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V. KOKILASHVILI AND A. MESKHI

INTEGRAL OPERATORS IN GRAND VARIABLE
LEBESGUE SPACES

1. INTRODUCTION

In this note new Banach function spaces are introduced. These spaces
unify two non-standard function spaces: variable exponent Lebesgue spaces
and grand Lebesgue space. Comprehensive study and some aspects of ap-
plications of one these spaces were delivered in the recently published books
[1], [6], [23]. The variable exponent Lebesgue space represents the special
case of that introduced by W. Orlicz in the 30-th of the last century and
then generalized by I. Musielak and W. Orlicz. H. Nakano [28] then specified
it.

The grand Lebesgue spaces were introduced in the 90-th of the last cen-
tury by T. Iwaniec and C. Sbordone [12]. Lately number of problems of
Harmonic analysis and the theory of non-linear differential equations were
studied in these spaces (see e.g. the papers [9], [16], [17], [18], [15], [29],
[20], [21], etc.).

The spaces introduced in this paper are non-reflexive, non-separable
and non-rearrangement invariant. The boundedness results of the Hardy-
Littlewood maximal and Calderén-Zygmund operators defined on spaces of
homogeneous type are given. From the above-mentioned solutions quite a
number of interesting results are obtained.

2. PRELIMINARIES

Throughout the paper we assume that (X, d, p) is a space of homogeneous
type (SHT) with finite measure, i.e. X is a set, d is a quasi-metric on X and
1 is a finite measure on X satisfying the well-known doubling condition.
We will assume that X does not contain any atoms. Let p be a measurable
function on X satisfying the condition

1<p_ <py <oo, (1)
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where
p_ :=infp; py :=supp.
X X

We denote the class of all exponent satisfying condition (1) by P(X).

Let us denote by D(X) the class of bounded functions on X with compact
support, dx be the diameter of X.

Let p(-) € P(X). By the symbol LP() we denote the variable exponent
Lebesgue spaces (see e.g. [26], [6] for the definition). Further, let § > 0.
We denote by LP()-9(X) the class of all measurable functions f : X + R
for which the norm

6
Hf”LP(%@(X) ‘= sup EEHJCHLP(@*E(X)
O<e<p_—1
is finite.

Together with the space LP():f it is interesting to consider the space

£P0):% which is defined with respect to the norm

6
[fllzrcre = o o7 S pocor - x

It is obvious that
L0 (X) o LPOA(X).
Further, there exists a function f such that f € LPO)-9(X) but f ¢ £P()0(X).
It can be checked that LP():?(X) and £P():Y(X) are Banach spaces.

Remark. Let X be a bounded domain in R”, d be an Euclidean metric,
and let 11 be the Lebesgue measure. If p = p. = const, then LP()-¢ = £r().0
is the grand Lebesgue space LP<)? introduced in [10]. In the case p = p. =
const and @ = 1, then we have Iwaniec-Shordone [12] space LP<). The space
LP<) naturally arises, for example, to study integrability problems of the
Jacobian under minimal hypothesis (see [12]), while LP<):¢ is related to the
investigation of the nonhomogeneous n- harmonic equation div A(z, Vu) =

p (see [3]).

Proposition A. The spaces LP)0(X) and £P)9(X) are complete. The
closure of LP*)(X) in LPC)0(X) (resp. in LPC)P(X)) consists of those f €

LPOO(X) (resp. f e LPOL(X)) for which ;i_l}gfﬁ\lf(')llmvhe(m =0
(resp. shi% ||€W9*6 FOllrer—e(x) = 0).
Proposition B. Let p € P(X). Then the following embeddings hold:
LPO(X) — PO (X)) s LPO5(X), 0<e<p_ —1;
LPO(X) e LPOO(X) — LPOT5(X), 0<e<p_ —1.
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We define the Hardy-Littlewood maximal operator on X by

(Mxf)(@) = sup — / F@)ldu(y), = € X,

0<r<dx ul?(x,r)
B(z,r)

where B(z,r) is the ball in X with center z and radius 7.

Definition 1. Suppose that Plog(X ) is the class of those exponents

loc
p satisfying the local log-Holder continuity condition: there is a positive

constant ¢y such that for all z,y € X with d(z,y) < 1/2,

co
Ip(z) — p(y)| < m

Further, let ﬁlog(X ) be the class of those exponents satisfying the condition:

loc
there exists a positive constants a and b such that if d(x,y) < b, then

[p(2) =) < —- (uB(z,d(z,y)))

It is easy to check that P,°5(X) C PI°%(X).

loc

The boundedness of My in LP(*)(X) spaces was established by L. Diening
[5] for Euclidean spaces and by M. Khabazi [13] for an SHT.

