/a(t) almost increases and to the class Ag(y) if ¢(t)/B(t)

decreases. By Aggg we denote the intersection

alt) _
AB( = A" N Ag .

Classes of the type (A): A*®), Ag() and Aﬂ(t) Basic Properties.

Property 1. Let o;(t) € W, i=1,2. If 25 ‘“(t) € W*, then A () c A*=(),

Analogously, if glg) e W=, Bi(t) e W, then Ag,t) C Agyt)-

Corollary 1. A« () = A1) gpq A 1) = Apy), if aa(t) ~ aa(t) and
Br(t) ~ Ba(t).

By Lemma 1 and Corollary 1, the functions «a(t) and 3(t) can be assumed
to be monotone.

Property 2. If f(z) € Agg;, then there exist positive constants d and C
such that
d8(z) < f(z) < Cala).
In the case of the classes A“Y) and Apty the corresponding one-sided in-
equalities are valid.

Following (1) and (2), we introduce the notation:

Calf) = swp 2D g i) € o 3)

O<z<y<t a(z)f(y)



CLASSES OF PSEUDO-CONCAVE TYPE 115

and

ds(f) =  inf By)f(z)

a 0<z<y§lﬁ($)f(y)’ for f(l‘) € Aﬁ(l‘)' (4)

Property 3. If f(z) € A®) and g(z) € A2, a;(z) € W, i = 1,2,
then

f(z)g(x) € A @2 and Cayay(f9) < Cay (£)Cas(9)- ()

The similar statement will be true for the classes Ag(, if we replace (5)
by d5152 (fg) > dﬁl (f)dﬁ2 (g)

Property 4. For the class Agéz; to be empty, it is necessary and sufficient

that % be almost increasing.

Property 5. The class Aggg possesses the property
a(z a(z)d(x
f(2) € A < f(2)d(x) € Afs)
for any functions a(x), B(x), 0(z) € W.
Property 6. If f(z) € A*®) then 1/f(x) € Al /a(a), where do(1/f) =

[Ca()]7Y. Similarly, if f(z) € Ag(y), then1/f(z) € AYF®) and C5(1/f) =
[da ()]~

Property 7. If f(x) € A°®) or f(z) € Ap(z), then f~H(x) € Ag-1(y) or
fHx) € AP respectively.

Property 8. Let f(z) € A*®) f(x) #0 for 0 < x < £ and the function
1/f(x) be integrable in the neighborhood of the origin. Then a(z)/x € Wy
and

T
def dt
hp(z) = 70 € AY/a(a);
0
where dx/a(a:) (hf) > 1/Ca(f).
Property 9. Let f(z) € Agg;, where a(x) and B(x) are non-decreasing

and tending to k + oo as x — 4+o00. Then

_ el
107 < 4355

Proofs of Properties 1-9 are obtained by a direct reasoning on the basis

of the definition of classes Agéz; .
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Isomorphism of Classes A®(®), AB(z), Ag((:; . In the lemma and theorem

below, the functions ay(z) and S (x), k = 1,2, are assumed to be fixed and
monotone of the class W,([0, 4]).

Lemma 2. The classes A%®) and A*2(®) gre isomorphic. The classes
Ag, (2) and Ag, () are isomorphic, as well. The isomorphism between these
classes is prescribed by the relations

Bi(x)
Ba ()

_a(z)
as ()

fi(z)

fa(x) and fi(x) = Ja(x),

respectively.

Theorem 3. The isomorphism between the classes Agll((f)) and Agz((;)) 18
prescribed by the relation

o (2) (@)
file) = o @] (6)
where
_ @) ) Pe() i) © g
P(z) =1 o x)/l aala)’ ai(x)GWO’ 1,2

Proof. From (6) we have

{fl(f)r‘ 228 _ [fQ(fU)T“ 518

o (2) oz ()
Thus the almost increase of the function i 22((3;)) implies the almost increases

of the function (J; 11((2)) Similarly,
filz)  ai(x) [fg(:n)}P(m) . [ﬁQ(x)}P(m)

Bi(z) — Pi(z) LBa() az(x)

éigz; almost to decrease, it is sufficient that gi—((i;-[%]mx) = 1.

