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MACKEY TOPOLOGIES OF ORLICZ-BOCHNER SPACES

M. NOWAK

ABSTRACT. For areal Banach space X let L¥(X) be an Orlicz-Bochner
spaces defined by an Orlicz function ¢ taking only finite values (not
necessarily convex) over a o-finite atomless measure space provided
with its complete metrizable topology ‘T(p (X). In the paper it is shown
that the Mackey topology Tr¢(x) of (L¥(X), To(X)) coincides with
the supremum of the topology ‘Tg(X)hﬂ(X) (@ = the convex mino-
rant of ¢) and the topology m,(X) of the Minkowski functional of the
Orlicz class LO‘P (X). Necessary and sufficient conditions for 774 (x) to
be identical with ‘T;(X)hﬂ(x) are given in terms of ¢ and .

1. INTRODUCTION AND PRELIMINARIES.

Let us recall that the Mackey topology of a topological vector space (L, £)
is the finest locally convex topology 71, that produces the same continuous
linear functionals as £. It is known that if £ is a metrizable topology then
71, is the finest locally convex topology on L that is weaker than £ and has
a base at zero consisting of convex hulls of neighbourhoods of zero for £ (see
18).

N.J. Kalton [9] showed that if (¢¥,T,) is a separable Orlicz sequence
space (i.e. ¢ satisfies the Ag-condition at zero) then its Mackey topology
7, coincides with the topology T3¢ induced from (ﬂ‘ﬁ, T5), where ¢ is the
convex minorant of ¢ in a neighbourhood of zero. L. Drewnowski and M.
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Nawrocki [5] proved that the Mackey topology 7, of an arbitrary Orlicz
sequence spaces coincides with the supremum of Ty)4e and 7, where 7, is
the topology of the Minkowski functional of an Orlicz class £5. N.J. Kalton
[10] and L. Drewnowski [6] investigated the Mackey topology on Orlicz
spaces and Musielak-Orlicz spaces defined by finite valued Orlicz functions
over an atomless measure space. These results allow us to use methods
of the theory of locally convex vector spaces to develop the duality theory
of non-locally convex Orlicz spaces (see [11], [15], [16]). In particular, the
general form of continuous linear functionals on non-locally convex Orlicz
spaces was found (see [15], [16]).

In this paper Orlicz-Bochner spaces L?(X) defined by a finite valued
Orlicz function (not necessarily convex) over a o-finite atomless measure
space are considered. These spaces are a natural generalization of Lebesgue-
Bochner spaces LP(X) (see [3], [8]). By making use of [6, Corollary 2] and
following the idea of the proof of [5, Theorem 5.3] we obtain a description
of the Mackey topology 7r¢(x) of (L?(X),T,(X)). In [17] we apply this
result to characterize the topological dual of L¥(X).

For terminology concerning Riesz spaces we refer to [1]. Throughout the
paper let (2,3, 1) be a o-finite atomless measure space and let L° stand
for the corresponding space of equivalence classes of all 3-measurable real
valued functions defined and finite p-a.e. For a subset A of Q let x4 stand
for its characteristic function. Let N stand for the set of all natural numbers.

Let (X, ||-||x) be a real Banach space, and let Sx and Bx denote the unit
sphere and the unit ball in X resp. By L°(X) we will denote the linear space
of equivalence classes of all strongly Y-measurable functions f: 8 — X. For
a function f € L°(X) let us put f(w) = || f(w)||x for w € Q. Now we recall

some terminology concerning Orlicz spaces and Orlicz-Bochner spaces (see
3], (8], [12], [13], [14], [19)).

By an Orlicz function we mean here a function ¢: [0,00) — [0, 00) that
is non-decreasing, left continuous, continuous at 0 with ¢(0) = 0. An Orlicz
function ¢ is said to be strict if it is not identically equal to zero.

For an Orlicz function ¢ by » we will denote its convex minorant, i.e.,
P is the largest convex Orlicz function that is smaller than ¢ on [0, 00).
Clearly @ is strict iff 1it@> iogf @ > 0.

Let ¢ be an Orlicz function. For each u € L% we define

me(u) = / o (u(w) ).