3. THE MAIN RESULTS
Now we formulate the main results of this paper:

Theorem 1 (General-type theorem). Let p € P(X) and let 6 > 0.
(a) Suppose that F be a family of pairs (f,g) such that
[fllrr-c < cpellglirer-e-

If
Sup ¢pe < 00
0<e<o

for some positive constant o, then for all (f,g) € F,
I fllzeerexy < ellgllpreroxys
(b) Suppose that F be a family of pairs (f,g) such that

o o
€702 fllLrer-<(x) < bpelleP == gllLocr-< (x)

or some positive constant b ..

[ positi tant by.. If

sup b, . < o0
0<e<o

for some positive constant o, then there exists a positive constant ¢ such
that for all (f,q) € F,

[fllzoerexy < ellgllzeerox):
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Theorem 2. Let p € P(X)NP°5(X) and let 0 > 0. Then the Hardy-

loc
Littlewood mazximal operator Mx is bounded in LP()-0(X).

Let k: X x X\ {(z,z) : x € X} — R be a measurable function satisfying
the conditions:

C
< — X ;
|k’($7y)‘ —= ,LLB(.%,d((t,y))’ z,y € y L #y,
d(IQ,Il) 1

d(za,y) ) puB(x2, d(x2,y))

for all x1,z2 and y with d(ze2,y) > d(z,z2), where w is a positive, non-
decreasing function on (0, 0o) satisfying Ay condition (w(2t) < cw(t), t > 0)
and the Dini condition fol w(t)/tdt < co.

We also assume that for some py, 1 < pg < 0o, and all f € LPO(X) the
limit

k(1. y) = k(@a, ) [+ k(g 21) k(g @2)] <ew

(Kﬁ@0=pv/k@wﬁwwmw
X

exists almost everywhere on X and that K is bounded in LP°(X).
The following statement is known (see [24], [25]) (for Euclidean spaces
see [7], [3]).

Theorem A. Let p € P(X)NP,°5(X). Then K is bounded in LPO) (X).

loc

Theorem 3. Let p € P(X) NP E(X) and let § > 0. Then there is a

positive constant ¢ depending only on p such that the following inequality

IK flleorexy < ellfllecrexys € DX),

holds, where the positive constant ¢ does not depend on f.
Regarding the space £P():?(X) we have the following statement:

Theorem 4. Let p satisfy the conditions of Theorem 2. Then the oper-
ator M is bounded in LP0)9(X).

4. SOME APPLICATIONS

Let I' C C be a connected rectifiable curve and let v be arc-length mea-
sure on I'. By definition, I' is regular if there is a positive constant ¢ such
that

v(D(z,r)NT) <ecr

for every z € T and all » > 0, where D(z,r) is a disc in C with center z and
radius r. The reverse inequality

v(D(z,r)NT) >r
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holds for all z € T" and r < L/2, where L is a diameter of I". If we equip

I" with the measure v and the Euclidean metric, the regular curve becomes
an SHT.
The associate kernel in which we are interested is

1

The Cauchy integral

()
Srf(t) = rom TdV(T)
r
is the corresponding singular operator.

The above-mentioned kernel in the case of regular curves is a Calderén-
Zygmund kernel. As was proved by G. David [4], a necessary and sufficient
condition for continuity of the operator Sr in L"(T"), where r is a constant
(1 <r < o0),is that I' is regular.

We denote by M the Hardy—Littlewood maximal operator defined on T'.

The above-formulated results yield the next statement:

Proposition 1. Let T' be a regular curve. Suppose that p € P(I') N
PI°8(T). Assume that L < co. Then

loc
(i) My is bounded in LP().¢(T);
(ii) Mt is bounded in £P()9(T);
(iii) the operator St is a bounded operator in LP():(T).

ACKNOWLEDGEMENT

The authors were partially supported by the Shota Rustaveli National
Science Foundation Grant (Contract No. D/13-23, 31/47).

REFERENCES

1. D. V. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces. Birkhduser, Springer,
Basel, 2013.

2. C. Capone and A. Fiorenza, On small Lebesgue spaces. J. Funct. Spaces Appl. 3
(2005), 73-89.

3. D. Cruz-Uribe, SFO, A. Fiorenza, J. M. Martell and C. Perez, The boundedness of
classical operators on variable Lp spaces. Ann. Acad. Sci. Fenn. Math. 31 (2006),
No. 1, 239-264.

4. G. David, Opérateurs integraux singuliérs sur certaines courbes du plan complexe.
Ann. Sci. Ecole. Norm. Sup. (4) 17 (1984), No. 1, 157-189.

5. L. Diening, Maximal function on generalized Lebesgue spaces LP(). Math. Inequal.
Appl. 7 (2004), No. 2, 245-253.

6. L. Diening, P. Harjulehto, P. Hast6 and M. Ruzicka, Lebesgue and Sobolev spaces
with variable exponents. Lecture Notes in Mathematics, Springer, Heidelberg 2017
(2011).