This can be achieved by taking logarithm in both parts of that equality. O

In order for

The most natural is the situation a(t) = t*, 3(t) = t°, a, B € R. We
accept the notation A" = A% A;s = Ag, Af = A% N Ap.

Note that the coefficients Cy (t) and dg(t) (see (3), (4)) increase mono-
tonically with respect to parameters o and 3:

Cal (f) < Caz (f) and dﬁl(f) < dﬁz (f) for oy <az and (1 < fBa.

Obviously, every function f(z) € A% is integrable in case o > —1. The
following inverse statement is also valid.
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Lemma 4. If f(x) 0, f(x) € Ag and for any d >0

d
/f(t) dt < o0,
0

then B > —1.
From Property 2 follows
Lemma 5. If f(z) € Aj, then

ds ()N F(@) < f0a) < CalFA*f(2) for 0 A< 1 (7)
and
L @ Ly x) for
Ca(f))‘ f(@) < f(Ax) < dﬁ(f))‘ f(x) for A>1. (8)

In the case of classes A%, Ag in (7) and (8) the one-sided inequalities cor-
responding to the classes A* and Ag are valid, respectively.

Lemma 6. Let f(xz) € A%, a > 0 and f(z) strictly increase. Then
[N (x) € A1/, where f71(x) is the inverse to f(x) function. Analogously,
if f(x) € Ag, B> 0 and f(x) is strictly monotone, then f~'(z) € AY5.
Moreover,

Crs(f) = [da(H] ™" and dyjalf™1) = [Calf)] 9)

Proof. The statements of the lemma and equality (9) (see (3),(4)) can be
verified directly. O

Lemma 7. Let f(z) € A, g(z) € A§. B>a>0,v>p>0. Then

fog® flg(a)] € A%,

—1/a

and
Conlf 29) < B [Cal)] " [Cota] ™ (10)
dg,(fog) > % [ds(9)]" [Colg)]"". (11)

The above lemma can be proved directly by simple transformations.

Lemma 8. Let f(z) € Af for0<a <@ <1, f(z) #0 and let 0 <z </

be the function introduced in Property 8, and ah;l(x) be the inverse to it
function. Then

fohyt def [hi'(@)] € ATS",

note that

1

Cs_ (foht) < [Calp)]™T

1—a
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and

ds (fohy') = [de(£)] ™7 [Calf).

Proof. By Lemmas 6 and 7 and also Property 8 we conclude that 1/f(z) is
integrable in the neighborhood of the origin and hy(x) € Al7P where

l1—a

Cip(hy) <1/ds(f), di—a(hy) > 1/Cal(f).

o

But then by Lemma 6 we have h;l(x) € A% and taking into account (9)
75

and inequalities (10) and (11), we obtain

-1 Co 1y C, T—a
contoa < Gl < AL
o) E 1 BT,

On the Class A°°. Denote

A® = N A*

a>0

The class A* is non-empty: an example of a function from that class is the
function

fl@)y=e*"Y" x>0 (12)

Lemma 9. The coefficient C,, of the function (12) for any « is calculated
by the formula

Ca(f) =

2 _ 2
p-2Var—a[ Ot ‘/20‘—4 a, (13)

ifa>2and Co(f) =1, ifa < 2.

The proof is carried out by direct calculations: Let f,(z) = =% f(z),
then f/(z) =e* = ﬁ;ﬁfjl, from which we easily obtain (13).

Equality (13) shows that C,(f) increases rapidly as o — oo (for any
function f € A%, as the lemma shows).

Lemma 10. For any function f(x) € A®, f(z) £ 0, lim Cu(f) = oo;

moreover, Cy(f) increases as « — oo more rapid than the exponential func-
tion with arbitrarily large base:

Ca(f) = CN*,

no matter how N > 1 is; here C = C(N) > 0 does not depend on a.
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Proof. For any «, by (2) we have

- ARG o J@) e
Calh = s (5) Fg) 2 o520, N Fovy = OV

where C' = supf(z)/f(Nz) > 0, if f(x) £0. O
>0

Corollary 2. There is no function f(x) > 0, except f(x) £ 0, such that
f(x)/xz* would increase for any «.

Indeed, if there is any, then for it Co(f) £ 1 for all o, which contradicts
Lemma 10.

Classes of the Type (W): W), W, 4y and W;((tt)).