Q

The Orlicz space L¥ defined by ¢ is an ideal of LY defined by
L9 ={ue L’ my(\u) < oo forsome A >0}

and endowed with the complete semimetrizable topology T, of the Riesz
pseudonorm |uf, = inf{\ > 0: my(u/A) < A}. T, is a Hausdorff topology
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iff ¢ is strict. The functional restricted to L¥ is a modular (see [12], [13],
[14]). Moreover, if ¢ is a convex Orlicz function then T, can be generated
by the seminorm [Jufl, = inf{X > 0: m,(u/A) < 1}.

Let B = {u € L% my,(Au) < oo for all A > 0}. Then E¥ = (L¥),
(= the ideal of absolutely continuous elements of L¥) and L¥ = E¥ iff ¢

satisfies the As-condition (i.e. limsup €2 o ast — 0 and t — 00).

P(t)
Let
LP(X)={feL’(X): feL¥} and E?(X)={feL’X): fe E*}.
The space L¥ (X) is called an Orlicz-Bochner space and can be endowed with
a complete semimetrizable topology T, (X ) of the F-pseudonorm | |1+ x) =

|f~|¢ for f € L¥(X). If ¢ is a convex Orlicz function then T,(X) can be
generated by the seminorm || f[l ¢ (x) = | fl,-

2. THE MACKEY TOPOLOGY OF E¥(X).

In this section we will assume that ¢ is a strict Orlicz function. We
shall show that the Mackey topology Tge (x) of (E¥(X), T,(X)|ge(x)) coin-
cides with the seminormable topology T7(X)|pe(x) induced from (L?(X),
J%(X)). For this purpose we shall use the following description of the
Mackey topology g~ of (E¥,T,|ge) (cf. [6, Corollary 2]).

Theorem 2.1. The Mackey topology Tre of (E¥,T,|ge) coincides with
the seminormable topology T5|ge induced from (L¥,Tz), i.e., Tpe = T5|Ee.
Moreover, Tge is normable iff litm inf @ > 0.

— 00

We shall need two definitions (see [7]).

A pseudonorm p on L¥(X) is said to be solid if p(f1) < p(f2) whenever
f1,f2 S L(P(X) with f1 < f2. _ _

A subset H of L?(X) is said to be solid if fi; < f2 with f; € L?(X),
fo € H imply f1 € H.

For € > 0 let

B,(e) ={u € E?: |u|l, <ce}, W,(e)=convB,(e),

B,(X,e) ={f € E?(X): |floex) < e}, Wy(X,e) =convB,(X,e¢).
In view of [1, Theorem 1.3] W, (¢) is a solid subset of E¥. Moreover, by [7,
Theorem 1.2] W, (X, ¢) is a solid subset of E¥(X). Since T,|g+ is a metriz-
able topology, the family {ch (m_l) :m € N} forms a local base at zero for
the Mackey topology Tg¢. Similarly, the family {ch (X, m_l) :m € N} is
a local base at zero for the Mackey topology T« (x)-

For m € N let us set

pm(u) =inf {A>0: ue AW, (m™ ")} for ue E?,
pm(f) = inf{)\ >0: fe AW, (X, m_l)} for fe E¥(X).
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It is clear that p,, and p,, (m = 1,2,...) are solid seminorms on E¥ and
E?(X) resp. Moreover, the Mackey topologies Tg» and Tge (x) are generated
by the familes {p,,: m € N} and {p,»: m € N} resp.

Given a solid (= Riesz) seminorm p on E¥ let us set

B(f)=p(f) forall feE*(X).

It is easy to check that P is a solid seminorm on E¥(X).

For u € E¥ let U (w) = u(w)z for some z € Sx and all w € Q. Then T,
€ LY%(X) and | 7 (w)||x = |u(w)] for w € Q, so ue E¥(X). Given a solid
seminorm p on E¥(X) let us set

p (u) =p(@) forall ueEY.

Note that p is a solid seminorm on E¥ (see [7, §3]).
We shall need the following lemma.

Lemma 2.2. Let u € E¥ and e > 0. Then v € W,(e) iff ue Wy (X, ¢).

Proof. (i) = (ii). Obvious.
(i) = (i). Let me Wy(X,e), ie., u= Y., o;fi, where |filpe(x) =
filo <eand a; > (i =1,2,... ,n) with 3", oy = 1. Then

7 (W) = | Y ahi@)] <D allfi@llx = (3 aifi) ).
i=1 i=1 i=1
Since Y1, o f; € Wy(e), we get T, € W,(e), because W, (e) is a solid
subset of L¥. But = |u|, so u € W, (), as desired. W
As an application of Lemma 2.2 we have:
Theorem 2.3. For m € N we have
P (W) =pm(u) for all we E¥ and D,, (f)=pm(f) for all feE¥(X).
Proof. For u € E¥ by Lemma 2.2 we get
P () = prm (W) = inf {A > 0: we AW, (X,m™ ")}
=inf {A>0: we AW, (m™ )} = pn(u).