7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28

149

L. Diening and M. Ruzicka, Calderén-Zygmund operators on generalized Lebesgue
spaces LP() and problems related to fluid dynamics. J. Reine Angew. Math. 63
(2003), 197-220.

. A. Fiorenza, Duality and reflexivity in grand Lebesgue spaces. Collect. Math. 51

(2000), No. 2, 131-148.

. A. Fiorenza, B. Gupta and P. Jain, The maximal theorem in weighted grand Lebesgue

spaces. Studia Math. 188 (2008), No. 2, 123-133.

L. Greco, T. Iwaniec and C. Sbordone, Inverting the p-harmonic opera- tor.
Manuscripta Math. 92 (1997), No. 2, 249-258.

P. Harjulehto, P. Hast6 and M. Pere, Variable exponent Lebesgue spaces on metric
spaces: the Hardy-Littlewood maximal operator. Real Anal. Ezchange 30 (2004—
2005), No. 1, 87-104.

T. Iwaniec and C. Sbordone, On the integrability of the Jacobian under minimal
hypotheses. Arch. Ration. Mech. Anal. 119 (1992), No. 2, 129-143.

M. Khabazi, Maximal functions in LP() spaces. Proc. A. Razmadze Math. Inst. 135
(2004), 145-146.

V. Kokilashvili, Boundedness criterion for the Cauchy singular integral operator in
weighted grand Lebesgue spaces and application to the Riemann problem. Proc. A.
Razmadze Math. Inst. 151 (2009), 129-133.

V. Kokilashvili, Boundedness criteria for singular integrals in weighted grand
Lebesgue spaces. J. Math. Sci. (N.Y.) 170 (2010), No. 1, 20-33.

V. Kokilashvili and A. Meskhi, A note on the boundedness of the Hilbert tranform
in weighted grand Lebesgue spaces. Georgian Math. J. 16 (2009), No. 3, 547-551.
V. Kokilashvili and A. Meskhi, Trace inequalities for integral operators with fractional
order in grand Lebesgue spaces. Studia Math. 210 (2012), No. 2, 159-176,

V. Kokilashvili and A. Meskhi, Potentials with product kernels in grand Lebesgue
spaces: One-weight criteria. Lithuanian Math. J. 53 (2013), No. 1, 27-39.

V. Kokilashvili and A. Meskhi, Boundedness of maximal and singular integrals in
Morrey spaces with variable exponent. Armen. J. Math. 1 (2008), 18-28.

V. Kokilashvili, A. Meskhi and H. Rafeiro, Riesz type potential operators in gener-
alized grand Morrey spaces. Georgian Math. J. 20 (2013), no. 1, 43-64.

V. Kokilashvili, A. Meskhi and H. Rafeiro, Boundedness of commutators of singular
and potential operators in generalized grand Morrey spaces and some applications.
2012 (submitted).

V. Kokilashvili, A. Meskhi and M. Sarwar, Two-weight criteria for Hardy-type, maxi-
mal, potential and singular operators in variable exponent Lebesgue spaces. Preprint,
School of Mathematical Sciences, GC University, Lahore, 2011.

V. Kokilashvili and V. Paatashvili, Boundary value problems for analytic and har-
monic functions in nonstandard Banach function spaces. Nova Science Publishers,
New-York, 2012.

V. Kokilashvili and S. Samko, A general approach to weighted boundedness of oper-
ators of harmonic analysis in variable exponent Lebesgue spaces. Proc. A. Razmadze
Math. Inst. 145 (2007), 109-116.

V. Kokilashvili and S. Samko. Boundedness in Lebesgue spaces with variable ex-
ponent of maximal, singular and potential operators. Izv. Visshikh Uchebn. Zaved.
Severo-Kavk. Region (2005), 152-157.

0. Kovécik and J. Rékosnik, On spaces LP(®) and W¥P(¥)  Czechoslovak Math. J.
41 (1991), No. 4, 592-618.

A. Meskhi, Maximal functions, potentials and singular integrals in grand Morrey
spaces. em Compl. Var. El. Eq. 56 (2011), No. 10-11, 1003-1019.

H. Nakano, Topology of linear topological spaces. Maruzen Co. Ltd., Tokyo, 1951.



150

29. S. G. Samko and S. M. Umarkhadzhiev, On Iwaniec-Sbordone spaces on sets which
may have infinite measure. Azerb. J. Math. 1 (2010), No. 1, 67-84.

Authors’ Address:

A. Razmadze Mathematical Institute
I. Javakhishvili Thilisi State University
6, Tamarashvili St., Thilisi 0177
Georgia