Definition 3. We shall say that the function ¢(t) € W, 0 < t < £, almost
decreases with some “supply” of almost increase, if there exists an almost
increasing function p,(t) € W such that the function t(t)/ .y (t) almost
increases on (0, £].

Every such function py(t) is assumed to be called a “supply” of the
function ¥ (z) almost increase.

Obviously, if s (£) is a “supply” of the function () almost increase, then
the function 1 (t) is such that py(¢)/pi(t) almost increases and likewise is
a “supply” of the function 1 (¢) almost increase.

Definition 4. We shall say that the function ¥(t), 0 < t < ¢, almost
decreases with some “supply” of almost decrease, if there exists a monoton-
ically increasing function v(t) € W such that the function ¢ (¢)v(t) almost
decreases on (0, £].

Every such function v(t) we call a “supply” of the function ¢ (t) almost
decrease and denote it by vy (1).

Let v(t) and A(t) be fixed monotone functions of the class W,.

Definition 5. We shall say that the function ¢(t) € W, belongs to the
class W7 on [0, /] if the function ¢(t)/v(t) almost increases with some
“supply” of almost increase (depending on ¢(¢)) and that ¢(t) belongs to
the class W) if the function () /A(t) almost decreases with some “supply”
of almost decrease (depending on ¢(t)).

In particular, for v(t) = t7, v € R we denote W*" f pyr, Analogously,
Wi et Wy. For v > 0, the class W7 coincides with the Barry-Stechkin class
@7, and for A=k, k =1,2,3,..., we have the well-known Barry-Stechkin
class @, (see [1]-[3], [10]-[13]).

We define the class W;((tt)) as the intersection of the classes W7®) and
W)\(t)Z

W = w0 AWy,
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Classes of the type (W) have properties of classes of type (A) with cor-
responding improvements due to the presence of “supply” functions for the

classes (W). For example, if y(t) ~ A(¢), then the class Algt; consists only

of the functions ¢(t) ~ ~v(t) ~ A(t), while the class Wg((t)) is empty for
~(t) ~ A(t). Moreover, the classes (W) have those properties which do not
possess the classes (A). For example, the condition o(t) € A7® does not
imply the fulfilment of any of the conditions (B, )-(Pym) below, while the
condition ¢(t) € WY® is equivalent to any of the conditions (B.)-(P,) (see
theorems on the equivalence), if for u,(t) and v,(t) the condition (Z) is
valid.

The inequality in Property 2 for Agé? in the case of the class W;((tt) is
written as follows:
A(t) .
C Vf(t) < f(t) < 027@) 'Nf(t)v Vf(t)a ,u'f(t) € WO'

In the case of power functions y(t) = t7, A\(t) = t*, A € R, 7 < A we have
Citr v < f(t) < Cot" v, 1> 0 ete.

Theorems of the Equivalence. The conditions

5
/@ t<Bjo(5) and (ZQ):5/ ()dt<320(5) 0<9,
0

1

are called, respectively, the first and the second Zygmund condition for o(4).

Theorem 11. For the functions of the class W the following statements
are equivalent:

(C,) @(t) € WO there exists p,(t) such that (Zy);
00 1 o
(By) Ay el) < Bv@(%);

it FEY T
(2,) [ 19 € 4t < B o(s);
(L) OC >1,
p(C9) +(CH)
e O SO = Ty

(Sy) for the function p(0) there exists the power function pu,(0) = 6",

©(9) ; — Jim 2@ .
0 < p < gy such that W almost increases, q, = }1_1% g s

(Py) for any 0 < 0 < 1, for functions ¢(6) there exists p > 1 such that
the inequality

5<p>sa(p1n) < ( 1) ¢p)= sup, %

is valid.
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Theorem 12. For the functions of the class Wy the following statements
are equivalent:

(Cx) @(t) € Wyy and for vy(t) is fulfiled (Z2);
(Ba) 3578 - 5 < Bawl5);

l

N [ SR dt < Bap(9);

0

for the function ¢(8) there exists C > 1 such that

- AC6)
0<é<t A(d) '

( A)

S (o)
20 9(0)

(Sx) for the function ¢(d) there exists the power function v,(6) = §",

0 < v < gy such that % almost decreases, gy = th_r% lnli‘gt) ;

<n(C), n(C) =

(Py) for any 0 < 0 < 1, for the function p(6) there exists p > 1 such
that the inequality

so(%) < en(pw(nip), n(p) = Ogiz%

1s valid.