For f € E?(X) we have || f (w)|lx = f() = ||f(@)||x for w € © and by
the solideness of the sets W, (X, ¢) we get

B, (f):pm(f):inf{)\>0: Few, (mfl)}
—inf{A>0: e, (X,m )}
:inf{)\>0: f e, (X,m_l)}:pm(f). [ ]
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Assume that 7 is a locally convex topology on E¥(X) generated by a family
{pa: a € {a}} of solid seminorms on E¥(X). We will denote by 7 the
topology on E¥ generated by the family {p,: « € {a}}.

In turn, let £ be a locally convex topology on E¥ generated by a family
{pa: a € {a}} of solid seminorms on E¥. We will denote by ¢ the topology
on E¥(X) generated by the family {p,: a € {a}}.

Now we are in position to prove our desired result.

Theorem 2.4. The identity Tpe(x) = T5(X)|ge(x) holds and Tge(x) is

normable iff htrggjlf 22> 0.

Proof. We know that the Mackey topology Tg« (x) is generated by the family
{pm: m € N}. Hence by Theorem 2.3 the topology T g« x) is generated by
the family {pm,: m € N}, so Tge(x)= Tee. In view of [7, Theorem 3.2] the
identity ?Ew(X): Tee(x) holds, so Tge(x) =T g .

On the other hand, by Theorem 2.1 the Mackey topology Tg« is generated
by -, so Tge is generated by | - |L¢(X). Hence the identity 7pe(x) =
T5(X)|ge(x) holds, as desired. M

As an application of Theorem 2.4 we have the following results.

Corollary 2.5. The following statements are equivalent:
(i) The space (L¥(X),T,(X)) s locally convex.

(ii) The space (E¥(X), T, (X)|ge(x)) is locally convex.
(iii) @ is equivalent to @.

Proof. (iii) = (i) = (ii) Obvious.

(ii) = (iii) We have 7pe(x) = To(X)|pe(x). Hence by Theorem 2.4
To(X)|Ee(x) = T5(X)|Ee(x), 50 T, |E¢ = T,|gz. It follows that ¢ is equiv-
alent top. A

Corollary 2.6. The completion of (E¥(X),Tge(x)) 45 equal to (E¥(X),
‘IE(X”E?(X))'

3. THE MACKEY TOPOLOGY OF ORLICZ-BOCHNER SPACES.

Denote by 77+ (x) the Mackey topology of (L¥(X),T,(X)). It is known
that 7. (x) is the finest locally convex topology on L?(X) that is weaker
than T, (X). In this section following the idea of [5] we obtain an important
description of 77 (x)-

Lemma 3.1. The following identities hold:

TLe(x) | Be(x) = To(X)|pe (x) = TEe (x)-
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Proof. Clearly T5(X) C Tre(x). Since Tre(x)|pe(x) C To(X)|pe(x) We get
k Tre(x)|Ee(x) C TEe(x). Thus by Theorem 2.4 the proof is complete.

The Orlicz class Ly (X) = {f € L¥(X): [, ¢(f)dp < oo} is an abso-
lutely convex absorbing subset of L¥ (X ) and let K, stand for its Minkowski
functional, i.e.,

K (f) = inf{\ > 0: /cp(f/)\)du < oo}
Q

for f € L¥(X). Note that K, is a solid seminorm on L¥(X) and ker K, =
E?(X). Moreover K,(f) < frex) for f € L?(X). Since supp E¥ = Q
there exists a sequence (€2,,) in ¥ such that ©,, T Q and xq, € E¥ (see [20,
Theorem 86.2]). Given f € L¥(X) let us put for n =1,2,...

f(n)(w):{f(w) if f( ) n and wEQn,

0 elsewhere.

and

7 (w) = flw) if flw)<n and w e Q,
0 elsewhere.
Clearly f(n) € E#(X) forn=1,2,... and

0 if flw)<n and w € Qy,

fw)  elsewhere.