The proofs of these theorems are obtained by means of Lemmas 2 and 3
proven in [1] for cases y(t) = 1 and A(t) = t* k = 1,2,..., and by theorems
on the isomorphism of classes W7®) and Wi

Classes of the Type A(co) and W (co). Classes A7) Ay, Algg

as W), Wi Wg((tt)) reflect a local behavior of functions ¢(t) from the
classes W, or W in the neighborhood of zero.

To consider the functions ¢(t) from the classes Wy and W in the neigh-
borhood of the point at infinity +o0, we shall impose on the functions ¢(t)
certain additional restrictions, analogous to those introduced for the case in
the neighborhood of zero.

Let v(t) and A(t) be the given monotone functions of the class W (0, c0).

We define classes A7) (c0), Ay)(c0) and AVE?( ) as follows.

We shall say that the function o(t) € W (0, 00) belongs to the class A7)
or to the class Ay)(00) if (t)/v(t) almost increases as t — oo, and there

exists hm 78 = a, where 0 < a < oo for p(t) € AY®(c0), and if p(t)/\(t)

almost decreases as t — 00, then there exists hm fgt; =b, where 0 < b < o0

for ¢(t) € Ax)(00). The class A7 ( ) w111 be defined as an intersection

of classes A7) (00), Ay (o0) : Avg( ) = A" (00) N Ay (00).
Classes A7(00), Ax(c0), AY(00), 7, A € R correspond to the power func-

tions y(t) = t7, A(t) = t*, v, A € R.

as well
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For definition of the classes W) (00), Wi ) (00), W:\Y(t)(oo) it is more
convenient to impose additional conditions in terms of Zygmund conditions.
Let v(t) and A(f) be the given monotone functions of the class W (0, c0).

Definition 6. We shall say that the function ¢(t) € W, (0, c0) belongs to
the class W) (c0) or Wy (;)(co) if for some ¢ > 0 the integral Zygmund
conditions

5
(Z7)(00) : supm/@dt:Bv(oo) < 00
¢

(Z7)(o0) : sup—/—dt = Ci(00) < 0
B

are respectively fulfilled.

The class W;((tt))(oo) will be introduced as an intersection of the classes

W (00) and W4 (00):
W:\Y((tt))(oo) =W (c0) N Wity (00).

The classes W7 (c0), Wix(00), W{(c0) correspond to the cases y(t) = t7,
A(t) = t*, where v, A € R.

Properties analogous to those of the classes of type (A) and (W) are
likewise valid for the classes of type A(co) and W(co). Note that these
classes are non-empty for v < \: the power function ¢(t) = t¥ satisfies
condition (Z,)(co) for P >, P > 0 and condition (Zy)(co) for P < .

2. SOME APPLICATIONS OF THE CLASSES OF TYPE (A4) AND (W)

2.1. Majorizing Classes. One of the most important applications of the
classes of type (A) and (W) is that the pseudo-concave functions are used
in the capacity of majorizing functions to characterize generalized Holder
spaces H¥. This fact traces back to the works of S. M. Nikol’sky in which
the functions w(¢) from the class of moduli of continuity © were used as
majorizing functions.

In [1], the classes of majorizing functions ® and ®; were introduced in
connection with the necessities of the theory of function approximation and
for obtaining generalized theorems related to Privalov’s problems.

Different classes of majorizing functions have been introduced in the
works due to Kh. Sh. Mukhtarov [3], S. G. Samko [2], N. G. Samko [14],
[15] and also in [10]-[14], [17], etc.
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2.2. On Fractional Integrals of Functions from the Classes A} and W}.

Denote
oy = t* sup C'O()T\) and @7 =t7 sup —SD(T) .
>t T T<t T

The functions ¢3(¢t) and ¢](¢) are the least majorizing functions of ¢(t)
among all its majorants, which after dividing by ¢* and ¢ decrease and
increase, respectively. From the definition of the functions ¢} and 7 we
get that ¢} (¢) ~ ¢l (t) ~ ¢(t) for any function ¢(t) € AJ.

Consider the functions

x

(7 +p)(z) = ﬁ /(x - t)”’_l(p;(t) dt, v>0

and
xT

(J* +¢)(z) = ﬁ /(x — t)k—l‘p;(t) dt, A>0
0

MO RNSNEAD

which are fractional integrals of == and =5= of order v and A, respec-
tively. By simple transformations and reasoning it is not difficult to prove
that (I]1¢)(z) ~ ¢*(x) ~ ¢(x) for v > 0 for p(x) € A} and p(z) € Wy;
analogously, (J2¢)(z) ~ ¢*(z) ~ ¢(z) if p(z) € A] for v <A < 14~ and
if p(x) € W for v <A <1++.

Thus the constructions I j‘_ and J _)‘F for the functions ¢(x) of the classes
A7 and W) are prescribed by the functions, equivalent to ¢(x), which have
fractional derivatives up to orders v and A, respectively.

The function (I2¢)(z) for A = k satisfies Corollary 2 from [9] (p. 159).
Therefore by monotonicity of ¢*(z) and 2(2) for A = k we have

wie(TF + @, t) ~ (I" + @) (t) ~ o () ~ p(t).

2.3. Classes of Operators of Pseudo-Convex Type. Since the basic proper-
ties of functional classes A%, Ag, Aj as well as of classes W7, Wy, A] are
written by means of inequalities, we can introduce their natural generaliza-
tions to the case of classes of nonlinear operators of pseudo-concave—pseudo-
convex at cones partially ordered spaces.

Definition 7. We shall say that the operator A belongs to the class V7,
v € R (or to the class Vi, A € R), if the inequality

Alau) < oY Au (or A(au) > o> Au, respectively) (14)

is fulfilled for all 0 < a < 1 and the opposite inequality for a > 1. Operators
of the class V7 is called pseudo-convex for v > 1 and pseudo-concave for
A < 1 for V.
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Define a class of operators V' as intersection of classes V7 and Vj:
VIi=VTnVy, ~v<A
This class is empty for v > A.

Definition 8. We shall say that the operator A belongs to the class A7,
v € R (or to the class Ay, A € R), if there exist u4 > 0 and v, > 0 such
that
Acu < a4 Ay (or Aau > o/\ﬂ’AAu)7

for 0 < a < 1 and an opposite inequality for o > 1 (conf. (14)).
Define the class A} as intersection of classes A7 and Ajy:
Al =A"NA\, v<A

This class is empty for v > A.

We shall not dwell here on the properties of those classes. They can be
easily obtained from the corresponding properties of the classes of type (A)
and (W).

These classes are very effectively used for investigation of nonlinear oper-
ator equations of type u = Au + f, where A is the nonlinear operator from
the classes of type V or A (see [4]-[6], [16], [20]).

2.4. Application to Nonlinear Integral Equations. Consider here two ap-
proaches to utilization of classes of type A, W for investigation of nonlinear
Volterra integral equations of the type

u() = [ Qe [u(t] de + (o) (15)

where Q(z,t) is a measurable nonnegative on [0,¢] x [0, /] function and
[0,¢] € R™ is a parallelepiped in R™. Regarding the nonlinearity we assume
that ¢ is the monotone function such that

o(u) € AY or p(u) e W), -1<y<A<1 (16)

On the basis of inequalities for ¢ € A} we obtain a priori estimates for
solutions u(x) of the equation. Taking into account Property 2, we get

w(z)> / Qr(a, ) (8) di+ (), u(z)< / Qola, ) (8) dt + f (x),

where Q1(z,t) < Q(z,t) < Q2(z,t). We apply the well-known theorems
on integral inequalities with power nonlinearity whose theory is completely
enough developed (see [18] and bibliography in [18]): solving equations

v(@)= [ Qu(z, ) (t) dt+ f(2) and w(z)= [ Qa(w,t)w’ () dt+f(x),
/ /
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and taking into account (16), we find a priori estimates for the solution
u(z) of equation (15): u(x) > vo(z) and u(x) < wo(x) which define a cone
segment (vg,wp) containing a solution of the initial equation. Apply further
the commonly known classical schemes from [4]-[6].