F= T @) = flw) - Fow) = { u

Lemma 3.2. For f € L¥(X) we have
K, (f) =f{|f — hlpe(x): h € E2(X)} Zhgﬂf—f(n)hw(x)

Proof. We have |f — f(”)|L¢ = f- f(") . Choose A > 0 such that
Jo o(f/A) < 0o. Since f(w) — f(w) |, 0 p-a.e., there exists ng € N such
that [, ¢(F(w) — F(w )I/A)du X for n > no, 50 1f — F®lpoex) < A
Hence inf{|f — hl|pe(x): h € E¥(X)} <lim, [f — F|pex) < Ko(f).

On the other hand, let h € E¥(X) = ker K,. Then K,(f) < Ky(f — h)
S| = hlre(x), so Ko(f) <inf{|f = hlpex): h € E#(X)}.

Thus the proof is complete. W
The quotient topology T,(X)/E¥(X) on L¥(X)/E®(X) is generated by
the F-norm [f]pe(x) = inf{[f — hlre(x): h € E¥(X)}. Denote by m,(X)
the topology on L¥(X) of the seminorm K,. We know that the quotient
topology m,(X)/E¥(X) on L¥(X)/E¥(X) is generated by the seminorm
Ko(lf]) = mf{Ky(f - Rh): h € E2(X)}. Since Ky([f]) = Ko(f) for f €
L¥(X), by Lemma 3.2 we get

Corollary 3.3. The identity T,(X)/E¥(X) = n,(X)/E¥(X) holds.

We are ready to state our main result.
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Theorem 3.4. The Mackey topology Tr+(x) coincides with the supremum
0f7¢(X)|LV’(X) and ﬂw(X), i.e., TLe(X) = T@(X”Lg:(x) \Y 7T<p(X).
Proof. Denote by & = T5(X)|re(x) V mp(X). Clearly £ C 770 (x), because

T ()] s (x) C T (X) and 7, (X) C T, (X). Since | (x) = To(X)| e x) V
7o (X)|Be(x) and m,(X)|ge(x) C T5(X)|pe(x), by Lemma 3.1 we get

e (x) = T5(X)|pe(x) = TLe(x)| e () (1)
We have 7,(X) C &, & C Tre(x) and Tpe(x) C Ty,(X). Hence m,(X)/E?(X)
CE/E?(X) C mrex)/E¥(X) C T,(X)/E¥(X). By Corollary 3.3 the quo-
tient topologies m,(X)/E¥(X) and T,(X)/E?(X) on L¥(X)/E¥(X) coin-
cide, so

§/EP(X) = Trex)/E¥(X). (2)

In view of (1) and (2) by [4, Lemma 2.1], £ = 77+ (x), as desired. W

Corollary 3.5. (i) If litm inf @ =0, then Tre(x) = mp(X).
—00
(ii) If o satisfies the Ag-condition, then Tpe(x) = T5(X)|Le(x)-

The next theorem present necessary and sufficient conditions for the
Mackey topology 7« (x) to be identical with T5(X)|re(x) (cf. [5, Corollary
5.5)).

Theorem 3.6. The following statements are equivalent:

(1) Trex) = T5(X)|Lex) -

(i) L#(X)N Ea(X) C E¥(X).

(ifi) L§(X) N LLE(X) € SLE(X) for some b > 0.

(iv) Ko(f) < iK (f) for some b >0 and all f € L¥(X).
(v There exist a > 0, b > 0 such that

©(2t) < amax(p(t),p(bt)) for all t>0.

Proof. (i) = (ii) Assume that 7p0(x) = T5(X)[re(x). In view of Theo-
rem 3.4 we conclude that 7, (X) C T5(X)|re(x). To prove that L¥(X) N
E?(X) C E¥(X) let f € L¥(X)N E®(X). Since f € E®(X) we have that
If = F™ N zx) = 0, s0 Ko(f — f) — 0. Tt follows that K,(f) = 0,
because K, (f) < Ko(f — f™) + Ky(f™) and ™ € E¥(X) = ker K.
Hence f € E¥(X).