Consider the equation

u(e) = Au(a), Au= [ Qla,t)plu(t)] . (17)
Q

where  is the domain in R", Q(z,t) and ¢(u) have the properties: (a)
Q(z,t) is measurable and nonnegative on  x €; (b) ¢(u) is monotone and
o(u) e A], -1 < A < 1.

Let K be a cone of positive in 2 functions and the operator A be defined
on K. Let g(z) € K. Denote by K, a constituent of the cone K from
functions u(x), equivalent to the function g(z).

Theorem 13. Let conditions (a) and (b) be fulfilled and let there exist a
function g(z) € K such that Ay ~ g. Then in K, there exists a unique
solution u.(x) of equation (17) and

us(z) = lim A"g(z).
n—oo
It can be easily shown that in the case of convolutional kernel Q(z,t) =
K(x —t) for almost weak anti-synchronous (see [19], [20]) K (z) and u(x)

the function g(z) can be constructed explicitly with respect to the kernel
K (z) and nonlinearity of ¢. Let we have the equation

Au= [ K(z —t)p[u(t)] dt.
/

Denote © € (x1,...,xy) € [0,£] = [0,£1] X --- x [0,4,], K(z) >0, z € [0,],
o€ AN, 0 <A<, 0= (Lr,....0n), £ >0,i=T,n.
-1

This function is monotone, since there exist G

G71
creases and 1(“) decreases.

g(z) = G1</wK(t) dt).
0

Then under the additional assumption

[ f) ™ s [rwa)™

(appearing for n > 1), we find that A; ~ ¢ (in this connection see also

[4]-16]).

in-

(u), where Gi;(u)

wT=x

Suppose



126 A. YAKUBOV

Note that in terms of the classes of type (A) and (W) on every interim
step of transformations we have an exhaustive information on the smooth-
ness of an obtainable expression, including also of coefficient values of almost
monotonicity of these expressions.

2.5. Multiplicative Inequalities of Kolmogorov Type. The following lemma
is actually used in proving interpolation theorems for generalized Holder
spaces H?.

Lemma 14. Let 7153, zzgt; € Wy and ’A\;ég, izgg € Wy. Then for ev-

ery functions ¢1(t) € WVI((t)) and 3(t) € W;;"((tt)) there exists the function

wa(t) € WW((:)) such that

©2(t) = @Y (t) - p5 (1), (18)
where 0 < v = In 72(”/1 ;Y;g) In ’A\z(g/l ’\1(” < 1, and vice versa, for

every function pa(t) € W;Q((tt) there exist o1(t) € W’“(:)) and p3(t) € W;\Y;((tt)
such that equality (18) is fulfilled.

Proof. We have

) ()i (1) ¢
P2 (t) = ¥1 (t) : 903 s Wvl(t) /’\713. v (t) W;\y;((t) g

In the case of classes W) or W) the proof is similar.

Theorem 15. Let H%i, i = 1,3 be generalized Hélder spaces with naturally
introduced norms || fl|ge:, i = 1,3, where ¢;(t) € W', i = 1,3 satisfy the
conditions of Lemma 14. Then the inequality of Kolmogorov type is valid:

fllzze2 < C - oo - 1 N

where v is defined just in the same way as in Lemma 14.

On the basis of Lemma 14 and Theorem 15 we can prove in the standard
manner that generalized Holder spaces with natural norms form a scale of
Banach spaces (see also [3], [7]).

2.6. Improvement of Some Classical Results. Application of classes W} al-
lows one to improve the well-known results for moduli of continuity (see,
for e.g., [8], Theorem 348, pp. 417-421).

Theorem 16. Let the integral smoothness moduli wy(f), 0)p and wi(f,9)p,
1<p<o0, k=1,2,..., satisfy the conditions

)
/ we(f7,)p dt < Bowi(f,0), (19)
0
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and

¢
5k / % dt < Brwi(f,0)p- (20)

)

Then there exist 0 < p <1 and 0 < v < k such that the inequalities
we(f,ad), < Co-wr(f,0) -

and 1
wk(fa 5)p S Ck ~wk(f, aé) . J . O[D’

uniformly with respect to all 0 < a < 1/2, 0 < § < 1/2 are, respectively,
valid.

Proof. Relying on the theorems on the equivalence, it follows from (19) and
(20) that wi(f),6), € W° = % and wi(f,0), € Wy = ®;. By conditions
(Sy) and (Sy) we obtain the existence of the required values p, v > 0; they
can be calculated explicitly by the values By and Bj.

Note that in [8] these statements have been obtained with the factor “Tlal
instead of o and o¥. O

REFERENCES

1. N. K. Barry and S. B. Stechkin, The best approximations and dif-
ferential properties of two conjugate functions. (Russian) Trudy Moskov.
Mat. Obshch. 5(1956), 483-522.

2. S. G. Samko, A. A. Kilbas and O. I. Marichev, Integrals and deriva-
tives of fractional order and some of their applications. (Russian) Nauka i
Tekhnika, Minsk, 1987, p. 688.

3. A. I. Guseinov and Kh. Sh. Mukhtarov, Introduction to the theory
of nonlinear singular integral equations. (Russian) Nauka, Moscow, 1980.

4. L. Kollatz, Functional analysis and calculational mathematics. (Rus-
sian) Mir, Moscow, 1969.

5. M. A. Krasnosel’sky, Positive solutions of operator equations. (Rus-
sian) Fizmatgiz, Moscow, 1962.

6. M. A. Krasnosel’sky and P. P. Zabreiko, Geometrical methods of
nonlinear analysis, (Russian) Nauka, Moscow, 1976.

7. S. G. Krein, Yu. I. Petunin and E. M. Semenov, Interpolation of linear
operators. (Russian) Nauka, Moscow, 1978.

8. A. F. Timan, Theory of approximation of functions of a real variable.
(Russian) Fizmatgiz, Moscow, 1960.

9. V. K. Dzjadyk, Introduction to the theory of uniform approximation
of functions of polynomials. (Russian) Nauka, Moscow, 1977.

10. Yung Ming Chen, On two-functional spaces. Studia Math. Hong-
Kong 24(1964), No. 4, 62-81.



128 A. YAKUBOV

11. S. G. Samko and A. Ya. Yakubov, Zygmund’s estimate for hyper-
singular integrals in the case of continuity moduli of fractional order. (Rus-
sian) Izv. SKNC Vsh. Ser. Estestv. 3(1986), 37-42.

12. S. G. Samko and A. Ya. Yakubov, Zygmund’s estimate in continuity
moduli of fractional order for a conjugate function. (Russian) Izv. Vyssh.
Uchebn. Zaved. Mat. 12(1984), 42-51.

13. S. G. Samko and A. Ya. Yakubov, Zygmund’s estimate in continuity
moduli of fractional order for a conjugate function. (Russian) lzv. Vyssh.
Uchebn. Zaved. Mat. 12(1985), 49-53.

14. N. G. Samko, Singular operator and operators with a weak singularity
in weighted generalized Holder spaces. (Russian) Dep. VINITI 22.05.90,
No. 2798-B90.

15. N. G. Samko, Zygmund’s weight estimate for a singular operator
and the theorem of its restriction in H§ (p) in the case of general weights.
(Russian) Dep. VINITI, 20.12.89, No. 7559-B89.

16. A. Ya. Yakubov, Nonlinear integral equations of Volterra type con-
volution with pseudo-convex type nonlinearity. (Russian) Dep. VINITI
22.07.1992, No. 2413-B92.

17. A. Ya. Yakubov (Gudalov), The methods of pseudo-concavity and
synchronous functions in the theory of singular and hyper-singular oper-
ators and nonlinear integral equations. (Russian) Rostov-on-Don: OOO
“CVVR?”, 2000.

18. A. Ya. Yakubov (Gudalov), The methods of pseudo-convexity and
synchronous functions in the theory of singular and hyper-singular oper-
ators and nonlinear integral equations. (Russian) Rostov-on-Don: OOO
“CVVR?”, 2000.

19. A. Ya. Yakubov and L. D. Shankishvili, Some inequalities for con-
volution integral transform. Integral Transform. Spec. Funct. 2(1994), No.
1, 65-76.

20. A. Ya. Yakubov, Convolutions of weakly synchronous functions.
Integral transforms and special functions 8(1999), No. 34, 287-298.

(Received 28.03.2002)

Author’s address:

Zubair Magomedov (c/o Prof. Yakubov)
Daghestan, Kisil-yurt, pos. Bavtugai,
368101, ul. Proletarskaya, 12, kv. 28