(ii) = (iil) Suppose that (iii) is false, i.e., L (X) N %Loa(X) ¢ $L5(X)
for n = 1,2,.... Hence there exists a sequence (f,,) in LY(X) such that

mw(fn) < 00, ma(nfn) < o0, m¢(2fn) = 0.
Forn=1,2,... let us put
79 () = {fn(W) if we, falw) <k,

0 elsewhere,
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for k =1,2,.... Then there exists a strictly increasing sequence (k) in N
such that

me(fa— ) <277 mp(n(fa— ) <277 me2(fa— 1)) > n.
Let up, = f, — Flkn) for n = 1,2,.... Then acconding to [13] there exists

u € L¥ such that u = sup,, u, and me,(u) < > oo my(u,) < 00, mg(ru) <
oo mg(ru,) < oo forallr > 1 and my(2u) > my(2uy) > n, so my(2u) =
oo. Putting f(w) = u(w)ze for some zp € Sx and all w € Q we have
feLP(X)NE?(X) and f ¢ E¥(X), so that (i) does not hold.

(iii) = (iv) It is easy to see that (iii) implies that L¥(X) N L& (X) C
bL§ (X) holds. It follows that K, (f) < $K5(f) for all f € L¥(X).

(iv) = (i) If (iv) holds, then m,(X) C mz(X)|re(x). Since m5(X) C
J5(X), in view of Theorem 3.4 770 (x) = T5(X)|Le(x)-

(v) & (i) It follows from the general properties of Orlicz spaces. W

Remark. (i) In [11] one can find an example of an Orlicz function ¢ which
does not satisfy the Ag-condition and B(t) = ¢ for ¢t > 0. It follows that ¢
does not satisfy the condition (v) of Theorem 3.6.

(ii) In [5, Example (b)] an Orlicz function ¢ which does not satisfy the
As-condition and is non-equivalent to a convex Orlicz function and yet
satisfies the condition (v) of Theorem 3.6 is defined.

From Corollary 2.6 it follows that if ¢ satisfies the Ag-condition then
the topological completion of (L?(X), T« (x)) equals (L?(X), T5(X)). The
next theorem tell us that if the conditions of Theorem 3.6 fail, then the
topological completion of (L¥(X), Tre(x)) can not be treated as a function
space in LY(X) (cf. [5, Proposition 5.6]). Let us recall that L°(X) can be
provided with the complete metrizable topology To(X) of convergence in
measure on sets of finite measure, i.e., To(X) is the topology of an F-norm
|fLocxy = fo for f € LO(X), where | - |y denotes the usual F-norm in L°.

Note that if lim inf £ 5 0, then 710(x) D To(X)|Le(x)-

Theorem 3.7. Assume that litm inf @ > 0 and the condition (v) of The-

orem 3.6 does not hold. Then the natural continuous injection
it (LX), oo (x)) = (L°(X), To(X))

can not be extended to a continuous injection from the topological completion

(L#(X), Tre(x)) of (LP(X), Tre(x)) to LO(X).

Proof. We will follow the lines of the proof of [5, Proposition 5.6], where the
analogical result for an Orlicz sequence space ¢¥ was obtained. Assume on
the contrary that such a continuous extension is possible. It easily follows
that if (f,) is a 71+ (x)-Cauchy sequence in L?(X) and f, — 0 for To(X),
then f,, — 0 for 77+ (x). In view of Theorem 3.6 L¥(X)NE¥(X) ¢ E¥(X),
so we can choose f € (L¥(X) N E¥(X)) \ E¥(X). Since supp E¥ =
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there exists a sequence (2,,) in ¥ such that , T Q and xq, € E¥ (see [20,
Theorem 86.2]). For n =1,2,... let us put

f(w) if flw)
f(”)(w) =d{<n and w € ,,
0 elsewhere.

Then f € E¢(X), and let f,, = f — f for n =1,2,.... Since fn 1 0in
L° and T is a Lebesgue topology (see [1]) we conclude that f, — 0 for T,
ie., fn — 0 for Tp(X).

Moreover, since f € E¥(X), we see that fn 1 0in E¥, so fn — 0 for
T3 g%, because T3 gz is a Lebesgue topology. Hence fn — 0 for T5(X)| e (x),
s0 (fn) is T5(X)|Le(x)-Cauchy sequence, because f, € L¥(X) for n =
1,2,.... Clearly, K,(fn — fm) = K (f — f0™) =0 for n,m = 1,2,...,
because f(™ € E¥(X). From Theorem 3.4 it follows that (f,) is a 7w (x)-
Cauchy sequence. Thus according to the above remark f,, — 0 for 77¢(x).

On the other hand, since f ¢ E¥(X) = ker K, and f(™ € E¥(X) we
86t 0 < K,(f) = Ko(Fu+ F™) < Ko(fa) + Ko(F) = Ko (f,). It follows
that f, - 0 for 7pe(x). W
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